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Abstract. A phylogenetic tree represents historical evolutionary relationships between different
species or organisms. The space of possible phylogenetic trees is both complex and exponentially
large. Here we study combinatorial features of neighbourhoods within this space, with respect to
four standard tree metrics. We focus on the splits of a tree: the bipartitions induced by removing
a single edge from the tree. We characterize those splits appearing in trees that are within a given
distance of the original tree, demonstrating close connections between these splits, the Whitney
number of a tree, and the binary characters with a given parsimony length.
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1. Introduction

The reconstruction of evolutionary trees is one of the primary objectives of phyloge-
netics. We search through tree space to find the tree that optimizes some objective
function or, under a Bayesian approach, survey those trees with high posterior proba-
bility. These searches motivate the study of the local structure of tree space: Search
algorithms search through neighborhoods; Trees with high likelihood tend to come in
clusters; Validation requires a concept of a local “confidence region.”

Tree space is, of course, somewhat complicated. It is huge — the number of possi-
ble phylogenetic trees with n leaves grows super-exponentially with n. The space is a
mixture continuous and combinatorial aspects and has a complicated geometry [2].

Nevertheless, there are several combinatorial tools available to simplify our study
of tree space. One of the most fundamental is the decomposition of phylogenetic trees
into collections of splits. The splits correspond to 1-cuts of the tree: the bipartitions
induced by removing single edges. We can reconstruct a tree from its splits. Indeed,
splits are central to the geometry of tree space described by [2], where they correspond
to dimensions in each orthant.

Considering trees as collections of splits has important algorithmic consequences.
We have shown in [3-5] that constraining a tree search to trees with splits contained
within a given set can make several NP-hard optimization problems polynomial time
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solvable. Once we understand the splits in the neighborhood of a tree, we can use this
information to design more efficient tree searching algorithms. In this paper we show
that the splits in neighbouring trees have an elegant characterization.

The outline of the paper is as follows. After presenting basic terminology, we de-
fine the four tree metrics under study (Section 2). The first metric considered is the
Robinson-Foulds (or partition) metric dgr. In Section 3 we present a graphical char-
acterization of the splits in trees T’ with drr (T, T ) <, using this characterization to
prove that the number of these splits is linear in the number of leaves for bounded r.
We also characterize the split neighborhood for the weighted version of dgr. These
results are extended to the nearest neighbor interchange metric dyy in Section 4. In
Section 5 we discuss the subtree prune and regraft metric dspg and the tree bisection
and reconnection metric drpg, proving that trees within distance r contain exactly those
splits which correspond to binary characters of parsimony length at most r + 1. This
result leads to an exact formula for the size of the number of splits in the neighborhood
of a tree, under these two metrics. It also yields an exact formula for the number of
trees within SPR or TBR distance r of a tree containing a given split.

2. Preliminaries

2.1. Terminology

A phylogenetic X-tree T is a tree with leaf set X and no vertices of degree two. We
use V(T) and E(T) to denote the interior vertices and edges of T. Let 7 denote the
subgraph of T formed from the edges E(T) together with their incident vertices. If
every interior vertex has degree three we say that T is fully resolved (or binary). Unless
otherwise stated, the phylogenetic trees we discuss will be fully resolved.

A split A|B of X is a partition of X into two non-empty blocks, A and B. Removing
an edge e from a phylogenetic X-tree divides the tree into two connected components,
thereby inducing a split of the leaf set X. We say that this is the split associated with e.
The collection of all the splits associated with edges of T is called the splits of T and
denoted £(T'). A given collection S of splits of X is compatible if it is contained within
the splits of some tree T, which holds if and only if for every pair A|B, C|D of splits in
S at least one of the intersections ANC,AND, BNC, BN D is empty [6].

Let UB(X) denote the set of binary phylogenetic X-trees and let d be a metric de-
fined on UB(X). The r-neighborhood of T with respect to d equals the set of trees

Ny(T,r)={T" € UB(X): d(T, T") < r}.

The split neigborhood of T is the set of splits appearing in at least one of the trees in
the r neighborhood of T

Sa(T,r) ={A|B: there exists " € Ny(T,r) such that A|B € £(T)}
= U 1.
T/eNy(T,r)

In this paper we present characterizations of Sy (7, r) for the four most widely used
tree metrics. The characterizations lead to exact formulae for |Sy (T, r)| in some cases,
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and an asymptotic bound in others. The results draw on connections with Whitney
numbers in trees and parsimony lengths of binary characters (defined in Section 5).

