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Abstract

We use functional calculus methods to investigate qualitative properties ofC0-semigroups that ar
preserved by time-discretization methods. Preservation of positivity, concavity and other qua
shape properties which can be described via positivity are treated in a Banach lattice fram
Preservation of contractivity (or norm-bound) of the semigroup is investigated in the Banach
setting. The use of the Hille–Phillips (H–P) functional calculus instead of the Dunford–Taylor
tional calculus allows us to extend fundamental qualitative results concerning time-discret
methods and simplify their proofs, including results on multi-step schemes and variable step
Since the H–P functional calculus is used throughout the paper, we present an elementary in
tion to it based on the Riemann–Stieltjes integral.
 2004 Published by Elsevier Inc.

1. Introduction

In this paper we are interested in certain functions of a generatorA of a (linear) strongly
continuous semigroup (C0-semigroup) on a Banach spaceX. The class of functions unde
consideration originates from the investigation of numerical methods, in particular
discretization methods, for differential equationsu′(t) = Au(t). Many of the basic method
used to analyse time-discretization schemes in a Banach-space setting go back to
E-mail address:kmisi@math.lsu.edu.

0022-247X/$ – see front matter 2004 Published by Elsevier Inc.
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Richtmyer [19]. Often, theC0-semigroupT (t) = etA generated byA is approximated by
a product of operators

∏n
i=1 r(τiA),

∑n
i=1 τi = t , where the operatorsr(τiA) are rational

functions of the generator. The use of a functional calculus allows us to obtain inform
about an operatorr(A) from a detailed analysis of the functionz → r(z). Probably the
best known functional calculus is the Dunford–Taylor functional calculus (see [10]) w
was—mainly for analytic semigroups—extensively used by various authors to obta
bility and convergence results for time-discretization schemes (see, for example,
23]). When working with generalC0-semigroups, the Hille–Phillips (H–P) functional ca
culus is a more suitable instrument that leads to stronger results and easier proofs (
example, [4,7,15]). Since the H–P functional calculus plays a dominant role in this p
we give in Section 2 an elementary construction of it via Laplace transforms of func
of bounded variation (as an alternative to the original approach taken by Hille and P
in [16] via Laplace transforms of regular Borel-measures). We would like to emph
that the idea of using functions of bounded variation in the H–P calculus is not new
for example, [14]), but we could not find a reference where this approach has been w
out in detail. Thus, we give an elementary construction of the H–P calculus using Rie
integration techniques without any reference to measure theory whatsoever.

In Sections 3–5, we use the H–P functional calculus to investigate the preserva
certain qualitative properties of the semigroup under suitable time-discretization me
To describe the notion ofpositivity preservationconsidered in Section 3, letX be a Banach
lattice andT (·) a positive (i.e.,T (t)x � 0 for all t � 0 if x � 0), C0-semigroup onX.
For any (not necessarily rational) functionr for which

∏n
i=1 r(τiA) with

∑n
i=1 τi = t

converges strongly toT (t) as maxτi → 0, we seek conditions on the time-stepping
rametersτi > 0 and on the functionz → r(z) which guarantee thatr(τiA), and hence∏n

i=1 r(τiA), defines a positive operator. If there are no restrictions on the time-steps
the approximation scheme is said to beunconditionally positivity preserving; else we call
it conditionally positivity preserving.We extend results of Bolley and Crouzeix [5] on po
itivity preservation

(i) to positive, strongly continuous semigroups on Banach lattices (in the uncondi
case),

(ii) to positive, uniformly continuous semigroups on Banach lattices (in the condit
case), and

(iii) to variable step-sizes and multi-step schemes.

In Section 4 we introduce the concept ofB-shape preservation. This allows us, amo
others, to treatconvexity preservationof time-discretization methods for the heat equat
in an abstract setting. AC0-semigroupT (·) is said topreserveB-shapeif

(i) B is a closed linear operator withD(A) ⊂ D(B) ⊂ X with range is in some Banac
latticeY , and

(ii) if BT (t)x � 0 (t � 0) for everyx ∈ D(A) with Bx � 0.

