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Abstract

We use functional calculus methods to investigate qualitative propert@&s-sémigroups that are
preserved by time-discretization methods. Preservation of positivity, concavity and other qualitative
shape properties which can be described via positivity are treated in a Banach lattice framework.
Preservation of contractivity (or norm-bound) of the semigroup is investigated in the Banach space
setting. The use of the Hille—Phillips (H—-P) functional calculus instead of the Dunford—Taylor func-
tional calculus allows us to extend fundamental qualitative results concerning time-discretization
methods and simplify their proofs, including results on multi-step schemes and variable step-sizes.
Since the H—P functional calculus is used throughout the paper, we present an elementary introduc-
tion to it based on the Riemann-Stieltjes integral.

00 2004 Published by Elsevier Inc.

1. Introduction

In this paper we are interested in certain functions of a genedatda (linear) strongly
continuous semigroup’p-semigroup) on a Banach spakeThe class of functions under
consideration originates from the investigation of numerical methods, in particular time-
discretization methods, for differential equationi@) = Au(¢). Many of the basic methods
used to analyse time-discretization schemes in a Banach-space setting go back to Lax and
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Richtmyer [19]. Often, th&Cg-semigroupT (1) = ¢'4 generated by is approximated by

a product of operatorp[;_; r(t;A), Y 7, T = t, where the operators(t; A) are rational
functions of the generator. The use of a functional calculus allows us to obtain information
about an operatar(A) from a detailed analysis of the functian— r(z). Probably the

best known functional calculus is the Dunford—Taylor functional calculus (see [10]) which
was—mainly for analytic semigroups—extensively used by various authors to obtain sta-
bility and convergence results for time-discretization schemes (see, for example, [9,21,
23]). When working with general's-semigroups, the Hille—Phillips (H-P) functional cal-
culus is a more suitable instrument that leads to stronger results and easier proofs (see, for
example, [4,7,15]). Since the H-P functional calculus plays a dominant role in this paper,
we give in Section 2 an elementary construction of it via Laplace transforms of functions
of bounded variation (as an alternative to the original approach taken by Hille and Phillips
in [16] via Laplace transforms of regular Borel-measures). We would like to emphasize
that the idea of using functions of bounded variation in the H—P calculus is not new (see,
for example, [14]), but we could not find a reference where this approach has been worked
out in detail. Thus, we give an elementary construction of the H—P calculus using Riemann
integration techniques without any reference to measure theory whatsoever.

In Sections 3-5, we use the H—P functional calculus to investigate the preservation of
certain qualitative properties of the semigroup under suitable time-discretization methods.
To describe the notion gdositivity preservatiormonsidered in Section 3, &t be a Banach
lattice andT (-) a positive (i.e.,T(t)x > 0 for all r > 0 if x > 0), Co-semigroup onxX.

For any (not necessarily rational) functienfor which [T/_; r(z;A) with >} 7, =1¢
converges strongly t@'(z) as max; — 0, we seek conditions on the time-stepping pa-
rameterst; > 0 and on the function — r(z) which guarantee that(z; A), and hence
[T'-1r(z:A), defines a positive operator. If there are no restrictions on the time-steps, then
the approximation scheme is said todreconditionally positivity preservinglse we call

it conditionally positivity preservingMe extend results of Bolley and Crouzeix [5] on pos-
itivity preservation

(i) to positive, strongly continuous semigroups on Banach lattices (in the unconditional
case),
(ii) to positive, uniformly continuous semigroups on Banach lattices (in the conditional
case), and
(ii) to variable step-sizes and multi-step schemes.

In Section 4 we introduce the concept®fshape preservation. This allows us, among
others, to treatonvexity preservatioof time-discretization methods for the heat equation
in an abstract setting. &p-semigroup’ (-) is said topreserveB-shapeif

(i) B is a closed linear operator with(A) C D(B) C X with range is in some Banach
latticeY, and
(i) if BT (t)x >0 (r > 0) for everyx € D(A) with Bx > 0.

In Section 5 we generalize some results in [22]aomtractivity preservatiorio general
boundedCp-semigroups. As for positivity preservation, we give a common treatment of
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conditional and unconditional norm-bound preservation and present results for variable
step-sizes and multi-step schemes.

We would like to emphasize that we are looking at preservation properties for time-
discretization methods only. It is possible to apply the results to fully discrete solutions
(i.e., approximate solutions after both space- and time-discretization). In this case we first
do a spatial semi-discretization (like finite element of finite difference methods) which
will yield a new semigroup, the solution operator of the semi-discrete problem. Then we
apply a time-discretization method and our qualitative analysis will tell us whether the
gualitative properties from the semi-discrete solution are inherited by the fully discrete
solution. We do not investigate whether the particular properties are preserved under the
spatial semi-discretization. We remark that there are examples where certain properties are
lost under the spatial semi-discretization (finite element methods with irregular meshes) but
reappear after an appropriate time-discretization (see [12]). In this case our methods are not
applicable to the fully discrete solution. Finally, we remark that the inverse approach, that
is, the investigation of qualitative properties of certain approximations that are inherited by
the semigroup are considered, for example, in [1,8].

2. The Hille—Phillips (H-P) functional calculus: an elementary construction without
measures

The H-P functional calculus is a useful tool to study functions of the generatatef a
semigroup on a Banach spake The class of functions on which this functional calculus
is defined is a Banach algebra of functionshich are analytic on some left half-plane
and have a Laplace—Stieltjes representatian = fé’o e da(t) (Re(z) < w) for a certain
Banach algebra of normalized functiom®f bounded variation. To construct this algebra,
we recall some facts from the basic theory of the Riemann—Stieltjes integral (for proofs,
see [6,16,24]).