2.2. Robinson-Foulds Distance (RF)

The Robinson-Foulds metric, also called the partition metric, was first proposed by [15]
and is one of the simplest metrics on trees. The distance between two X-trees 77 and 7>
is defined

drr(Ti, T) = 5 |E(T)AZ(D) | = 5| (E(T) = Z(B)| + 3 [2(T2) — £(Th)|

The Robinson-Foulds metric between two phylogenetic X trees can be computed in
O(|X|) time [10].

The Robinson-Foulds metric may be extended to trees with weighted edges [14].
Suppose that every edge e in 77 and 7> has been assigned a non-negative length. For
each splitA|B € X(T;), i =1, 2, we let w;(A|B) denote the length of the edge correspond-
ing to the split A|B. We set w;(A|B) = 0 for all A|B ¢ £(T;). The weighted Robinson-
Foulds distance d, is then defined

do(Ti, T2) = Y |wi(A|B) —w2(A|B)|.
ABEX(T)US(T)

2.3. Nearest Neighbor Interchange Metric (NNI)

For every fully resolved X-tree T with n leaves there are exactly 2(n — 3) X-trees with
Robinson-Foulds distance one from 7. These correspond to trees obtained by swapping
two subtrees in a tree that are adjacent to the same internal edge (Figure 1). The process
of going from a tree to a neighbouring tree in this way is called a nearest neighbor
interchange.

Figure 1: A Nearest Neighbor Interchange (NNI). A1, Ay, Az, A4 represent subtrees.
The positions of subtrees A} and A4 are exchanged. The remainder of the tree is un-
changed.

Every binary tree 77 on n leaves can be reached from every other binary tree 75 on
n leaves by a sequence of nearest neighbor interchanges. The Nearest-Neighbor dis-
tance equals minimum number of nearest neighbor interchanges required to transform
Ty into T and is denoted dyy (T, T2) [13]. DasGupta et al. [9] proved that determining



4 D. Bryant

dyn(Ti, To) is NP-hard. Since performing a nearest neighbor interchange on 7> can
decrease dgr (17, T>) by at most one we always have dyy (T1, T2) > drr(Th, T2).

2.4. Subtree Prune and Regraft Distance (SPR)

A subtree prune and regraft (SPR) proceeds in three steps. We select and remove an
edge {u, v} of the tree, thereby dividing the tree into two connected subtrees T, (con-
taining ) and 7, (containing v). We then select and subdivide an edge of Ty, giving
a new vertex w. Finally we connect u and w by an edge and suppress all vertices of
degree two. The process is illustrated in Figure 2.

A,
AI & MA3
u A .
T, A AN ‘

A,

Figure 2: A Subtree Prune and Regraft (SPR). The edge {u, v} is removed, giving two
trees T, and 7,. An edge of T, is subdivided, giving a new vertex w. This is connected
to u and the degree two vertex v is suppressed.

The subtree prune and regraft distance dgspg(T1, T2) is the number of SPRs re-
quired to transform 77 into 73, or vice versa. Every NNI is also an SPR, so we have
dspr(Ti, ) < dyni(T1, T2). Hein et al. [11] claimed that computing dspr(T1, T2) is
NP-hard, though an error in their proof was found by [1]. The computational complex-
ity remains open.

2.5. Tree Bisection Reconnection Metric (TBR)

A tree bisection and reconnection (TBR) is similar to a SPR except that once we have
removed {u, v} we subdivide an edge from 7, and and an edge from 7,,, connecting the
two new vertices with an edge and suppressing vertices of degree two. If either of 7, or
T, consists of only a single vertex the TBR corresponds to a reattachment of this vertex
to another part of a tree. The process is illustrated in Figure 3. We use drpr(T1, T2) to
denote the number of TBRs required to transform 77 into 7>. Every SPR is a TBR, so
drr(Ti, T») < dspr(T1, T»). Allen and Steel [1] proved that computing d7g(T1, T2)
is an NP-hard problem but showed that the problem is fixed parameter tractible (with
parameter drpg(Ti, T2))-
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Figure 3: A Tree Bisection and Reconnection (TBR). The edge {u, v} is removed, giv-
ing two trees. An edge from each tree is subdivided, and the new vertices are connected
by an edge.

3. Splits in the Robinson-Foulds Neighborhood

Let T be a fully resolved phylogenetic X-tree and let A|B be a split of X. If A|B € X(T)
then A|B is pairwise compatible with every split of (7). If A|B ¢ X(T) then A|B is
pairwise incompatible with some of the splits in £(7’), since X(7) is itself a maximal
pairwise compatible collection of splits. We say that these are the splits of T’ conflicting
with A|B. The associated edges of T are the edges conflicting with A|B. Note that these
edges will always be internal edges of T'.