In Section 5 we generalize some results in [22] oncontractivity preservationto general

boundedC0-semigroups. As for positivity preservation, we give a common treatment of
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We would like to emphasize that we are looking at preservation properties for
discretization methods only. It is possible to apply the results to fully discrete solu
(i.e., approximate solutions after both space- and time-discretization). In this case w
do a spatial semi-discretization (like finite element of finite difference methods) w
will yield a new semigroup, the solution operator of the semi-discrete problem. The
apply a time-discretization method and our qualitative analysis will tell us whethe
qualitative properties from the semi-discrete solution are inherited by the fully dis
solution. We do not investigate whether the particular properties are preserved un
spatial semi-discretization. We remark that there are examples where certain proper
lost under the spatial semi-discretization (finite element methods with irregular mesh
reappear after an appropriate time-discretization (see [12]). In this case our methods
applicable to the fully discrete solution. Finally, we remark that the inverse approach
is, the investigation of qualitative properties of certain approximations that are inherit
the semigroup are considered, for example, in [1,8].

2. The Hille–Phillips (H–P) functional calculus: an elementary construction without
measures

The H–P functional calculus is a useful tool to study functions of the generator ofC0-
semigroup on a Banach spaceX. The class of functions on which this functional calcu
is defined is a Banach algebra of functionsr which are analytic on some left half-plan
and have a Laplace–Stieltjes representationr(z) = ∫ ∞

0 ezt dα(t) (Re(z) � w) for a certain
Banach algebra of normalized functionsα of bounded variation. To construct this algeb
we recall some facts from the basic theory of the Riemann–Stieltjes integral (for p
see [6,16,24]).

A function α : [0,R] → C is in NBV[0,R] if it is of bounded variation(α ∈ BV[0,R])
and normalized; i.e., α(0) = 0, andα(u) = (α(u+) + α(u−))/2 for all u ∈ (0,R). We
defineNBVloc := ⋂

R>0 NBV[0,R] andBVloc := ⋂
R>0 BV[0,R]. The spaceNBVloc is an

algebra with multiplication defined by theStieltjes convolution,

(α ∗ β)(t) =
t∫

0

α(t − u)dβ(u) =
t∫

0

β(t − u)dα(u) (t /∈ Pα+β), (1)

wherePα+β := {t ∈ R: t = tα + tβ , tα ∈ Pα, tβ ∈ Pβ}, and wherePα (and similarlyPβ )
denotes the countable set of points whereα is discontinuous. IfPα or Pβ is empty, we
definePα+β to be the empty set. Ifα,β ∈ NBV[0,R] have discontinuities inPα andPβ ,
respectively, thenγ := α ∗ β exists on[0,R] \ Pα+β . Moreover,γ may be defined in the
points ofPα+β so that it becomes normalized (see [24, Theorems 11.1 and 11.2a]). W
extendα,β ∈ NBV[0,R] by definingα,β to be zero in(−∞,0) and to beα(R) andβ(R),∫

respectively, in(R,∞). Thenγ (t) = ∞

−∞ α(t − u)dβ(u) if t /∈ Pα+β . To see thatγ is
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again of bounded variation (see [24, Theorem 11.2b]), letVα(t) denote thetotal variation
functionof α on the interval[0, t]. ThenVα ∈ NBVloc and we define

b∫
a

f (t)
∣∣dα(t)

∣∣ :=
b∫

a

f (t) dVα(t).

Let 0� a = t0 < t1 < · · · < tN = b � R with ti /∈ Pα+β . Then, for allu � 0,

N−1∑
i=0

∣∣α(ti+1 − u) − α(ti − u)
∣∣ �

N−1∑
i=0

ti+1−u∫
ti−u

∣∣dα(v)
∣∣ �

∞∫
−∞

∣∣dα(v)
∣∣ = Vα(R).

Hence,

N−1∑
i=0

∣∣γ (ti+1) − γ (ti)
∣∣ �

∞∫
−∞

Vα(R)
∣∣dβ(u)

∣∣ = Vα(R)Vβ(R).

