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Solutions and Comments 
Introductory Remarks 
This year, there were two straight forward questions (Questions 2 and 3), a difficult logic question (Question 4), 
and a challenging final question which many candidates did not have time to attempt.  If you could answer the 
two “easy”  questions well and score a few marks in one other question, then you should have been able to 
receive at least a Merit Certificate (top 15%).  It is worth noting that the winner in Year 10 scored 100%. 
 

For the Year 9 students Question 1 was reasonable, although it was quite difficult towards the end. 
 
Question 1 (Year 9, Form 3 only) 
Linda starts to write down the natural numbers in the square cells of a very large piece of graph paper. (The 
graph paper is much larger than shown below.)   She starts at the bottom left corner and writes down the 
numbers using the following arrangement: 
                          
              17 . . .         
              16 15 14 13     
              5 6 7 12     
              4 3 8 11     
              1 2 9 10     
(The arrangement is suggested in the left diagram; some of the numbers are shown in the right diagram.) 
 

We will identify each of the cells using co-ordinates (a, b), where a is the number of positions to the right, and b 
is the number of positions up from the bottom.  For example, the cell containing the number 1 has the co-
ordinates (1, 1) , while the cell containing the number 8 has the co-ordinates (3, 2). 
 

(a) What are the co-ordinates of the cell containing the number 15? (2, 4) 
This was an easy start for most students, although some wrote the answer back to front. 

 

(b) Starting with 1, 9, . . . , every second number along the bottom row follows a certain pattern.  In a few 
words, or using an algebraic expression, describe these numbers. 

 

Odd square numbers (OR numbers of the form (2k – 1)2, where k is any natural number ) 
This question caught many students out.  It asked for a description of the numbers, not the pattern 
between the numbers, even though the pattern was mentioned in the first sentence.  (Hardly anybody wrote 
an algebraic expression but there were a few who did.) 

 

(c) The cell containing the number 21 has the co-ordinates (5, 5).  What is the number contained in the cell 
with co-ordinates (6, 6)? As well, find the number contained in the cell with co-ordinates (7, 7). 

(6, 6) contains 31 (7, 7) contains 43    
This was generally well answered. 

 
(d) What is the number contained in the cell with co-ordinates (20, 20)? 

Since  31  =  62 – 5  and  43  =  72 – 6,  the number in the square (20, 20) is  202 – 19  =  381 
 This question required students to look for a pattern in the earlier parts, and apply this pattern for a larger 

number.  Many could do this, although a few said that the graph paper didn’ t go that far, even though the 
question said that the graph paper is much larger than shown.  One or two reached the answer by drawing 
a 20 by 20 grid, and counting.  (Several drew a grid and counted incorrectly.) 

 
(e) What are the coordinates of the cell containing the number 2004? (45, 22) 

This part was the challenge at the end of the question.  Quite a few candidates worked it out. 
 

Here is one way to reach the answer:  Start with  452  =  2025,  so the number 2025, which is an odd 
square number, is contained in the cell (45, 1). 
Now note that 2004  =  2025 – 21, so to reach the cell containing 2004, we move up 21 cells from the cell 
containing 2025;  i.e. 2004 is in the cell (45, 22). 



  

Question 2 
The diagram shows a 4 by 4 grid containing four coins.  Imagine that we have enough 
coins available to place anywhere we like on the grid.  However, we would like to 
place coins so that we do not have three placed anywhere along a line, either 
horizontally, or vertically, or diagonally. 
 
(a)  Imagine that we add one more coin to the given layout.  In how many different squares could we place the 

extra coin so that we would not have three coins placed anywhere along a line? seven 
 

One way to answer this is to look at the squares which would create a line of 
three. There are five possible squares, shown ticked in the diagram at the right, 
where placing an extra coin would create three coins along a line.  Hence the 
answer is 12 – 5  = 7. 
A large number of candidates gave the answer “eight” . 

 
(b) Is it possible to add two more coins into the given layout so that we would not have three coins placed 

anywhere along a line?  If it is possible, show by drawing a diagram where the two extra coins could be 
placed.  If it is not possible, explain why not. 

 I t is possible.  In fact it can be done in several ways, some of which are shown below. 
 
 
 
 
 
 

To find any of these answers, add one coin to any of the seven positions from part (a).  Then the second 
coin can be added.  As an exercise, you might like to work out how many possible answers there are. 

 

(c)  Imagine now that the grid contains no coins at all.  What is the smallest number of coins which could be 
placed onto the grid so that we would not have three placed anywhere along a line, but if we were then to 
add an extra coin we could not avoid having three placed along a line?  Describe, perhaps including a 
diagram, where the coins would be placed. four  

 

If four coins are placed as shown (either diagram), then it is 
impossible to add an extra coin without creating a line 
containing three coins.  Several candidates were able to produce 
both diagrams, although this didn’ t earn any extra marks! 