Lemma 3.1. If T is a fully resolved X-tree and A|B is a split of X then the edges of T
conflicting with A|B form a connected subgraph of T.

Proof. The result holds vacuously if A|B conflicts with fewer than two edges of T'. Oth-
erwise, suppose that e; and ey are edges of T’ conflicting with A|B and that e}, e3, ..., e
are the edges along the path connecting e and e; in 7. We show that ey, e3,..., ex_|
also conflict with A|B.

Foreachi=1,2,..., klet X;|¥; be the split associated to e;, where X; C X, C --- C
Xi. As X;|Y) and A|B are incompatible there is a € X; NA and b € X; N B. Similarly
there is @’ € Yy NA and b’ € Y, NB. Hence foralli =1,2,...,k we have a € X;NA,
beX;NB,d €Y;NAand b’ € Y;NB, and A|B is incompatible with X;|Y;. ]

There is a straightforward characterization of the set of all splits conflicting with
exactly those edges in a given connected subset E’ of E (T). Let V' be the vertices
incident with edges in E’. Let T(E’) = A;]Az|- - -|Ax be the partition of X induced by
the components of 7 — V’. We say that two blocks A;, A; of T are adjacent if they are
contained in the same component of T — E’. The splits conflicting with exactly those
edges in E’ are the splits A|B satisfying

(i) Foralli=1,2,...,k, either A; CAorA; CB.
(ii) Adjacent blocks are on different sides A|B,
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Figure 4: A set E’ of conflicting edges and a split conflicting with exactly those
edges. The edges in E’ are marked with double lines. The blocks of n(E’) are la-
belled Aj,..., A7. The pairs {A1, A}, {A3, A4} and {Ag, A7} form adjacent pairs. One
particular split conflicting with exactly those edges in E’ is represented by the colouring
of the blocks. Note that, for this set, v is a conflicting vertex (see Section 4).

as illustrated in Figure 4.
A simple induction proof based on this characterization gives

Lemma 3.2. Let E' be a connected collection of k interior edges in T. There are exactly
2k splits that conflict with exactly the edges in E'.

We are now ready to characterize the splits in the Robinson-Foulds neighborhood.

Theorem 3.3. Let T be a fully resolved phylogenetic X -tree. A split A|B is in Sgp (T, r)
if and only if it conflicts with at most r edges of T.

Proof. Suppose that A|B € £(T") and dgp(T, T") < r. Then there are at most r splits in
X(T)—X(T'). Since A|B is compatible with all of the splits in £(7") it is compatible
with all but at most r splits in (7).

Conversely, suppose that A|B conflicts with at most r edges of T. Let S be the
associated set of conflicting splits. Then (X(T) —S) U{A|B} is compatible, so there is
a phylogenetic X-tree T’ that is fully resolved, contains the splits (£(7') — S) U {A|B},
and therefore satisfies dgp (T, T') < r. |

Recall that 7' is the subgraph formed from the internal edges and vertices of 7. The-
orem 3.3 provides a direct connection between the splits in Sgr (7', r) and the connected
subgraphs of 7. A connected subgraph of 7" with k vertices (and therefore k — 1 edges)
is called a k-subtree of f’, and the number of these subtrees is called the Whitney number
of T [12]. There is no general closed formula for the Whitney number of a tree, though
Jamison [12] provides a recursive formula for the generating function for a fixed tree.
The trees with the largest Whitney numbers have high degree nodes. Restricting our
attention to fully resolved trees permits an upper bound on the Whitney number that is
linear in n (for bounded k).
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Lemma 3.4. Let T be a fully resolved phylogenetic X -tree. The number of k-subtrees
of T is O(nCy), where n = |X| and Cy is the kth Catalan number.

Proof. Select an arbitrary vertex of T and direct all of the edges in T away from this
vertex. This orientation turns all of the k-subtrees of 7' into rooted directed subtrees.
For every v € V(Yo"), the number of k-subtrees rooted at v is bounded above by Cy 1, the
number of (ordered) binary trees with k internal nodes. There are n — 2 vertices in Io‘,
giving an upper bound of (n — 2)Cy connected subtrees with k internal nodes. |

Lemma 3.2, Theorem 3.3 and Lemma 3.4 lead directly to
Corollary 3.5. The number of splits in Sgr (T, r) is linear in n for bounded r.

For the weighted case, we can derive a characterization of S, (7, r) directly analo-
gous to that for the unweighted case. Note that A|B € S, (T, r) if there is a weighted
tree 77 such that d (T, T') < r and A|B € (T’), even if the edge corresponding to A|B
in T’ has length zero.