Since the right-hand side is independent of the pointsti , we may let them approach poin
of Pα+β , we may leta approach zero andb approachR. The left-hand side can be broug
arbitrary close toVγ (R), so that

Vγ (R) � Vα(R)Vβ(R). (2)

Thus,(NBVloc,+,∗) is an algebra. A well-known extension (see [24, Theorem 11.3
the classical Cauchy theorem regarding the multiplication of absolutely convergent
states that ifα,β ∈ NBVloc with limt→∞ α(t) := α(∞) and limt→∞ β(t) := β(∞), then

lim
t→∞γ (t) = α(∞)β(∞), (3)

whereγ = α ∗ β. To see this observe that

γ (t) − α(∞)β(t) =
t∫

0

[
α(t − u) − α(∞)

]
d
[
β(u) − β(∞)

] =
t∫

0

α̃(t − u)dβ̃(u),

with α̃(t) := α(t) − α(∞) andβ̃(u) := β(u) − β(∞). Thus,

γ (t) − α(∞)β(t)

=
t/2∫
0

α̃(t − u)dβ̃(u) +
t∫

t/2

α̃(t − u)dβ̃(u)

=
t/2∫
0

α̃(t − u)dβ̃(u) −
t∫

t/2

β̃(u) duα̃(t − u) + α̃(0)β̃(t) − α̃

(
t

2

)
β̃

(
t

2

)

=
t/2∫

α̃(t − u)dβ̃(u) +
t/2∫

β̃(t − u)dα̃(u) + α̃(0)β̃(t) − α̃

(
t
)

β̃

(
t
)

.

0 0
2 2



M. Kovács / J. Math. Anal. Appl. 304 (2005) 115–136 119

this

-

r

n
y

To prove (3) it is sufficient to show that limt→∞
∫ t/2

0 α̃(t −u)dβ̃(u) = 0. If β̃(t) is constant,
then the result is trivial. Otherwise, let us denote its total variation on[0,∞) by Vβ̃(∞).
For anyε > 0 there is at0 > 0 such that, fort > t0/2, we have|α̃(t)| � ε/Vβ(∞) and
hence∣∣∣∣∣

t/2∫
0

α̃(t − u)dβ̃(u)

∣∣∣∣∣ � ε

Vβ̃(∞)

t/2∫
0

∣∣dβ̃(u)
∣∣ � ε.

This finishes the proof of (3).
The following statements will play a major role in the proofs of the main results of

section. For their proofs we refer to [24, Theorems 16.4 and 10a].

Proposition 1 (Helly–Bray Theorem). Let αn ∈ BV[a, b] be of uniform bounded varia
tion andαn(t) → α(t) for all t ∈ [a, b]. If f ∈ C[a, b], then limn→∞

∫ b

a
f (t) dαn(t) =∫ b

a
f (t) dα(t).

Proposition 2 (Mean Value Theorem). If α ∈ BV[a, b] is nondecreasing(or non-
increasing) and f ∈ C([a, b]) is real valued, then there existsζ ∈ [a, b] such that∫ b

a
f (t) dα(t) = f (ζ )[α(b) − α(a)].

If α ∈ NBVloc and if

f (z) :=
∞∫

0

ezt dα(t) := lim
R→∞

R∫
0

ezt dα(t) (4)

exists for somez ∈ C, thenf is called theLaplace–Stieltjes transform ofα. We will some-
times refer toα as thegenerating functionand tof as thedetermining function. This
terminology is adopted from [24]. It is well known that theregion of convergenceof (4) is
an appropriate left half-plane; i.e., if (4) converges for somez0 ∈ C, then it converges fo
all z ∈ C with Rez < Rez0 (see [2, Chapter 1] or [24, Chapter II]). We call

abs(α) := sup

{
Rez:

∞∫
0

ezt dα(t) converges

}

theabscissa of convergenceof (4). As shown by Widder in [24], if
∫ ∞

0 ezt dα(t) converges
for z = γ + iδ with γ < 0, then

α(t) = o
(
e−γ t

)
ast → ∞; (5)

if
∫ ∞

0 ezt dα(t) converges forz = γ + iδ with γ > 0, thenα(∞) exists and

α(t) − α(∞) = o
(
e−γ t

)
ast → ∞. (6)

