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Abstract—In this paper, we analyze the restricted denominator approximation method, which is
a one parameter family of functions approximating the exponential function. We give a necessary
and sufficient condition for the A-stability of the functions. We provide an estimate for the stability
constant in the maximum-norm when the method is applied to the one-dimensional heat equation
both on finite and on infinite intervals. © 2005 Elsevier Ltd. All rights reserved.
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1. INTRODUCTION

The so-called restricted denominator approximations (RDA), a one parameter family of rational

functions, are of the form

1+(1-26)z
(1-62)2 °

We say that a rational function r approzimates the exponential function of order p > 1 if

re(2) 1= #cR.

r(z) = exp(2) + O (2#*'), asz—0.

For 8 = 1+ (1/2)v/2 and 8 = 1 — (1/2)V/2 the function ¢ approximates the exponential function
of order p = 2, for all other values of # the order is p = 1 (see, e.g., [1,2]). The RDA method can
be used for the time discretization of initial value problems.

The solution of the one-dimensional heat equation on the whole real line

ou 0%u

5}: - w’ TE Rv t 2 0) 'u.(IE, 0) = ’U,o(.’L'), z € R’

via the RDA method leads to the one step iterative method

U =ro(rA)U™Y, n=12,..., (1)

1This method is different from the well-known 8-method with functions r¢(2) = (1 + (1 — 0)2)/(1 — 6z).
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where 7 is the time discretization step-size. Here

1

A:= o

tridiag[1, —2,1],
where A is the space discretization step-size. The approximations are sequences U™ = {U} }j‘;’f’_oo ~
{u(jh,n7) ;":l o Of numbers and U? is defined from uo(x).

Recall that a rational function r is called A-stable (see for example (3, p. 114]) if

Ir(2)] <1, for = < arg(z) < 3—7‘-
2 2
Later in this paper, we show that for 8 € [1—(1/2)v/2, 1+(1/2)v/2] the corresponding functions rg
are A-stable.
Let !, be the Banach space of infinite complex sequences z = {zJ};':i oo endowed with the
maximum norm ||2[jec = SUPeo<jctoo 12i]- In [4] it is shown that for all arg(z) < 7 the resolvent
R(z, A) = (2I — A)~! exists and the inequality

IR, Do < Tr @)

cos(arg(z)/2)

holds.?2 Hence A : lo, — I is a sectorial operator. Therefore, since the functions rg are A-stable
for 6 € [1 — (1/2)v/2,1+ (1/2)v/2), the numerical methods r5(7A) are stable (see for example [3,
Theorem 8.2, p. 115]), i.e., sup, ;>0 |l75(7A4)[lec < oo. Since the resolvent estimate in (2) is
uniform in h, the number Cy := sup,, , x> [|73 (T4)|loo is finite and is called the stability constant
of rg(TA). Note that by the argument in [5], this stability constant Cj is an upper bound for the
stability constant for the heat equation on a finite interval along with the Dirichlet or Neumann
boundary conditions. In this paper, we will give both an upper and a lower bound for Cpy.
We say that a numerical scheme r(7A) is unconditionally contractive in the mazimum norm if
forall >0
Ir(rA) o < 1, @)

or, equivalently, the corresponding sequence U™ = r(7A)U™~! satisfies

10Ul 505?23-1{”[]]"00}’ for n > 0. (4)
If (3) holds for only 7 € (0, 7], then we say that the scheme is conditionally contractive in the
mazximum norm. We note that the contractivity in the maximum norm is a natural requirement
since the solution of the heat equation also satisfies the continuous form of (4). In [2] Spijker
proved that if p, the order of r, is greater than 1, then r(7 A) is in general fails to be unconditionally
contractive, where A is a generator of a contraction semigroup on a Banach space X. It is shown

in 1] that the RDA method can be contractive in the maximum norm only for 8 € {0, 1]. Moreover,
[ire(TA)|joo < 1 for

re[0,h22—66)1], ifoe [o, %) , 5)
T € [0,00), ifd e [%, 1] . (6)

The RDA method has both advantages and disadvantages. Since rg(co) = 0, there are error
estimates also for nonsmooth initial data, contrary to the famous second-order Crank-Nicolson