A function« : [0, R] — C is in NBV[O, R] if it is of bounded variationfe € BV[O, R])
and normalized i.e., «(0) = 0, anda(u) = (x(u+) + a(u—))/2 for all u € (0, R). We
defineNBVioc := () -0 NBVIO, R] andBVq¢ := [ g o BVIO, R]. The spac&BVq is an
algebra with multiplication defined by tf&tieltjes convolution

1 t

(oe*ﬁ)(t)=/oz(t—u)dﬂ(u)=/ﬂ(t—u)doz(u) (1 ¢ Pasp), )
0

0

whereP, g :={t eR: t =1, + 15, ty € Py, tg € Pg}, and whereP,, (and similarly Pg)
denotes the countable set of points wheres discontinuous. IfP, or Pg is empty, we
define P44 to be the empty set. i, 8 € NBV[O, R] have discontinuities iP, and Pg,
respectively, thery := o * g exists on[0, R]\ Py+g. Moreover,y may be defined in the
points of P, g so that it becomes normalized (see [24, Theorems 11.1 and 11.2a]). We can
extendw, 8 € NBV[0, R] by defininge, 8 to be zero if—oo, 0) and to bex(R) andB(R),
respectively, in(R, co0). Theny (t) = [ a(t —u)dB(u) if 1 ¢ Pyip. TO see thay is
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again of bounded variation (see [24, Theorem 11.2b])Viét) denote theotal variation
functionof o on the intervalO, ¢]. ThenV,, € NBV|oc and we define

b b
ff(t) |do(1)| :=/f(t)dVa(t).

LetO<a=n<t<---<ty=b<Rwitht; ¢ P,1g. Then, for allu >0,

N-1 N_1 li+1—u 00
St - -at-w|< Y [ ldaw)| < [ |dw)]|=vo.
i=0 i=0 .7, kN

Hence,
N-1 e
Syt -y < [ Ve®ldpw)| = ViR Vy(k.
i—0 ks

Since the right-hand side is independent of the pajntse may let them approach points
of Py, we may letz approach zero anklapproachR. The left-hand side can be brought
arbitrary close td/,, (R), so that

Vy(R) < Vo (R)Vg(R). )

Thus, (NBV|qc, +, *) is an algebra. A well-known extension (see [24, Theorem 11.3]) of
the classical Cauchy theorem regarding the multiplication of absolutely convergent series
states that itr, 8 € NBVjgc With lim;_ o a(¢) := a(00) and lim_, o B(¢) := B(c0), then

Jim 1y (1) = a(c0) (), (3)

wherey =« * 8. To see this observe that

1 t

Y (1) — a(00)B(1) = f[a(t ) — a(00)]d[u) — Bloo)] = /&a —wydfw),
0 0

with @(r) := a(t) — a(co0) andB(u) := B(u) — B(c0). Thus,
y (1) —a(0c0)B (1)

t/2 t
:/&(z—u)dﬁ(u)+/&(t—u)d5(u)
0 t/2
t/2 t
:/&(t—u)d,g(u)— B(u)du&(t—u)+&(0)5(l)—&<%>/§<%>
1/2
t/2 1/2

=/&(t—u)d,6~(u)+/,5(t—u)d&(u)+&(0)/§(t)—&(%)5(%).
0

0
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To prove (3) itis sufficient to show that lim oo fé/Z&(t —u)dp(u) =0.If B(r) is constant,

then the result is trivial. Otherwise, let us denote its total variatiofi0pno) by V;(00).
For anye > O there is & > 0 such that, for > #0/2, we havela ()| < ¢/ Vg(co) and
hence

t/2 t/2

~ > 8 2
/a(t—u)dﬂ(u) < V~(oo)/]dﬂ(u)’<s.
0 p 0

This finishes the proof of (3).
The following statements will play a major role in the proofs of the main results of this
section. For their proofs we refer to [24, Theorems 16.4 and 10a].

Proposition 1 (Helly—-Bray Theorem)Let «,, € BV[a, b] be of uniform bounded varia-
tion anda, (t) — a(t) for all ¢ € [a, b]. If f € Cla, b], thenlim,Hoofab f@® da,(t) =
S F@ da).

Proposition 2 (Mean Value Theorem)If o € BV[a,b] is nondecreasingor non-
increasing and f € C([a, b]) is real valued, then there exists € [a, b] such that

[P fyda) = F(©Ola®d) —al@)].

00 R
f(2):= / elda(t) == Rlim /ezt do(t) 4)
0 0

exists for some € C, thenf is called the_aplace—Stieltjes transform af. We will some-
times refer toa as thegenerating functiorand to f as thedetermining functionThis
terminology is adopted from [24]. It is well known that thegion of convergencef (4) is
an appropriate left half-plane; i.e., if (4) converges for same C, then it converges for
all z € C with Rez < Rezg (see [2, Chapter 1] or [24, Chapter I1]). We call

o0
abgo) := sup{ Rez: /e“ da(t) converge%
0

theabscissa of convergenoé(4). As shown by Widder in [24], iyg” e da(t) converges
forz =y +i8 with y <0, then

a(t)y=o(e”"") ast — oo; )
if f0°° e da(t) converges for = y + i8 with y > 0, thena(co) exists and
a(t) —a(oo)=o(e™"") ast— oo. (6)

It is well known that the functiory : z — ](;’O e“' da(t) is an analytic function on the open
left half-plane{z € C: Rez < abgw)}. We say that the integral (4onverges absolutely
atz=zo=y +idif [y~ e’ |da(t)| := [5° e’ dV,(r) converges. Let, B € NBVioc and
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y :=a x B. If the integralsf (z) := [y~ ¥ da(t) andg(z) := [;° e dB(t) converge ab-
solutely atzg := w + i3, then

f(z0)8(z0) = f e dy (1) (7)
0
and
fewf ldy )| </e‘“’ |da(t)|/e‘“’ ldB@)]. €)
0 0 0

For the proof see [24, Chapter I, Section 11]. Now, we are in the position to prove the first
main result of this section.

Theorem 3.Letw € R. Then NBY := {a € NBV|q¢: fooo e® |da(t)| < +o0} is a Banach
algebra with Stieltjes-convolution as multiplication and nafa|,, := O°° e® |da(t)].