It is well known that the functionf : z → ∫ ∞
0 ezt dα(t) is an analytic function on the ope

left half-plane{z ∈ C: Rez < abs(α)}. We say that the integral (4)converges absolutel∫ ∫

at z = z0 = γ + iδ if ∞

0 eγ t |dα(t)| := ∞
0 eγ t dVα(t) converges. Letα,β ∈ NBVloc and
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γ := α ∗ β. If the integralsf (z) := ∫ ∞
0 ezt dα(t) andg(z) := ∫ ∞

0 ezt dβ(t) converge ab-
solutely atz0 := ω + iδ, then

f (z0)g(z0) =
∞∫

0

ez0t dγ (t) (7)

and
∞∫

0

eωt
∣∣dγ (t)

∣∣ �
∞∫

0

eωt
∣∣dα(t)

∣∣ ∞∫
0

eωt
∣∣dβ(t)

∣∣. (8)

For the proof see [24, Chapter II, Section 11]. Now, we are in the position to prove th
main result of this section.

Theorem 3.Let ω ∈ R. Then NBVω := {α ∈ NBVloc:
∫ ∞

0 eωt |dα(t)| < +∞} is a Banach
algebra with Stieltjes-convolution as multiplication and norm‖α‖ω := ∫ ∞

0 eωt |dα(t)|.

Proof. Clearly,NBVω is a vector space and‖ · ‖ω defines a norm. By (2),γ := α ∗ β ∈
NBVloc if α,β ∈ NBVω. By (8), ‖γ ‖ω � ‖α‖ω‖β‖ω. Thus,NBVω is a normed algebr
with unit e = χ(0,∞) (the characteristic function of the interval(0,∞)). To show that
NBVω is complete, we prove first that a Cauchy sequenceαn ∈ NBVω converges uni-
formly on compacts. Letε > 0 andk := mint∈[0,R](eωt ). Then there isN ∈ N such that∫ ∞

0 eωt |d(αn − αm)(t)| = ‖αn − αm‖ω < ε · k for all n,m � N . Let t0 ∈ [0,R]. Then∫ t0
0 eωt |d(αn − αm)(t)| < ε · k. Therefore, by Proposition 2, there existsζ ∈ [0, t0] such

that
∫ t0

0 eωt |d(αn − αm)(t)| = eωζ Vαn−αm(t0) < ε · k. Thus,

Vαn−αm(t0) < ε for all n,m � N andt0 ∈ [0,R], (9)

which implies that |αm(t0) − αn(t0)| < ε for all n,m � N and t0 ∈ [0,R], since
αm(0)−αn(0) = 0. Thus, the functionsαn converge uniformly on compacts to a functionα.
Therefore,α is normalized and from (9) we see that|Vαn(t0) − Vαm(t0)| � Vαn−αm(t0) < ε

for all t0 ∈ [0,R]. This implies that the sequenceαn is of uniform bounded variation o
every interval[0,R], i.e., there isMR > 0 such thatVαn(R) � MR for all n ∈ N. Let
0 = t0 < t1 < t2 < · · · < tN = R be a subdivision of[0,R]. Let ε > 0 and let us chooseαn

so that|α(t) − αn(t)| � ε
2N

for all t ∈ [0,R]. Then

N∑
i=1

∣∣α(ti) − α(ti−1)
∣∣ �

N∑
i=1

∣∣α(ti) − αn(ti)
∣∣ + ∣∣αn(ti) − αn(ti−1)

∣∣
+ ∣∣α(ti−1) − αn(ti−1)

∣∣
� ε + Vαn(R) < ε + MR.