Theorem 3.6. Let T be a fully resolved phylogenetic X -tree. A split A|B is in So(T, 1)
if and only if it conflicts with edges of T with total summed length at most r.

Proof. Suppose that Ty = T, A|B € £(T3) and d(Ty, T») < r. Let E’ denote the edges
of 77 conflicting with A|B. Every edge in E’ corresponds to a split in X(77) — X(T2).
Hence

Z (length of €) < Z w1(C|D)
ecE' CIDeX(Ty)-X(T3)

- Y ‘wl(C|D) —w(C|D)
CID€EX(T1)—X(T2)

<dw(T, 1)

<r

Conversely, suppose that A|B conflicts with edges of 7} = T with total summed
edge length at most r. Let S be the associated set of conflicting splits. Then (X(T) —
S)U{A|B} is compatible, so there is a fully resolved X -tree 7> that is fully resolved and
contains the splits (X(7) —S) U{A|B}. Assign zero lengths to all edges of T, associated
to splits not in X(77) and leave all other edge lengths the same. We then have that
A|B € E(Tz) and dy (T, Tz) <r. |

4. Splits in the Nearest Neighbour Interchange Neighbourhood

We now extend the characterization of splits in the Robinson-Foulds neighborhood to
the Nearest Neighbor Interchange neighborhood. For any two phylogenetic trees 77, 1>
we have dgp(T1, To) < dyn(T1, Tz). Consequently, Syn (T, r) C Sgr(T, r) and the num-
ber of splits in the NNI neighborhood is also linear for bounded r. These splits have an
elegant graphical characterization.
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Let v be an internal vertex in a fully resolved phylogenetic X-tree and let A|B be a
split of X. We say that v is a vertex conflicting with A|B if every edge incident with v
conflicts with A|B (see Figure 4).

Theorem 4.1. Let T be a fully resolved phylogenetic X -tree, let A|B be a split of X and
let E', V' be the edges and vertices of T conflicting with A|B. Then A|B is in Syn (T, r)
ifand only if |[E'| +|V'| <.

Proof. Suppose that A|B € £(T’) and dyy(T, T') = s < r. There is a sequence T’ =
Ty, Th, Tr,..., T, = T of phylogenetic X-trees such that for each i, 7;1 differs from T;
by one NNL Let E! and V/ denote the edges and vertices of 7; conflicting with A|B.

We claim that |E]| + |V/| <iforalli=0,1,2,...,s, implying |E'| +|V'| = |E}| +
[V!| < s < r. The bound clearly holds for i = 0. Suppose that it holds for all i < j and
that T is obtained from 7; by an NNI around the edge {u, v}. If u and v are both
conflicting vertices then performing an NNI will not affect the number of conflicting
edges nor the number of conflicting vertices. If one of u,v is a conflicting vertex,
then performing an NNI will not change the number of conflicting edges, though it can
increase the number of conflicting vertices by one. If neither u nor v are conflicting
vertices then the NNI can increase the number of conflicting edges by one, but has no
effect on the number of conflicting vertices. Thus |E, ||+ (V] | < [E}[+[V][+1 <
j =+ 1. The result follows by induction.

Conversely, suppose that A|B conflicts with the edges E’ and vertices V' of T and
that |E’| +|V'| < r. Choose an edge {u, v} of E’ such that u is adjacent to no other
edges in E’. If v is a conflicting vertex then performing any NNI around {u, v} gives a
tree with one fewer conflicting vertices and the same number of conflicting edges. If v
is not a conflicting vertex we can perform an NNI giving a tree with the same number
of conflicting vertices and one fewer conflicting edge. Repeating the process |[E’|+ |V/|
times gives an X-tree T’ that contains the split A|B and satisfies dyy (T, T') < r. |

5. Splits in the SPR and TBR Neighborhoods

Every NNI is an SPR and every SPR is a TBR, so for any two phylogenetic X-trees
T, T, we have
dnn (T, T2) > dspr(Th, T2) > drar(Th, T2)

with strict inequality in some cases. The split neighborhoods are therefore nested:
SnN(T, r) C Sspr(T, r) € Star(Th, T2)-

We show here that, in fact, the last two split neighborhoods are equal, and they are
substantially larger than the NNI neighborhood. Our key result is a connection between
the split neighborhoods for dspr and drpg and the parsimony length of a character.