Proof. Clearly, NBV” is a vector space an(l- ||, defines a norm. By )y :=a x 8 €
NBVioc if o, 8 € NBV*. By (8), ¥ llo < llellollBllo- Thus,NBV* is a normed algebra
with unit e = x0,) (the characteristic function of the intervéd, co)). To show that
NBVW* is complete, we prove first that a Cauchy sequemgce NBV® converges uni-
formly on compacts. Let > 0 andk := min;[o,gj(e®’). Then there isV € N such that
Jo~ e ld(an — am)(®)| = llow — amllo < & - k for all n,m > N. Let 1o € [0, R]. Then
fé" e |d(a, — a;)(t)] < & - k. Therefore, by Proposition 2, there exigts [0, 7o] such
that [2° e |d(atn — otm) (t)] = € Vi, —q,, (t0) < & - k. Thus,

Vap—a,, (to) <& foralln,m > N andr € [0, R], (9)

which implies that|a,, (7)) — a,(to)] < ¢ for all n,m > N and 1y € [0, R], since
a,, (0) —a,, (0) = 0. Thus, the functiong,, converge uniformly on compacts to a functign
Thereforep is normalized and from (9) we see tha,, (fo) — Va,, (t0)| < Vi, —a,, (fo) < €
for all 19 € [0, R]. This implies that the sequenag is of uniform bounded variation on
every interval[0, R], i.e., there isMg > 0 such thatV,, (R) < Mg for all n € N. Let
O=r1<t1 <tr<--- <ty =R be asubdivision of0, R]. Lete > 0 and let us choos®,
so thatla(r) — a, (1)| < 5y forall € [0, R]. Then

N N

D la) — a0 <Y lat) — )] + |an () — an i)

i=1 i=1
+ |a(ti-1) — an(ti-1)|
<e+ Vg, (R) <e+ Mg.

Therefore,V,(R) < Mg and thuse € NBVqc. Finally, we prove thatfé’O e? |da(t)| <

400 and that lim_, o &, = @ in NBV*. Again, letR > 0 be fixed and @&=1p <11 <12 <
.-+ <ty = R be a subdivision of0, R]. Then, by Proposition 1,
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N

>l =) t) — (@ — an) (i)

i=1
1 t
/ da(t) — / day (1)

L1 ti-1

t:

1 i
/dam(t)—/dan(t)

L1 ti-1

N

= m 3

i=1

< lim > /|d(am—oen)(t)l=m|iLnOOVaram(R)~

Therefore,Vy_q, (R) < im0 Vi, —a,, (R), @and by (9), lim_ o Vy—q, (R) = 0. Note
that this holds uniformly forg € [0, R]. We also have thatV,,—q,, (f0) — Ve, —e (10)] <
Va—a,, (R) = 0 asm — oo for 1g € [0, R] uniformly. Using Proposition 1 for the sequence
(Vay—a, ())men, We see that

R R
/e‘”’ |d(a —an) (0] = lim /e‘”’ |d(etm — )] < M o — anllo-
m—00 m—>00
0 0
Thus,
oo
o= el = [ € fd@ = an®)] < m_fon ailo (10)

0

If we write « = (@ — o) + a,, We can immediately conclude thﬁio e® |do(t)| < +oo.
Finally, from (10) it follows that lim_, oo &, = « in NBV®. ThusNBV* is complete. O

We are now in the position to define the algebra of functions, isomorphBié°, on
which the Hille—Phillips functional calculus will be defined.

Corollary 4. Let F,, :={fy: fu(2) = [y € da(t) if Rez < , a € NBW}. Then the
operator @ : NBW — F,, defined by® (@) := f, is an algebra isomorphism. If we set
Il foll := llallw, thenF, becomes a Banach algebra and, o> «, the inclusionfF,, C F,
holds.

Proof. The map® is clearly linear. If we define multiplication ift,, as pointwise multi-
plication, then (7) shows tha preserves multiplication. Also, it maps the unithBV*

to the unit of 7, which iser, (z) := 1 for Rez < w. From Theorem 3 it follows thatBV*”

is an algebra and therefofg,, the image ofp, is also an algebra. By definitiom, is onto

and the injectivity follows from the uniqueness theorem for the Laplace—Stieltjes trans-
form (see, e.g., [24, Chapter Il, Theorem 6.3]). The completenesByf’ implies the
completeness af,,. Finally, the inclusionF,, C F, for w > « follows immediately from

the definition ofF,,. O

Recall that a rational function is calledA-stableif |r(z)| < 1 for Rez < 0. Next, we
show that this important class of functions isAp and hence in alF,, with v < O (cf. [16,
p. 441)).



122 M. Kovacs / J. Math. Anal. Appl. 304 (2005) 115-136

Proposition 5. If a rational functionr satisfies|r(z)| < M for someM > 0 and for
Rez < w, thenr € F,.

Proof. Clearly, constant functions and the functians> 1/(a — z) belong to the algebra
Fo for Rea > w. Therefore, by developinginto partial fractions, we see that 7,,. O

Another important example is the functian— ¢ for fixed r > 0. It belongs to the
algebrafr,, since

00
e =/e“ dH;(s),
0
where the normalized Heaviside functiéh is defined as

0 ifo<s<t,
H;(s) := % if s=1,

1 ifs<t.

We defineHy by setting setp(s) = 0 for s = 0 andHp(s) = 1 for s > 0.

Let X be a Banach space and ket X D D(A) — X generate &o-semigroupl (-) of
type (M, w); i.e., there existd4 > 1 andw € R such thal| 7 (¢)|| < Me“ for all ¢t > 0. For
f e Fuwith f(2) := [5° ¢ da(t) (Rez < w) let us define

f(A)x ::/T(t)xdot(t). (1)
0

In order to justify this definition, we show that the mg@p— f(A) defined in (11) is an
algebra homomorphism.

Theorem 6 (Hille—Phillips Functional Calculus)f A generates aCg-semigroup? (-) of
type (M, w), then¥ : F, — B(X) defined by (f) := f(A) is an algebra homomor-
phism. Moreover,

| F (D] < Mlalo, (12)

wherea € NBW is such thatf(z) = [;* ¢% da(t), Rez < .