 
(d) Imagine again that the grid contains no coins at all.  What is the largest number of coins which could be 

placed onto the grid so that nowhere are there three coins placed anywhere along a line? Describe, 
perhaps including a diagram, where the coins would be placed. eight 

 

Adding any extra coin to one of the arrangements shown below must create a line of three.    Other 
arrangements are possible, if rotations and/or reflections are used.  (The first arrangement is based on part 
(b).  The last arrangement was produced by many students, and the writers of the question hadn’ t actually 
thought of this one before we first saw it on a paper!) 
 
 
 
 
 
 
The answer eight is suggested by the following argument:  “ If you have eight coins placed on the grid, then 
the best you can do is have four lines of two coins.  Therefore placing a ninth coin must create a line of 
three somewhere.”  
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Question 3 
The diagram shows an equilateral triangle divided into three smaller triangles.  
Small circles have been placed on each of the vertices, and positive whole 
numbers (in this case 3, 3, 2, and 1) have been written inside each small circle. 
 
Overall the shape forms four regions, three triangles and an outer region.  In 
each of these regions the sum of the corresponding vertices has been written. 
For example, the outer region contains the value 8, because 

3    +    3    +    2    =    8. 
In this question we shall be investigating what happens when the numbers in 
the small circles are changed.  (Throughout this question, only positive whole 
numbers will be used.) 
(a) Imagine that the number in each one of the small circles is  5 . What is the total when the numbers inside 

all four regions are added together? 60 
 

This was generally well done, although 20, 45 and 65 were common answers. 
 

(b) Find possible numbers inside each of the four small circles so that the sums of each triangle are 8, 9, and 
10 respectively, while the sum of the outer region is 6. 1, 2, 3, 5 

 

Although many students used “guess and check”  for this question (or “ trile and error” , as one student 
wrote), the answer can be worked out logically:  All the sums are different, so every number must be 
different.  To make 6, the numbers in the outer circles must be 1, 2, 3.  Subsequently the middle number 
must be 5.  (Many students drew the diagram, although this was not needed for full marks.) 
 

(Note that students who thought that 0 is a valid number tended to score poorly throughout this question.  
It states clearly at the start that the numbers must be positive whole numbers.) 

 

(c) Find possible numbers inside each of the four small circles so that the sums of each triangle are 8, 9, and 
9 respectively.  (Do not worry about the sum of the outer region in this part of the question.) 

        1, 1, 2, 6   OR   2, 2, 3, 4 OR 3, 3, 4, 2    
 

Intuitively (although it can be shown algebraically), for the vertices in 
the diagram,  a  =  b,  and  c  must be one greater than both of them.  
This means that the only possible values for a and b are 1, 2, or 3. 
If  a  =  b  =  1, then c = 2, and d must be 6. 
Any of the three possible answers earned full marks here. 

 
(d) Is your answer to part (c) the only possible answer?  If it is, explain why no other answer is possible.  If it 

is not, find another answer. any correct answer not given in (c) 
 
(e) We have been using positive whole numbers throughout this question.  In a few words, or using an 

algebraic expression, give a general description of the total when the numbers inside all four regions are 
added together.  Explain your reasoning for your description. 

The total must be a multiple of three because each number contr ibutes to three regions.    
This was well answered, and consequently many students earned full marks for this question. 
 

An algebraic argument to explain the answer could go something like: 
If the numbers are a, b, c, d, then the total is found by 
 (a  +  b  +  c)   +   (a  +  b  +  d)   +   (a  +  c  +  d)   +   (b  +  c  +  d) 
=      3(a  +  b  +  c  +  d) 
=      3k,  where k is a natural number greater than 3. 

(Note also that the total must have a minimum value of 12.) 
 

a 

b c 

d 8    9 

9 

3 

1 

3 2 
6 

8 7 6 



  

Question 4 
A class of students votes to select one candidate as their representative on the school council.  Their teacher 
decides on the following voting system: 

“ You have to rank the three candidates in order: first, second, and third. Your first choice 
will receive one point; your second choice will receive two points, and your third choice will 
receive four points.  The winner will be the student with the smallest total.”  

After the voting has been completed, the teacher discovers that there is a problem with this voting system. She 
explains the problem to the principal: 

“ The student with the smallest score is Diane, who received 44 points.  However, only four 
people voted for her as their first choice.  Next was Belinda with 45 points.  She received 
more first choice votes than anyone else.  Colin was in last place with 51 points, and he had 
more people voting for him as their third choice than voted for the other candidates.  It 
looks as though I will have to announce to the class that Diane is the winner, even though 
she had the smallest number of people voting for her as first choice.”  