2In fact, in [4] inequality (2) was shown for the matrix tridiag[l, —2, 1], but then it is also true for the matrix
A = (1/h?) tridiag[1, =2, 1]).
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(CN) scheme (see for example [3, Theorem 8.3, p. 117, Theorem 8.4, p. 118]). If we consider the
scheme r,_ 5y 5(7A) which is also of second order, then from (6) we see that it is contractive
in the maximum norm if 7 < 4.12kh2, while the CN method is contractive in the maximum norm
only if 7 < 1.5h2 (see, e.g., [1]). Also, as we will show in Section 4, if we consider the heat
equation on a bounded interval, the RDA method is also contractive for T large enough, which
is again not true for the CN method. On the other hand, the use of the RDA method requires
the solution of two linear systems at each time step what is a big computational disadvantage.

The paper is organized as follows. In Section 2, we show that the functions ry are A-stable
if and only if the parameter 6 lies in the interval [1 — (1/2)v/2,1 + (1/2)v/2]. In Section 3, we
give a lower bound, and in Section 4 we provide an upper bound for the stability constant in
the maximum-norm of the RDA method when it is applied to the one-dimensional heat equation
on the whole real line. Also in Section 4, we give an estimate for ||rs(7A)"]lcoc Wwhen the RDA
method is applied to the one-dimensional heat equation on a finite interval. We show that in this
case ||r9(TA)*||oo < 1 if T is large enough for all § € R.

2. A-STABILITY OF THE RESTRICTED
DENOMINATOR APPROXIMATIONS

In this section, we derive a necessary and sufficient condition for the values of 8 for the
A-stability of the RDA method.

THEOREM 2.1. The function ry is A-stable if and only if

¢ 1—%\/5,1+%\/§]. (7)

Proor. First, we show the sufficiency. Let z = |z]e*¥. Then for all complex numbers z and for
all ¢ € [7/2, 37 /2] the following inequality has to be satisfied:

1+ (1 —26)%|z|% + 2(1 — 26)|z| cos ¥ <1

2
re(2)|* = ,
Ire =)l (1+ 6222 — 20|z| cos¥)>
which yields the condition

64|2]® — 463 cos |z|? + (462 cos p — 202 + 46 — 1) |2] — 2cos ¥ <1
(1 + 62|2|2 — 20|2| cos ¥)? -

1-|z] (8)

Clearly, (8) holds if and only if the numerator in nonnegative, which is certainly true if (7) holds.
Now, we show that (7) is also a necessary condition. Let us substitute cos = 0 in (8). Then

@) =1 - o 2L *(E“fZZ;];‘;' Dl o,
for all z = ir, r € R, which is true if and only if
—20%4+40 -1 >0, )
which is equivalent to (7). I
3. LOWER BOUND OF THE STABILITY CONSTANT

In this section, we give a lower bound for Cg when 0 ranges within the A-stability bounds (7).
First, note that Co > 1. To see this, first observe that 74e = 0 for e = (...,1,1,1,...)7.
Therefore 0 is an eigenvalue of 7A with eigenvector e. Since 7A is a bounded operator and rg is
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a rational function, the spectral mapping theorem holds (see for example [6, Theorem 5, p. 198)).
Thus, r¢(0) = 1 is an eigenvalue of rg(TA) with an eigenvector e, i.e., ro(TA)e = e. Hence,
Cy > |[ro(TA)e|lco = 1. This, together with (5), implies that if € [1/3,1] then Cp = 1.

Now, we compute the exact value ||ro(7A)||oo for 8 € (0,1/3) and 8 > 1. Clearly, ||r6(74)]lco
is a lower bound for Cp for all 7 > 0 and h > 0. Let u := 7/h%. In [1] it is shown that if
the function f(2) := r(i(2~! — 2 + 2)) has the Laurent expansion f(z) = 30 Ynz™, then

n=-—00

[lre(TAM oo = oo |¥»|. There it is also shown that the Laurent coefficients for the RDA

n=—00
method are of the form

wE(1 - w)
Te =Yk = o

Tw)s[W(#—1+60—2)+(1—0)(1—w2)k], k>0, (10)

where

L 2+1/0u— R/ 4
= > ,

THEOREM 3.1. If6 € (0,1/3), then

ro(TA)|y, = ?;U((ﬂ—_wl)l (u~'+60-2) o
+2 (aw 2:”_—11 4 g2 U(_Nl ; 1wV + 1)
if > (2 - 66)~, where
a=9—(T;—:,)3(w(u"+69—2)), b=0((;+;:))3(1—0)(1—w2) (12)
and
v- [P @

IfO< p < (2-66)71, then |re(TA)||eo = 1.