Proof. Itis clear that the mag is linear and that (e£,) = I € B(X). Also the range of
¥ is a subset of3(X) since

| f(ax] = /T(t)xdot(t) <M/e‘”’ |da )] llx]l = Mllello 1]
0 0

This shows that is continuous and¥ (f)|| < M| f|l. If w < 0, it follows from (5) that
lim e a(t) =0. (13)
11— 00
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If w > 0, then by (6), we have that
lim e (a(t) — a(00)) = 0. (14)
11— 00

If o« € NBW, thena(co) exists. This shows that (14) holds fer= 0, too. We show now
that¥ preserves products, that is

(/T(s)dot(s))(/T(t)dﬁ(t))x:/T(u)xdy(u) forall x € X, (15)
0 0 0

wherey = « * § is the Stieltjes convolution af andg defined in (1). Observe first that

o0

Sx = <fT(s)doz(s))(/T(t)dﬂ(t))x:f/T(u)xda(u—t)d,B(t).
0 0 0 ¢

If we apply an arbitrary™ € X*, then

(Sx,x*) = / /(T(u)x, x*)doz(u —1)dB(1). (16)
t

First assume thab < 0. Sincea € NBVjoc andu — (T (u)x, x™) is continuous, we can
integrate by parts and obtain

o0 o0

(Sx,x*):/{[(T(u)x,x*)a(u —t)]Zz?o —/a(u —t)d(T(u)x,x*) dp(t).
0 t

Sincex (0) = 0 and lim,_ o0 o (e — 1) (T (u)x, x*) = 0 (by (13)), the first term in the integral
equals to 0. Therefore,

(Sx, x* //a(u—t)d(T(u)x x*)dB (1)
= //a(u—t)dﬁ(t)d(T(u)x x*)
0

y (u) d T(u)x x*

=</ T (uw)xdy (u), x*>.

0

T(u)x x* dy(u)

Q 0\8 o
0\8

The above calculation is true for alf € X* and hence (15) is established«f> 0, then
we can write (16) as follows:
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[ee]

/(T(u)x x* ot(u —t) — oe(oo)) dp(t)

t

(Sx, x™*)

0\8 0\8

{ Tw)x,x* a(u—t)—oc(OO))]

— /a(u —1) —a(oo)d(T(u)x,x*)} dp(t),

t
where the first term in the integral equals {6 (¢)x, x*)a(co) since «(0) = 0 and
My oo(a(m — 1) — a(c0)(T (u)x, x*) = 0 by (14). Therefore,

(Sx, x™*) =/ |:(T(t)x,x*)a(oo) — /a(u —1t) —a(oo) d<T(u)x,x*>i| dp(t)
0 t

(T)x, x >oc(oo)dﬂ(t)—//oc(u—t)—a(oo)d(T(u)x x*)dB(1)

(T()x, x )a(oo)dﬂ(t)—//a(u—t)—a(oo)d,B(t)d(T(u)x x*)

o\

= /(T(t)x, x*a(c0) dB(t) — / y ) — a(00) ) d(T (w)x,x*).  (17)
0 0
We claim that lim_, oo (¥ () — a(c0)B())(T (t)x, x*) = 0. To see this let us write
|(¥ (1) = a(00) B(1))(T (1)x, x*)|
<|(y @) = v ()T @)x, x*)| + | (v (00) — a(c0) B1))(T (1)x, x*)|
= |(y (1) — y(00))(T (1)x, x*)| + | (2 (00) B(00) — at(00) B(1))(T (1)x, x*)|
= |(y (1) — y(00))(T (t)x, x*)| + |a(00) (B(00) — B®))(T (1)x, x*)| — O

ast — oo. The last two steps follow from (3) and (14). Finally, we continue where we left
off in (17) and obtain for alk* € X*,

(Sx,x*):/(T(t)x,x*)oc(oo)dﬂ(t)—/y(u)—a(oo),B(u)d(T(u)x,x*)
0 0

= [(T ), x*)a(00) dB(t) — [ (v (W) — a(00) Ba)(T w)x, x*)]'=5

0
00

+/(T(M)x x*)d(y ) — a(c0)B(u))
0
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e ¢]

:/(T(u)x,x*)dy(u)=</T(u)xdy(u),x*>.
0

0

[e.e]

Thus,
Sx = (/T(s)da(s)>(/T(t)dﬂ(t))x:/T(u)de(u)
0 0 0
forall x € X. O

3. Positivity preserving schemes

In this section we consider problems concerning positivity preservation under time-
discretization of the semigroup. With the H-P functional calculus tool at hand, we can
easily generalize some known results to arbitrary Banach lattices and arbitrary semigroups
and simplify earlier proofs significantly. Absolutely monotonic functions will play a central
role in the remaining sections. Recall that a functjbiis absolutely monotoni¢a.m) at
ueRif f®w) >0 forall k e N. A function f is a.m. on an interval C R if f is
absolutely monotonic at eacghe 1. Later on in this section we will need the following
technical proposition. The proof can be found in [24, Chapter |, Theorem 8a].

Proposition 7. If f is continuous or0, c0), if « € BV|oc and if «* is the normalized
function ofa, thenf(;’O f@)da(t) = f0°° f (@) do*(r) provided the first integral converges.

The following theorem plays a major role when proving positivity preservation without
any restriction on the time-step. For the proof see, for example, [3].

Theorem 8 (Bernstein) A function f is a.m. on(—o0,0] if and only if f(u) =
f0°° e da(r) for u <0, wherea is a bounded, nondecreasing function.

Corollary 9. Let w € R. A function f is a.m. on(—oo, w] if and only if f(u) =
Jo~ e" dB(t) for u < w, wherep € NBV* and 8 is nondecreasing.