Therefore,Vα(R) � MR and thusα ∈ NBVloc. Finally, we prove that
∫ ∞

0 eωt |dα(t)| <

+∞ and that limn→∞ αn = α in NBVω. Again, letR > 0 be fixed and 0= t0 < t1 < t2 <
· · · < tN = R be a subdivision of[0,R]. Then, by Proposition 1,
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N∑
i=1

∣∣(α − αn)(ti) − (α − αn)(ti−1)
∣∣

=
N∑

i=1

∣∣∣∣∣
ti∫

ti−1

dα(t) −
ti∫

ti−1

dαn(t)

∣∣∣∣∣ = lim
m→∞

N∑
i=1

∣∣∣∣∣
ti∫

ti−1

dαm(t) −
ti∫

ti−1

dαn(t)

∣∣∣∣∣
� lim

m→∞

N∑
i=1

ti∫
ti−1

∣∣d(αm − αn)(t)
∣∣ = lim

m→∞Vαn−αm(R).

Therefore,Vα−αn(R) � limm→∞ Vαn−αm(R), and by (9), limn→∞ Vα−αn(R) = 0. Note
that this holds uniformly fort0 ∈ [0,R]. We also have that|Vαn−αm(t0) − Vαn−α(t0)| �
Vα−αm(R) → 0 asm → ∞ for t0 ∈ [0,R] uniformly. Using Proposition 1 for the sequen
(Vαm−αn(·))m∈N, we see that

R∫
0

eωt
∣∣d(α − αn)(t)

∣∣ = lim
m→∞

R∫
0

eωt
∣∣d(αm − αn)(t)

∣∣ � lim
m→∞‖αm − αn‖ω.

Thus,

‖α − αn‖ω =
∞∫

0

eωt
∣∣d(α − αn)(t)

∣∣ � lim
m→∞‖αm − αn‖ω. (10)

If we write α = (α − αn) + αn, we can immediately conclude that
∫ ∞

0 eωt |dα(t)| < +∞.
Finally, from (10) it follows that limn→∞ αn = α in NBVω. ThusNBVω is complete. �

We are now in the position to define the algebra of functions, isomorphic toNBVω, on
which the Hille–Phillips functional calculus will be defined.

Corollary 4. Let Fω := {fα: fα(z) = ∫ ∞
0 ezt dα(t) if Rez � ω, α ∈ NBVω}. Then the

operatorΦ : NBVω → Fω defined byΦ(α) := fα is an algebra isomorphism. If we s
‖fα‖ := ‖α‖ω, thenFω becomes a Banach algebra and, forω � κ , the inclusionFω ⊂ Fκ

holds.

Proof. The mapΦ is clearly linear. If we define multiplication inFω as pointwise multi-
plication, then (7) shows thatΦ preserves multiplication. Also, it maps the unit ofNBVω

to the unit ofFω which iseFω
(z) := 1 for Rez � ω. From Theorem 3 it follows thatNBVω

is an algebra and thereforeFω, the image ofΦ, is also an algebra. By definition,Φ is onto
and the injectivity follows from the uniqueness theorem for the Laplace–Stieltjes t
form (see, e.g., [24, Chapter II, Theorem 6.3]). The completeness ofNBVω implies the
completeness ofFω. Finally, the inclusionFω ⊂ Fκ for ω � κ follows immediately from
the definition ofFω. �

Recall that a rational functionr is calledA-stableif |r(z)| � 1 for Rez � 0. Next, we
show that this important class of functions is inF0 and hence in allFω with ω � 0 (cf. [16,

p. 441]).
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Proposition 5. If a rational function r satisfies|r(z)| � M for someM > 0 and for
Rez � ω, thenr ∈ Fω.

Proof. Clearly, constant functions and the functionsz → 1/(a − z) belong to the algebr
Fω for Rea > ω. Therefore, by developingr into partial fractions, we see thatr ∈ Fω. �

Another important example is the functionz �→ ezt for fixed t > 0. It belongs to the
algebraFω since

ezt =
∞∫

0

ezs dHt (s),

where the normalized Heaviside functionHt is defined as

Ht(s) :=



0 if 0 � s < t,
1
2 if s = t,

1 if s < t.