PROOF. By (6) we only have to prove (11). Let p > (2 — 66)~! be fixed. If £ < N, where N is
defined in (13), then using (10) we have

wk(1 —w)

Iyl = |y—«| = aror [—w(u!+60-2)—(1-6)(1-w?) k]

(14)
= aw® + bw*k,
with a and b same as in (12). If K > N then
Il = -l = —aw* — bk

Therefore, we have

liro(rA)lle = ol +2 Iyl

k=1
N 00
= |70 +2 {Z (aw® + buwkk) + Z (—aw® — bwkk)}
k=1 k=N+1

= |o| + 2 {2 (EN: (aw® + bw*k) + i (aw® + bwkk)) } .

k=1 k=1
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Finally, since

N N _ N+1 _ N
Z (awk +bwkk) _ (aww 1 +waw (N +21)w +1)
Pt w-—1 (w—1)
and
= 1 1
k4 bwkk) = bw
kzﬂ(aw + ) awl—w+ (1-w)?
using (14) for k = 0, we obtain (11). ]

Similarly for # > 1, one can prove the following theorem.

THEOREM 3.2. If8 > 1, then for all ,h > 0 we have

w(l—w)

= -1 _
|]1‘9(TA)”°° = 0(1 +w)3 (ll + 66 2)
N _ N+1 _ N
+2 wzw 1_+_bw2Nw 2(N+1w" +1 ’

w—1 (w—1)2

where 1 1
=Y -1 - =——% - —w?
“= TR (wp™+60-2), b 0(1+w)3(1 0)(1-w?),

and

CER D)
Note that in Theorems 3.1 and 3.2 the value of N depends on the value of u. Therefore, if
we want to compute the norm |r¢(7A4)||co, we have to choose a first a value for 7 and h. For

example, for § = 1 — (1/2)+/2 we found that ||re(7A)|co = 1,066 at = 15. As we mentioned at
the beginning of this section this is a lower bound for the stability constant C1—(1 /23

N [w(u‘1+60—2)].

4. UPPER BOUND OF THE STABILITY CONSTANT

In this section, using the resolvent estimate (2), we give first an upper bound for ||rg(74)| s
uniform in n. The basis for our calculation is the Dunford-Schwartz representation

re(TA)" = re(00)" + 5_17; /r‘ rg(z)R(2,7A)dz, (15)

where ' = v¢/n UF?},, U Ypo With Ye/n = {2z |2| = ¢/n, —¢ < arg(z) < ¥}, Pg}’n = {z
e/n < |z] < p, arg(z) = ¥, arg(2) = —¢}, and vy, = {2; |2| = pg, —¢ < arg(z) < ¥}. Here
0<e<1/8, m/2 < 1 < m are arbitrary and pg is a number with |rs{pg)| < 1. Note that since
ro(o0) = 0 the first term becomes into 0 in the sum in (15). The idea of using the Dunford-
Schwartz representation of the approximating operators in order to estimate the stability constant
of the Crank-Nicolson scheme can be found in [5]. However, for the RDA method the estimates
are considerably more complicated and, since r¢(00) = 0, the path of integration is also somewhat

different.
LEMMA 4.1. For |z| = €/n > 1/6 the inequality

5 < g e (S22 (16)

holds for alln > 1.

ProoF. We can rewrite rg as follows:

1 622 — 6
ro(z) = (1+z+g>.