Proof. It is clear that if f (u) = f0°° e" dB(r) with B nondecreasing, theyi is a.m. on
(—o0, w]. Conversely, leff be a.m. on—oo, w]. Theng(-) := f(-4+w) isa.m. on(—oo, 0].
Therefore, by Theorem &(u) = fg’o e da(t), wherea is bounded and nondecreasing
(and thus of bounded variation). By Proposition 7, we can replagéth o* € NBVP.
Thus,

o0 o0

fw)=gu—w)= / N do* (1) = / e dpt),

0 0
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whereB(t) = fé e~ da*(s). Sincea® € NBW, it follows thatg € NBVjqc and

o]

o
fe‘”t ‘dﬁ(r)‘ =/ |da*(t)| < 4o0.
0 0
Thus,8 € NBVW” and, sincex* is nondecreasing] is also nondecreasing.C

The following theorem is due to Bolley and Crouzeix [5] for generators of positive
contraction semigroups ahp(R) and rational functions. We generalize this to arbitrary
Banach lattices, arbitrary generators of positigesemigroups and get rid of the require-
ment thatr is rational.

Theorem 10.Let X be a Banach lattice. IA generates a positiv€g-semigroup? (-) of
type(M, w) andr is a.m. on(—oo, tw] for T > 0, thenr(z A) > 0.

Proof. By Corollary 9, we have that € F;,, andr(u) = fo"o e"" dB(t) (u € (—oo, Tw])
with B constructed in the previous proof. Sin€er) > 0 for all + > 0 and g is nonde-
creasing using the H-P functional calculus, we haited)x = fé’o T(tt)xdB(t) > 0 for
alx>0,xeX. O

Remark 11. The conditions of Theorem 10 are also necessary in the sense thatribt
a.m. on(—oo, Tw], then we can always find a Banach latti¢eand positive semigroup on
X generated byl such that-(z A) fails to be a positive operator for some> 0 (see [5]
and [17, Theorem 4.1.7]). On the other hand, if we fix the spaand the operatoA,

the assumptions of the theorem might not be necessary (for example(take (§f7)2
X:=R,A:=1).

Corollary 12 (Variable step-size)let X be a Banach lattice. Assume thatgenerates a
positive Co-semigroup? (-) of type(M, w). Lett;, i =1,...,n, be positive numbers.
isa.m. on(—oo, tjwl], i =1,...,n, then[]'_; r(z;A) > 0.

Proof. The statement follows from Theorem 10 and the fact that product of positive oper-
ators is positive. O

Next, recall that a generalstep scheme is of the form
k
un =Y ri(tAu,_i, wheren>k, ri € Frp, i=1,....n. (18)
i=1

Corollary 13 (Multi-step schemes) et X be a Banach lattice. Assume thafgenerates a
positive Co-semigroup? (-) of type(M, w). If r;, i =1,...,k, are a.m. on(—oo, tw] for
somer >0andu; >0( =0,...,k—1),thenu, >0 @n > k).

Proof. The statement follows from Theorem 10 and the fact that sum of positive operators
is positive. O
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Unfortunately, Theorem 10 and its corollaries have a serious practical deficiency. In
most cases we would like to use a functiothat approximates the exponential> ¢°
at z = 0. Recall that a functiom approximates the exponential to ordgr> 1 if r(z) =
exp(z) + 0(z411) asz — 0. This, together with absolute monotonicity 6aco, 0] leads
to an order-barrier which was first observed by Bolley and Crouzeix [5]. We present a short
proof for the convenience of the reader.

Theorem 14.1f r is a.m. on(—oo, 0] and approximates the exponential to order- 1,
thenr(z) = e for Rez < 0.

Proof. Using Bernstein’s theorem and the fact thapproximates the exponential func-
tion to orderg > 1, it follows that

o0 (o8} oo

1=r(0)=r/(0)=r”(0)=/da(t):/tda(t):/tzda(t),

0 0 0

with o bounded and nondecreasing. Henﬁ?,(t — 1)2da(t) = 0. Since the integrand is
continuous or0, co), strictly positive except for an arbitrary neighborhood ef 1 and
a is nondecreasing, we conclude that the only possible point of increagasof = 1.
Since 1= f0°° da(t), we see that can be chosen to he= x[1.«), Wherey[1,,) denotes
the characteristic function of the intervel, co). Therefore,r(z) = f0°° eda(t) = €,
Rez <0. O

If A e B(X),then we can extend Theorem 10 to functions that are no longer absolutely
monotonic on a half line but in an interval. The idea to preserve positivity under some re-
strictions on the time-step (conditional positivity) for rational functions can be found in [5]
for the finite dimensional situatioki = R"” andA an M-matrix. There, the requirement on
the function was absolute monotonicity on an interval. We can generalize this to arbitrary
Banach-lattices and arbitrary positive semigroups generated by bounded linear operators.
We will require thatr € F;,, (r does not have to be a rational function), and thista.m.
at a suitable point depending anand the time-step. We also show that if € F;,, and
r is a.m. at—zc, thenr is a.m. on[—tc¢, Tw], automatically. We begin with the charac-
terization of positive semigroupB(r) = ¢!4 with bounded generators; see [20, C-Il,
Theorem 1.11].

Lemma 15.Let A € B(X), X Banach lattice. Theff (r) > Oif and only if A + ||A|| I > O.

Lemma 15 is not optimal in the sense tha#li B(X) generates a positive semigroup,
then there is often a constant: 0 with ¢ < ||A|| such thatA + ¢/ > 0. With this in mind
we prove a theorem on conditional positivity.

Theorem 16.Let X be a Banach lattice, lefA € B(X) generate the positive semigroup
T(-) of type(M, w) and letc > max0, —w}, such thatAd 4+ ¢I > 0. If r € F;, andr is
a.m. at—zc for somer > 0, thenr(z A) > 0.
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Proof. Since r € F;,, there existse € NBV'® such thatr(z) = f(‘)’o e‘tda(r) for
Rez < tw. Then,

r(tA) = / T(r1)de(t) = / T (T1)e= ™ da(r)
0 0
= [ AR e gy gy = S AL ft”e*“' da(t)
0 n=0 n! n=0 n! 0

X n n

"(A+cl

=y AR 0 ery 0
=0 n:

provided we can interchange summation and integration. To see this, first note that since
A+ cI >0, we have that

00 o0
Z Me"‘” < Z Mefc‘n = T(Tt).
n! }’l!
n=N-+1 n=0
Thus,
. (tt(A+ch)"
Y e s T < me (9
n=N+1 "

for every N > 0. We are going to show that

* 00 n N P n

/Z (IT(A +C1)) efcrt da(l) _ Z / (ZT(A +C1)) efctt da(t)
=~ n! n!