 

(a)  Show that 20 students took part in the voting. 
There are  44  +  45  +  51  =  140 points altogether , and each voter  contr ibutes seven votes. 

Therefore the number of students is 140/7 = 20 
This was reasonably well answered, and for many people this was the only part correct in this question. 
 

(b)  How many people voted for Belinda as their first choice?  nine 
The working for this is in part (c).  The best approach was to work out (c) first. 

 

(c)  Explain why your answer to (b) is the only possible answer which fits the teacher’s description of how the 
votes were cast. 

 

This part was poorly answered.  Very few candidates spotted the “clues”  to get started.  The markers were 
looking for the following points (or similar): 

- Four people voted “ first”  for Diane, leaving 16 “ first”  votes for Belinda and Colin between them. 
- Belinda and Colin received an odd number of points, so both must have had an odd number of 

“ first”  votes.  (Hardly anyone worked this out.) 
- Because Belinda had the highest number of “ first”  votes, and because both of them received more 

than Diane’s four votes, the only possibilities are: 
    Belinda:  11  Colin:  5 
   or Belinda:    9  Colin:  7 

-     If Belinda received 11 “ first”  votes, then to total 45 she must have received 
    11 x 1   +   1 x 2   +   8 x 4  =   45 

(This is the only way to total 45.  It may require some “guess and check”.  One approach is to 
combine “ twos”  and “ fours”  to make 34 using a total of nine votes.) 

  Colin would have received 
      5 x 1   +   7 x 2   +   8 x 4  =   51 

However this gives Colin the same number of “ third”  votes as Belinda, which contradicts one of the 
statements in the question. 

 -     Testing Belinda (9 “ first”) and Colin (7 “ first” )  gives 
  Belinda: 9 x 1   +   4 x 2   +   7 x 4  =   45 
  Colin:  7 x 1   +   4 x 2   +   9 x 4  =   51 

(Diane:  4 x 1   +  12 x 2   +  4 x 4  =   44.   Diane appears to be the “compromise”      
candidate, not really supported but not disliked either.) 

In conclusion, Belinda receiving nine “ first”  votes is the only solution. 
 

(d)  How many people voted for Belinda as their second choice, and how many people voted for her as their 
third choice? 

four  “ second”  votes, and seven “ third”  votes 
There were “gift”  marks here, but only for the people who had worked part (b) out. 



  

Question 5 
Ari has cut some regular pentagons out of card and is joining them together to make a ring (see Figure One).  
He has cut them using a template so that they are all the same size. 
 
 
 
 
 
 
 
 

(a)  The external angle of a regular pentagon is 72°.  Explain how this value is calculated. 360� / 5    

The external angles of a polygon always add to 360�.  For example, when you walk around the Octagon in 
Dunedin, you turn a full circle by the time you get back to where you started.  This result should be known 
to every student, and it was useful for the rest of this question. 
 

(b)  When the ring is complete, how many pentagons will there be? ten    
 

The shape enclosed in the middle has external angle of size 36����This can 
be worked out based on the given value in (a).  Many candidates answered 
this correctly, but by this stage many had also run out of time. 

 
 
Next Ari decides to join his pentagons with squares which have the same side length (see Figure Two).  He 
would like to combine them all together to make a new ring with alternating squares and pentagons. 
 
(c)  Is it possible for Ari to construct a ring in this way?  If it is possible, explain why.  If it is not possible, 

explain why not. 
I t is possible.  The shape enclosed in the middle would have 

external angle of size 18�, which divides exactly into 360� 
The shape itself, which has 20 sides, is shown on the front cover of this booklet, and has also been drawn 
on the Participation Certificate for this year’s competition. 

 
(d)  Ari finally decides to construct a ring using regular hexagons (six sides) joined together.  (This is not 

shown in any diagram.)   If the hexagons have side length of exactly one unit, what is the area of the shape 
enclosed inside the ring? 

3 3
2 (or the decimal equivalent, which is 2.598 to three decimal places)    

This was meant to be a challenge to finish off the paper.  Almost all (of the very few) candidates who 
answered this part correctly used trigonometry, which isn’ t known by many Year 9 students.  The method 
provided here does not need trig, but it does require knowledge of the Theorem of Pythagoras. 

-   The shape enclosed in the middle has external angle of size 60�, so it is also a (regular) hexagon. 
-   The hexagon consists of six equilateral triangles, each of side length one unit. 

 

By Pythagoras, the height of the triangle is 3
2 . 

Hence the area of the triangle is 3
4 . 

There are six triangles in the hexagon, so multiply by 6 to reach the answer. 
 
 

1 
2 

1 

Figure One Figure Two 