1-6z 1-0z
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Then for |z] < 1/8 we have
0]z{% + 6)z|
1-6|2| /°
Now, using the elementary inequality 1 < 1+ |z| < exp |2| we obtain

1 22 + =]
fro(2)] < T |exp|z| (1+9 a2l

1
<
[re(2)| < T=477] (1+|z|+

and thus,

2 z
Ir3(2)] < (1~ 6]z)) " exp(nlz]) ( soltlel ;ll II)

Therefore, taking |z| = ¢/n we have
Irn(z)l < (1 — 05)—nex (E) 1+ gﬁf’f_ "
oA = n P n? — fne

Since the sequence (1 — 8(¢/n))~"™ is monotonically decreasing and clearly (1 + 1/z)* < e for all
z > 0, we obtain

1 €2+ ne
n < —_— )
B < g @) exp (0557 )

e +ne g2 5 g2 O
= < —_—
b e 0(71 e Teteg 0) 0(1—05*'”81-95)’
which gives (16). |
COROLLARY 4.1. For all n > 1 we have

1 n 2 1 e(1+0) v+7
—_— < - .
5 [ye/" 75 (2)R(z,7A) dz| < g exp( e >1nta.n< 1

ProoF. Using the resolvent estimate (2) and Lemma 4.1 we have

Finally,

1 n 1 ¥ £ ¢
< = n = _i¢ bl
o [Mn rg(2)R(z,TA) dz|| < 7"/0 lre (ne )|se02d¢
2 1 e(1+96) P+
< Z .
_wl—eeexP(l——Os)lntan( 4 ) i

ProPosITION 4.1. For all n > 1 we have

-1—/ rg(z)R(2,7A) dz

< %lntan (wzﬂ) . (17)

PROOF. Since rg(00) = 0, there is a number pg such that r¢(ps) < 1. Using again the resolvent
estimate (2) we obtain (17). ]

A lower bound for pg can be derived from (8). Since for 8 € [1 — (1/2)v2,1 + (1/2)v2] the
family r¢ is A-stable, it is enough to consider the case when cos ¢ € [0,1]. Therefore ps can be
obtained from the inequality

9% 03 — 46 cos Pl + (46 cos® ¢ — 26 + 40 — 1) pg — 2cos 9 > 0,

2w ~

for all cosy € [0,1]. Using (7) again, we arrive at the sufficient condition
0*p5 — 40303 —2>0.
Then a lower bound for ps can be easily computed. (For example, for 8 = 1 — (1/2)v2 we

Obta-ined pl (1/2)\/‘ = 14. 8837)
Let us decompose the path I'f} = rt

e/nY I%°, where €/n < L < pg is arbitrary.
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LEMMA 4.2. Ifz € TL, | then

€/n?

5 < oxp (-8B o) (18)

where ¢(f, L) = —2cos v /(1 + §2L? — 26L cos )2.
PROOF. First, note that by (9) the inequality —26% + 46 — 1 > 0 holds. Also, if z € I‘f/n, then
cos arg(z) < 0. Therefore, from (8) it follows that for z € 'L In

|r§(z)| <1- ‘Zlc(ea L):

where c(0, L) = ~2cos /(1 + 6°L? — 20L cos ). Hence, if z € (., then

5@ < exp (25 eln). '

PROPOSITION 4.2, For all n > 1 we have

1 n
m/ﬂ rg(2)R(2,7A) dz
1 (6 L;/" T (1) (o8 L)e/2)” "
c(0,L)e —1)*"* (e(0, L)e
< o | — hut Sk B A R
= mweos(y/2) ( ln( 2 ) vt ; s 8! )’
where v = 0.57721... denotes the Euler constant and m € N is arbitrary.
Proor. Using (18) we may write
L / r2(2)R(z,7A) dz
2mi F:‘/n 6 7
1 /L ( c(6, L) ) 1 1 /':("’L)L"/? 1
< - exp| — tn dt = exp(—s)—ds
1)U ™)t T wes@D Juonrs ST
1 / e 1
< —_ exp(—s)—-ds.
meos(¥/2) Jeo,L)e/2 ( )3
Finally, recalling the formula (see for example [7, p. 40])
( l)k 1 k
/.: exp(— s) ds = —lnc—'y+z——--]a,
we obtain (19). 1
ProposITION 4.3. For all n > 1 we have
1 In(pe/L)
%A To (Z)R(Z TA)d H 7 cos '(p/2)
PROOF. The resolvent estimate (2) and the A-stability of rg yields
L[ P01, _ Inp/)
i /PZ" ro(2)R(z 7 4)dz cos(¢/2) / mcos(ep/2)’ !
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The upper bound for ||r3(7A)||cc can be obtained using Propositions 4.1-4.3 and Corollary 4.1
by choosing different values for the arbitrary numbers ¢, ¥, and L. We choose m = 3 in (19). For
8 =1 - (1/2)v/2, using a discrete grid for the possible values of €, 1, and L with MATLAB 5.3
an upper bound equals 4.0512 for € = 0.2610, ¥ = 1.7279, and L = 3.3780.