A binary character for X is a function 3 : X — {0, 1}. An extension of ) on a
phylogenetic X-tree T is a function § : V(T) — {0, 1} such that the restriction of { to X
equals . The length of § on T, denoted I (), equals the number of edges {u,v} € E(T)
for which § () # {(v). The parsimony length of  on T is then the minimum of /7 (§)
over all extensions % of . We denote this length by I7 ().
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Lemma 5.1. Suppose that T' differs from T by one TBR operation. For any character
x we have I/ (y) <lIr(x)+ 1.

Proof. Let § be a minimum length extension of % on T, so ir(§) = Ir(}). A TBR is
carried out in two stages. First we remove an edge {u, v} of T and suppress any vertices
of degree two. Suppose that A|B is the split of T’ corresponding to the edge {u, v}. This
first step gives two trees T4 and T, the first with leaf set A and the second with leaf set
B. Let §4 and % be the restrictions of § to V(T4 ) and V(73). We then have

Ir, (Ra) + I, () < Ir ()

since removing an edge and suppressing degree two vertices does not increase length.
The second stage of a TBR is to reconnect T4 and 7. If one of T4 or Tp consists of
a single vertex only, reconnecting this vertex to the other tree will produce an increase
of at most one step. Otherwise we insert a new vertex x4 along an edge {u4, va} of Ty
and a new vertex xp along an edge {ug, vg} of T. We then connect x4 and xg with an
edge, giving the tree T'. Setting §(xa) = %(ua) and {(xp) = {(up) gives an extension
of i to the vertices of T’ of length at most I7 () + 1. |

For any split A|B of X we let x4 denote the character

1, ifxeA,
Xajp(x) = .
0, otherwise.

Theorem 5.2. Let T be a fully resolved phylogenetic X -tree and let A|B be a split of X.
The following three statements are equivalent:

(1) A|B S SSPR(T, r);
(ii) A|B S STBR(T7 r);
(i) Ir(xap) <r+ 1

Proof. We have already established that (i) implies (ii).

Suppose that (if) holds, that A|B € £(T’) and dyrpg(T,T') = s < r. There is a
sequence of phylogenetic X-trees T’ = Ty, T1, Tr,..., Ty = T. Since A|B € £(T') we
have I7/(x43) = 1. By Lemma 5.1 we have for each i = 1,2,..., s that I7,(x45) <
I, (Xajp) + 1,50 Ir (Xajp) < s+1<r+ 1.

Finally, suppose that (iii) holds and that I7(x4;p) =s+1 <r+1. If s = 0 then we
are done, since I7()4|p) = 1 if and only if A|B € ¥(T'). Otherwise, let § be a minimum
length extension of 3. We can find three vertices u, v, w such that {u, v} € E(T), u
lies on the path from v to w, and {(«) # %(v) = %(w). Perform an SPR by removing the
edge {u, v}, inserting a new vertex x along an edge adjacent to w, and adding the edge
v, x. Set §(x) = %(v). The extension § will have length s in this new tree. Repeating the
process we obtain a tree 7’ such that A|B € £(T") and dspg(T, T') = s. |

Charleston and Steel [8] present an exact formula for the number of characters of
parsimony length k in a fully resolved phylogenetic tree. This result, together with The-
orem 5.2, gives an exact formula for the number of splits in Sspr(7T, r) and Spr(T, 7).
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Corollary 5.3. Let T be a fully resolved X -tree and let n = |X|. Then

|Sspr(T, r)| = |STar(T, r)| = rf ((n;k) + (n_lli_ 1)) 2k,

k=1

Hence the size of Sspr(T, r) and Stpr(T,r) grows much faster than the size of
Srr(T,r) and Syni(T, 7). Suppose we are given a split A|B. Since Sspgr(T, r) and
Star(T, r) grow quickly, one would expect that the number of trees that are within SPR
or TBR distance r of a tree containing A|B will also grow. In fact we can derive an
exact formula for the number of such trees, a result of importance when we consider
the significance of finding a tree that almost contains a split.

Corollary 5.4. Let A|B be a split of X, let n = |X| and k = |A|. The number of fully
resolved X-trees T that are within SPR or TBR distance r of a tree containing A|B
equals

2 =302k —1—-1)!2(n—k)—1—1)(n—1)!

1:212 (k=D (n—k=0D!(1—1)!(2n—-2I)!

Proof. By Theorem 5.2, a tree T is within SPR or TBR distance r of a tree containing
A|B if and only if the length of the binary character ¥, aponT isatmostr+ 1. Carter et
al. [7] showed that the number of fully resolved trees on which x4 has length / equals

,(2n=30)(2k—1—1)1(2(n—k)—1—1)(n—1)!
(k—=D(n—k—1)1(I—1)1(2n—2I)!

(see also [16]) . The result then follows by summing over /. |
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