0

(20)

n=N+1

/‘ Z (tr(A—i—cI))”e_mda(t)
n!
0

is arbitrary small ifN is large enough. Let > 0. Sincer € F;,,, there isfg > 0 such that

o0

/ M |da(o)] < 3. (21)
fo

Since Yo (HALDY —ctt _, T(z7) as N — oo uniformly on [0, 70], chooseN > 0
such that

e¢]

3 (T(A+eD)" oo

n!

&

< — 22
2[30 |da(t)] (22)

n=N+1
for all t € [0, #0]. Then, by (19), (21) and (22) we have
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v i (tT(A + D))" .

—CTt d(x(t)
n!

0 n=N+1
fo

oo
& &
</7 da(r) +/Me‘°” da(t)| < = +
) 2[ 1) o0 J el <3

=€,

&
2
which shows that the norm in (20) tends to OMs> co. O

Corollary 17 (Variable step-size)Let X be a Banach lattice, lef € B(X) generate the
positive semigroufd (-) of type(M, w) and letc > 0 (¢ > —w), such thatA + ¢ > 0. Let
7, i =1,...,n, be positive numbers. ife F,, andr is a.m. at—z;c,i =1,...,n, then
[T-1r(ziA) >0.

For the corollary on multi-step schemes recall its definition from (18).

Corollary 18 (Multi-step schemes) et X be a Banach lattice, et € B(X) generate the
positive semigrouf’ () of type(M, ) and letc > 0 (¢ > —w), such thatA + ¢I > 0. If
ri € Fro, ri aream. at-tcandu; >0( =0,...,k—1), thenu, >0 n > k).

Remark 19. The converse of Theorem 16 is also true in the same sense as in Remark 11.
Also, for a particular Banach lattice and bounded operator generating a positive semigroup
the time-step might sometimes be chosen from a larger set than the set determined by the
absolute monotonicity of the function (see, for example, [18]).

We conclude this section by showing that absolute monotonicity at one point is just a
formally weaker condition than absolute monotonicity on an intervakifr,,. Letr € F,
and assume that is a.m. atc < w. Sincer € F, it follows thatr(z) = f0°° e“dal(t),
Rez < w, for somex € NBVW”. Letk € N, ands € [c, w]. Then

00 00 0 (s —c)”["
r(k)(s)zftke” da(t):/tke(s_c)’e” doz(t):/Z—'lkea da(t)
0 0 o n=0 "
S _a\n ® S PAY!
Yy =9 / et do(ry = 3 E = Gt >
n! n!
n=0 0 n=0

Thus,r is a.m. on[c, w]. The interchange of the sum and integral can be justified with a
similar argument as in the proof of Theorem 16.
4. Shape preserving schemes

In this section we introduce a class of qualitative properties which can be described via
positivity and illustrate the usefulness of these concepts in the context of the heat equation.
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Definition 20. Let X be a Banach spacé, a Banach latticeA the generator of &p-
semigroup7(-) on X, and letB : X D D(B) — Y be a closed linear operator with
D(A) C D(B). The semigroud (-) preserves shape associated with the opemt(pre-
servesB-shape) if for any € D(A) with Bx > 0 we haveBT (t)x > 0 fort > 0.

If D(A)4 is dense inX,, where the subscript denotes the positive cone @f(A)
and X, respectively, and iB = I in Definition 20, then the semigroup preserves positivity;

if X =LP[a,b] and (Bf)(x) := % then the semigroup preserves convexity and if

(BF)(x) = Xy 52, a < ¢ < d < b, then the semigroup preserves monotonicity on
(c,d).

Proposition 21. If in addition to the assumptions oA in Definition 20 we also have
thatD(A) = D(B) and B is invertible, therT (-) generated by preserves3-shape if and
only if the semigroup (¢) := BT (-)B~1 generated by A B~ with domainD(BAB~1) =
{y € Y: AB~1y e D(B)} is positive. Moreover, iff (-) is of type(M, w), thenS(-) is of
type(M, ).

Proof. To see thatS(-) is a Co-semigroup onY, let y € ¥ andx := B~1y. Sincex ¢
D(B) = D(A) it follows thatx = (Aol — A)~1z for somez € X, Ao > 0, and
S(t)y = BT (t)(hol — A) Yz =B(ol — AT 1)z
SinceB(xol — A)~Land(rol — A)B~1 are boundeds(-) is aCo-semigroup and
[s@y| <[|BOol = [T@] - | ol = AYB7H - IIyll.

Thus,S(-) is of type(M, w) for someM > 1. LetC be the generator of(-). Fory € ¥ we
have

S(1)y = B(hol — A" T (t)(hol — A)B™1y.
Thus,
D(C)={yeY: (ol —A)BYye D)} ={yeY: AB™'y e D(A) =D(B)}

andC = BABL. For the equivalence assume first tiidt) preserves3-shape. Ify € Y.,
thenx := B~1y e D(A) = D(B) andBx > 0. ThusS(t)y = BT (t)B~1y = BT (1)x > 0.
Conversely, ifS(-) is positive andx € D(A) with Bx > 0, then there is & € Y with
x=BlyandBx=y>0.ThusBT (t)x = BT (t)B 1y =S@t)y >0. O

Corollary 22. Let X be a Banach spacé, be Banach latticed € B(X) andB € B(X,Y).
Assume thaB is invertible. Then, the following statements are equivalent

() The semigrouf (-) generated b is preserves3-shape.
(i) The semigrouBT (-)B~1is positive.
(i) BAB~1+|BAB~L|I >0.