We defineH0 by setting setH0(s) = 0 for s = 0 andH0(s) = 1 for s > 0.
Let X be a Banach space and letA : X ⊃ D(A) → X generate aC0-semigroupT (·) of

type(M,ω); i.e., there existsM � 1 andω ∈ R such that‖T (t)‖ � Meωt for all t � 0. For
f ∈Fω with f (z) := ∫ ∞

0 ezt dα(t) (Rez � ω) let us define

f (A)x :=
∞∫

0

T (t)x dα(t). (11)

In order to justify this definition, we show that the mapf → f (A) defined in (11) is an
algebra homomorphism.

Theorem 6 (Hille–Phillips Functional Calculus). If A generates aC0-semigroupT (·) of
type (M,ω), thenΨ : Fω → B(X) defined byΨ (f ) := f (A) is an algebra homomor
phism. Moreover,∥∥f (A)

∥∥ � M‖α‖ω, (12)

whereα ∈ NBVω is such thatf (z) = ∫ ∞
0 ezt dα(t), Rez � ω.

Proof. It is clear that the mapΨ is linear and thatΨ (eFω
) = I ∈ B(X). Also the range o

Ψ is a subset ofB(X) since

∥∥f (A)x
∥∥ =

∥∥∥∥∥
∞∫

0

T (t)x dα(t)

∥∥∥∥∥ � M

∞∫
0

eωt
∣∣dα(t)

∣∣‖x‖ = M‖α‖ω‖x‖.

This shows thatΨ is continuous and‖Ψ (f )‖ � M‖f ‖. If ω < 0, it follows from (5) that
lim
t→∞ eωtα(t) = 0. (13)
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If ω > 0, then by (6), we have that

lim
t→∞ eωt

(
α(t) − α(∞)

) = 0. (14)

If α ∈ NBV0, thenα(∞) exists. This shows that (14) holds forω = 0, too. We show now
thatΨ preserves products, that is( ∞∫

0

T (s) dα(s)

)( ∞∫
0

T (t) dβ(t)

)
x =

∞∫
0

T (u)x dγ (u) for all x ∈ X, (15)

whereγ = α ∗ β is the Stieltjes convolution ofα andβ defined in (1). Observe first that

Sx :=
( ∞∫

0

T (s) dα(s)

)( ∞∫
0

T (t) dβ(t)

)
x =

∞∫
0

∞∫
t

T (u)x dα(u − t) dβ(t).

If we apply an arbitraryx∗ ∈ X∗, then

〈Sx, x∗〉 =
∞∫

0

∞∫
t

〈
T (u)x, x∗〉dα(u − t) dβ(t). (16)

First assume thatω < 0. Sinceα ∈ NBVloc andu → 〈T (u)x, x∗〉 is continuous, we ca
integrate by parts and obtain

〈Sx, x∗〉 =
∞∫

0

{[〈
T (u)x, x∗〉α(u − t)

]u=∞
u=t

−
∞∫
t

α(u − t) d
〈
T (u)x, x∗〉}dβ(t).

Sinceα(0) = 0 and limu→∞ α(u− t)〈T (u)x, x∗〉 = 0 (by (13)), the first term in the integra
equals to 0. Therefore,

〈Sx, x∗〉 = −
∞∫

0

∞∫
t

α(u − t) d
〈
T (u)x, x∗〉dβ(t)

= −
∞∫

0

u∫
0

α(u − t) dβ(t) d
〈
T (u)x, x∗〉

= −
∞∫

0

γ (u)d
〈
T (u)x, x∗〉 =

∞∫
0

〈
T (u)x, x∗〉dγ (u)

=
〈 ∞∫

0

T (u)x dγ (u), x∗
〉
.

The above calculation is true for allx∗ ∈ X∗ and hence (15) is established. Ifω � 0, then

we can write (16) as follows:
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left
〈Sx, x∗〉 =
∞∫

0

∞∫
t

〈
T (u)x, x∗〉d(

α(u − t) − α(∞)
)
dβ(t)

=
∞∫

0

{[〈
T (u)x, x∗〉(α(u − t) − α(∞)

)]u=∞
u=t

−
∞∫
t

α(u − t) − α(∞) d
〈
T (u)x, x∗〉}dβ(t),

where the first term in the integral equals to〈T (t)x, x∗〉α(∞) since α(0) = 0 and
limu→∞(α(u − t) − α(∞))〈T (u)x, x∗〉 = 0 by (14). Therefore,