Now, we consider the heat equation on a finite interval with the homogeneous Dirichlet bound-
ary condition

ou %
—a_t—zﬁ, :Z:E[O,l], tZO,

u(z,0) = up{x), z €[0,1], u(0,t)=u(1,t)=0, t=>0.

After the discretization the matrix in (1) is here of the form
1
Ay = 7z tridiag[1, —2,1] € R***,
where h =1/(s+1). As we indicated in the introduction, the estimate for the stability constant

is also valid in this case. The next theorem will show that contrary to the infinite interval case,
the norm ||r3(7As )l < 1 for 7 large enough for all 8§ € R\ {0}.

THEOREM 4.1. For alln >1 and 6 € R\ {0} we have

n 1 "
75 (7 As)ll o0 < (1 +20(7/h2?) (1 — cos(m/(s + 1))))

20
L(126=1], |19 1 " (20)
6 0 |1+20(r/h?)(1—cos(n/(s+1)))/) ~
ProoF. The eigenvalues of the matrix A, are
2 kn
(k) — 2 [ _ =
A h2( 1+coss+1>, k=1,...,s, (21)

{see [8, Example 2, p. 259]). Notice that

260-11_(1 1-0/1\* _,/1
ro(rAs) = —5—-R (%,As) + (%) R (E,AO :

Also, observe that the matrix A, generates a contraction semigroup in the maximum norm. This
follows from the facts that A, = tridiag(1,0, 1] —2I and that the matrices tridiag(1,0,1] and —2I
commute, hence

|| exp(tAs)lloc =

exp (tﬁli tridiag[1, 0, 1]) exp (t%(—ﬂ)) H

LI 1 1 1
< exp (tﬁ" tridiag(1,0, 1][[00) exp (—Qtﬁ> = exp (2tﬁ> exp (_2tﬁ) =1.

Then from the Hille-Yoshida theorem (see for example [9, Theorem 3.8, p. 77]) it follows that

n n

1/67 ‘20~1’ ‘1—0‘ 1/67
B A < + . 22
Il (7 As)| (1/07__)\9)) ( 9 0 |1/ -2 (22)

Finally, using (21) with £ = 1, (22) implies (20). |

Note that (20) shows that ||r§(7As)|lec < 1forall 7,h > 0if 6 € [1/2,1]. Also, observe that the
estimate is not optimal since we already know that [|r§(7A4,)|lec < 1if 8 € [1/3,1]. As Theorem
4.1 shows, for 7 large enough ||r§(7As)||cc < 1 for all @ € R\ {0}. This behavior is different
from the infinite interval case and follows from the facts that |rg(cc)| < 1 and that the growth
bound of the semigroup generated by A, is strictly negative (see [6, Lemma 4.4.11, p. 70]). This
remarkable property allows a much wider choice for the discretization parameters if we want to
preserve the contractivity in the maximum norm.
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5. CONCLUDING REMARKS

The method we used allows the analysis of more general cases. The estimations derived for
the complex functions rg¢(2) in Section 4 can be used to obtain stability constants for r4(7A)
with more general matrices A if the appropriate resolvent estimate is known. Also, the method
to obtain the norm estimate in the finite interval case can be generalized to a wider class of
matrices, since the computation of the first eigenvalue and the bound of the matrix semigroup in
the maximum norm are the essential steps. Finally, we remark that the knowledge of the stability
constant can be used to obtain second-order unconditionally contractive finite difference methods

(see

o

10.

(10]).
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