Proof. The statement follows from Proposition 21 and Lemma 15.
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We remark that if in addition to the assumptions of Corollary 22 we haveXhatY
and AB = BA, thenT(-) is B-shape preserving if and only if () is positive. In the
following we discuss conditions which guarantee th@tA) preservesB-shape that is,
Br(rA)x > 0 for x € D(A) with Bx > 0. The first theorem is on unconditionBtshape
preservation.

Theorem 23.Assume that th€g semigroupr (-) of type(M, w) generated byl preserves
B-shape. Ifr is a.m. on(—oo, tw] for T > 0O, thenr(z A) preservesB-shape.

Proof. By Corollary 9,r € F;, andr(u) = f0°° e"" dB(t) (u € (—oo, Tw]) Wherep e
NBV,,, is nondecreasing. If € D(A) thenx = (A\g/ — A) 1z for someirg > 0 andz € X.
SinceBR (1ol — A)~1is bounded, the map— BT (1)x = B(rol — A)~1T(r)z is contin-
uous forx € D(A) and||BT (t)x|| < Me® |z||. Therefore, by the H—P functional calculus,

o0 o0

Br(rA)x=B/T(rt)xd,B(t)=/BT(It)xdﬁ(t) >0
0 0
forall x e D(A) with Bx > 0. O

Theorem 24.Let X be a Banach space aritla Banach lattice. Assume that the semigroup
T(-) of type(M, w) generated byl € B(X) preservesB-shape,B € B(X, Y) is invertible
andBAB~1+c¢I > 0for somer > max0, —w}. If r € Fy, is a.m. at—tc¢ for somer > 0,
thenr(t A) preservesB-shape.

Proof. By Corollary 22,7 (-) preservesB-shape if and only if the semigrougx-) gen-
erated byBAB~1 is positive. By Proposition 21§(-) is of type (M, w). Thus, by The-
orem 16,r(tBAB~1)y > 0 for y > 0. Using the H—P functional calculus, we see that
r(tBAB~1Y) = Br(tA)B~L. Hence, ifx € D(A) with Bx :=y > 0, thenBr(tA)x =
Br(tA)B 1y >0. O

We remark that we can obtain results for variable step-sizes and multi-step schemes with
obvious modification of the corollaries in Section 3. Next, we show two simple applications
of Theorems 23 and 24. Let us consider the heat equation

ou(s,t) d 0
=—D(s)— t) fort >0, 0,1,
o7 35 (S)asu(s, ) s€(0,1
u@,0=u(,1)=0 and u(0,s)=ug(s) forr>0, s [0, 1],

and the corresponding abstract Cauchy problem with= L2[0,1], (Af)(s) :=

(D(s) f'(s)) with D(A) := H?[0, 1] N H}[O, 1] andx := uo. We would like to investigate
concavity preservation; i.e., if the initial function is concave, do the solution and a suitable
approximation preserve this property? The initial function is conca\ﬁéggﬂ <0, or,
equivalently, ifx” < 0. Therefore, we can look d&-shape preservation witBf := — f”,

D(B) := D(A) andY := X. By Proposition 21, it is enough to show thas B~ generates

a positive semigroug(-). Assume thaiD is sufficiently smooth and inf,1) D(s) > 0.
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Then A generates an analyt@-semigroup orX (see [23, p. 112]). From Proposition 21
it follows that S(-) is alsoCo. Thus, if BAB~1 is dispersive, thers(-) is a positive con-
traction onX; see [20, C-II, Theorem 1.2]. A straightforward computation shows that
s 1 1
(B—lf)(s):—/rf(r)dr—s/f(r)dr+s/rf(r)dr
0 s 0
and that
1 1
(BAB_lf)(s) =D"'(s) <—f frydr + f rf(r) dr) +3D"(s) f(s)
s 0
+2D'(s) f'(s) + D(s) f" (s).
Also observe thaD(BAB™Y) = D(A). Let D(s) = as? + bs 4 ¢ with D(s) > 0 on[0, 1]

anda < 0. We show that in this casRAB~1 is dispersive, that iS,BAB~1 £, ¢) < 0 for
every f e D(BAB™1) and for some

pedNT(f)={peXi: ol <L (f.o)=|rT|}.

where f+ denotes the positive part ¢f. If £ £ 0, thend N (f) consists of one element
of the form¢(s) = cof(s) if f(s) >0 and¢(s) =0 if f(s) <0 with ¢g > 0 suitably
chosen. If f+ = 0, then we can choosg = 0. For f € D(BAB™1) the setM := {s €
(0,1): f(s) > O} is open and therefor® = | J, .y (an. bn). Then,

by

(BAB™f.¢)=c0 ) /(BAB—lf)(s)f(s)ds

nenN an

by,
—0 ) / [6af (s) + (das + 2b) £'(5)

nenN an
+ (as2 + bs + c)f”(s)]f(s) ds.
Integration by parts yields
by

(BAB™'f.¢)=co ) /[Safz(s) — (as? +bs +¢)(f'(9))?] 0.

neN an

Thus, BAB~1 is dispersive, and hencE(-) preservesB-shape. Therefore, if is a.m.
on (—o0, 0], then r(rA) preservesB-shape too without any restriction on the time
step. We remark that convexity preservation can be consider@&? itand in R") as
well. There we have to defing : X D D(B) — XB ¥R .— y with Py y(Bf)(s1, 52) =
(D?f(s1,50)x,y), wherex, y € R2, D?f(s1,s0) denotes the second derivative matrix
of f, (-,-) denotes the standard scalar producRand P,., denotes the canonical pro-

. . 2 2
jection Py, : XB>R" 5 X Py ({za.p)) = 2x.y-
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In the next example we consider the heat equation after a centered spatial finite dif-
ference discretization witth = 1 for simplicity. Lety;(z) (i =0,1,..., N) denote the
approximation ok« (¢, ih), whereh := 1/N andN is the dimension of the space discretiza-
tion, let y(r) := (yo(t), ..., yn ()" and letX := (RV*1 | - ). Then, the semidiscrete
solution satisfies the equation(t) = A, y(¢) for t >0, y(0) = y°, whereA4, : X — X is
defined as

(Any(®)), = h_lz()’i-i-l(t) —2yi(t) + yi—1(t)) (=1,...,N—1);
(Apy(®))o = (Apy(@)y =0, and(y%); = ug(ih) (i =0,1,..., N). It is easy to see that
Aj, generates a semigroup of tyfle w) with @ < 0. Let us consideB-shape preservation
with B := A, andY := X. This means convexity preservation®d *1 (see, for example,
[11]). The semigroup generated By, preservesA,-shape by Corollary 22. FaB := A,
the conditions of Theorem 24 are satisfied witl 2/ 2. Therefore, ifr € Fo is a.m. at
7c for somer > 0, thenr(t A) preservesi;,-shape.