〈Sx, x∗〉 =
∞∫

0

[〈
T (t)x, x∗〉α(∞) −

∞∫
t

α(u − t) − α(∞) d
〈
T (u)x, x∗〉]dβ(t)

=
∞∫

0

〈
T (t)x, x∗〉α(∞) dβ(t) −

∞∫
0

∞∫
t

α(u − t) − α(∞) d
〈
T (u)x, x∗〉dβ(t)

=
∞∫

0

〈
T (t)x, x∗〉α(∞) dβ(t) −

∞∫
0

u∫
0

α(u − t) − α(∞) dβ(t) d
〈
T (u)x, x∗〉

=
∞∫

0

〈
T (t)x, x∗〉α(∞) dβ(t) −

∞∫
0

γ (u) − α(∞)β(u)d
〈
T (u)x, x∗〉. (17)

We claim that limt→∞(γ (t) − α(∞)β(t))〈T (t)x, x∗〉 = 0. To see this let us write∣∣(γ (t) − α(∞)β(t)
)〈

T (t)x, x∗〉∣∣
�

∣∣(γ (t) − γ (∞)
)〈
T (t)x, x∗〉∣∣ + ∣∣(γ (∞) − α(∞)β(t)

)〈
T (t)x, x∗〉∣∣

= ∣∣(γ (t) − γ (∞)
)〈
T (t)x, x∗〉∣∣ + ∣∣(α(∞)β(∞) − α(∞)β(t)

)〈
T (t)x, x∗〉∣∣

= ∣∣(γ (t) − γ (∞)
)〈
T (t)x, x∗〉∣∣ + ∣∣α(∞)

(
β(∞) − β(t)

)〈
T (t)x, x∗〉∣∣ → 0

ast → ∞. The last two steps follow from (3) and (14). Finally, we continue where we
off in (17) and obtain for allx∗ ∈ X∗,

〈Sx, x∗〉 =
∞∫

0

〈
T (t)x, x∗〉α(∞) dβ(t) −

∞∫
0

γ (u) − α(∞)β(u)d
〈
T (u)x, x∗〉

=
∞∫

0

〈
T (t)x, x∗〉α(∞) dβ(t) − [(

γ (u) − α(∞)β(u)
)〈

T (u)x, x∗〉]u=∞
u=0

+
∞∫ 〈

T (u)x, x∗〉d(
γ (u) − α(∞)β(u)

)

0
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=
∞∫

0

〈
T (u)x, x∗〉dγ (u) =

〈 ∞∫
0

T (u)x dγ (u), x∗
〉
.

Thus,

Sx =
( ∞∫

0

T (s) dα(s)

)( ∞∫
0

T (t) dβ(t)

)
x =

∞∫
0

T (u)x dγ (u)

for all x ∈ X. �

3. Positivity preserving schemes

In this section we consider problems concerning positivity preservation under
discretization of the semigroup. With the H–P functional calculus tool at hand, we
easily generalize some known results to arbitrary Banach lattices and arbitrary semi
and simplify earlier proofs significantly. Absolutely monotonic functions will play a cen
role in the remaining sections. Recall that a functionf is absolutely monotonic(a.m.) at
u ∈ R if f (k)(u) � 0 for all k ∈ N. A function f is a.m. on an intervalI ⊂ R if f is
absolutely monotonic at eachu ∈ I . Later on in this section we will need the followin
technical proposition. The proof can be found in [24, Chapter I, Theorem 8a].

Proposition 7. If f is continuous on[0,∞), if α ∈ BVloc and if α∗ is the normalized
function ofα, then

∫ ∞
0 f (t) dα(t) = ∫ ∞

0 f (t) dα∗(t) provided the first integral converge

The following theorem plays a major role when proving positivity preservation wit
any restriction on the time-step. For the proof see, for example, [3].

Theorem 8 (Bernstein). A function f is a.m. on (−∞,0] if and only if f (u) =∫ ∞
0 eut dα(t) for u � 0, whereα is a bounded, nondecreasing function.