5. Norm-bound preserving schemes

Next we prove two theorems on norm-bound preserving schemes. The first one is on un-
conditional norm-bound preservation which is slightly more general then a corresponding
statementin [22, Theorem 2.4] where quasi-contraction semigroups and constant step-sizes
were considered. Moreover, using the H-P functional calculus instead of the Dunford—
Taylor functional calculus, our proof becomes significantly simpler. We note that the idea
of using Bernstein’s theorem for unconditional contractivity in the céise R" also ap-
pears is [13, Theorem 11.15, p. 189]. The following two results are stated for one-step
schemes and variable step-size; however, similar results hold for multi-step schemes with
obvious modifications in the statements and proofs.

Theorem 25.Let A generate aCg-semigroup? () of type(M, w) on a Banach spac¥.
Lety; >0,i =1,...,n, be positive numbers. #fis a.m. on(—oo, t;w], i =1, ..., n, then
ITTi—ar @A < My r(ziw).

Proof. By Corollary 9,r € F4,, andr(u) = f0°° e dB(t) (u € (—oo, Tiw]), wherep €
NBV;,,, is nondecreasing. Then,

r(riA)x:/T(rit)xdﬁ(t)=/T(t)xd/3(%) :=/T(t)xd/3,-(t).
0 0 ' 0

We see from the proof of Theorem 6 that

[e¢]

Hr(tiA)xsz(t)xdﬁ"*(t),
i=1

0
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wherepg™ := B1 % B2 % - - - x B8,. Sincep is nondecreasing, the same holds pand 8"*.
Therefore,

l_[r(tiA)x
i=1

forallxeX. O

< / |7 @)x | dp™ ) < M [ rmeix]
0 i=1

Theorem 25 has the following important corollary (cf. [22, Theorem 1.2]).

Corollary 26. Assume thaf (-) is of type(M, 0). If r approximates the exponential func-
tion and is a.m. of{—oo, 0], then||[/_;r(r;A) <M forall t; >0 (i =1,...,n).

Proof. Note that since: approximates the exponential function it follows thé&d) = 1.
Then, the statement follows immediately from Theorem 25.

In [22], Spijker consideredi € B(X) which satisfy a “circle condition” of the form
A+ cI|| < w+ ¢ for some fixedw € R, ¢ > 0. Let us denote this class IB(X, ¢, ).
Clearly, if A € B(X), thenA € B(X, c, | Al]). If A € B(X,c,w), thenT (1) = ¢'4 is of type
(1, w) since

’|T(t) H — ||eClT(t)efcl ” — HeClT(t)Hefcl < e(w+c)tefct — ewt.

The assumptions on the time-step in Theorem 27 will depend and w. In [22] a

similar theorem is stated for rational functions [22, Theorem 3.3] and, as in the case of
conditional positivity, absolute monotonicity was required in an interval. Here, as in the

previous section, we can consider nonrational functions. Although we only require absolute
monotonicity at a single point we showed at the end of Section 3 that this is equivalent to

require absolute monotonicity on an appropriate intervakf?:,. We would like to em-

phasize that the use of the H-P functional calculus allows us to treat both unconditional

and conditional norm-bound preservation within the same framework.

Theorem 27.Let X be a Banach space amtle B(X, ¢, w). Lett;,i =1, ..., n, be positive
numbers. If € Fy,, am. at—tic,i =1,...,n, then|[T'_1r(z: A < [T/ r(tiw).

Proof. Since r € F;,, as in the proof of Theorem 25, we hajq;_;r(t;A)x =
f0°° T (t)xdo™*(t). Using the fact thatA € B(X) and thatr is absolutely monotonic at
—tic (i=1,...,n), we obtain

e ¢]

/eCtT(t)€7CI dan*(l,)

0

n

Hr(t,-A) =

i=1

/ T@@)doa™ ()| =
0

k=0

00 o k
/Z (r(A —|—c1)) e~ da™ (1)
0
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) k
A 1
= 7( dl;; ) /tke_C’ da"™ (1)
k=0 ’

0 !

=~

00 kK gk [ F
— Z (A+C1) d |:/eztd0ln*(t):|
0

z=—cC
(A+chF -l-cl)k dk .
=1 X 1"[r<m)
k=0 ’ 7=—C
e ||A+cI||k dk n
Z l_[r(fiz)
k=0 : i=1 z=—c
o k 00
A+cl
_ Z ” +C ” /tke—ct d()ln*(t)
[ee] k e 0 00 k
) t
I e IS CACE DI B0
k=0 0 o k=0

0o n
:/et(“’+c)_0t da™ (1) = Hr(ria)),
0

i=1

provided that we can interchange sums and integrals. Sire8(X, ¢, w), we can replace
the estimate in (19) by

oo

3 (t(A+cD)" oct

n!

n=N+1

o o
(A +cIl)" _ o G+ t
<y WAL agm COd O e or

! n!
n=N+1 n=0

Now the proof can be completed as the proof of Theorem 16.

Corollary 28. Let A € B(X, ¢, 0). If r € Fo approximates the exponential function and is
a.m. at—vc,7; > 0fori =1,...,n, then||[[}_1r(z; Al < 1.

Proof. Sincer approximates the exponential function, we have #@ = 1. Now the
statement follows from Theorem 270

We remark that the converse of Theorems 25 and 27 is also true in the same sense as for
positivity preserving schemes in Remarks 11 and 19 (see also [18]).
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