Corollary 9. Let ω ∈ R. A function f is a.m. on (−∞,ω] if and only if f (u) =∫ ∞
0 eut dβ(t) for u � ω, whereβ ∈ NBVω andβ is nondecreasing.

Proof. It is clear that iff (u) = ∫ ∞
0 eut dβ(t) with β nondecreasing, thenf is a.m. on

(−∞,ω]. Conversely, letf be a.m. on(−∞,ω]. Theng(·) := f (·+ω) is a.m. on(−∞,0].
Therefore, by Theorem 8,g(u) = ∫ ∞

0 eut dα(t), whereα is bounded and nondecreasi
(and thus of bounded variation). By Proposition 7, we can replaceα with α∗ ∈ NBV0.
Thus,

f (u) = g(u − ω) =
∞∫

e(u−ω)t dα∗(t) =
∞∫

eut dβ(t),
0 0
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whereβ(t) = ∫ t

0 e−ωs dα∗(s). Sinceα∗ ∈ NBV0, it follows thatβ ∈ NBVloc and

∞∫
0

eωt
∣∣dβ(t)

∣∣ =
∞∫

0

∣∣dα∗(t)
∣∣ < +∞.

Thus,β ∈ NBVω and, sinceα∗ is nondecreasing,β is also nondecreasing.�
The following theorem is due to Bolley and Crouzeix [5] for generators of pos

contraction semigroups onL2(R) and rational functionsr . We generalize this to arbitrar
Banach lattices, arbitrary generators of positiveC0-semigroups and get rid of the requir
ment thatr is rational.

Theorem 10.Let X be a Banach lattice. IfA generates a positiveC0-semigroupT (·) of
type(M,ω) andr is a.m. on(−∞, τω] for τ > 0, thenr(τA) � 0.

Proof. By Corollary 9, we have thatr ∈ Fτω andr(u) = ∫ ∞
0 eut dβ(t) (u ∈ (−∞, τω])

with β constructed in the previous proof. SinceT (t) � 0 for all t � 0 andβ is nonde-
creasing using the H–P functional calculus, we haver(τA)x = ∫ ∞

0 T (τ t)x dβ(t) � 0 for
all x � 0, x ∈ X. �
Remark 11.The conditions of Theorem 10 are also necessary in the sense that ifr is not
a.m. on(−∞, τω], then we can always find a Banach latticeX and positive semigroup o
X generated byA such thatr(τA) fails to be a positive operator for someτ > 0 (see [5]
and [17, Theorem 4.1.7]). On the other hand, if we fix the spaceX and the operatorA,
the assumptions of the theorem might not be necessary (for example, taker(z) := (2+z

2−z

)2,
X := R, A := 1).

Corollary 12 (Variable step-size). Let X be a Banach lattice. Assume thatA generates a
positiveC0-semigroupT (·) of type(M,ω). Let τi , i = 1, . . . , n, be positive numbers. Ifr
is a.m. on(−∞, τiω], i = 1, . . . , n, then

∏n
i=1 r(τiA) � 0.

Proof. The statement follows from Theorem 10 and the fact that product of positive
ators is positive. �

Next, recall that a generalk-step scheme is of the form

un =
k∑

i=1

ri(τA)un−i , wheren � k, ri ∈ Fτω, i = 1, . . . , n. (18)

Corollary 13 (Multi-step schemes). LetX be a Banach lattice. Assume thatA generates a
positiveC0-semigroupT (·) of type(M,ω). If ri , i = 1, . . . , k, are a.m. on(−∞, τω] for
someτ > 0 andui � 0 (i = 0, . . . , k − 1), thenun � 0 (n � k).

Proof. The statement follows from Theorem 10 and the fact that sum of positive ope

is positive. �
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Unfortunately, Theorem 10 and its corollaries have a serious practical deficien
most cases we would like to use a functionr that approximates the exponentialz → ez

at z = 0. Recall that a functionr approximates the exponential to orderq � 1 if r(z) =
exp(z) + O(zq+1) asz → 0. This, together with absolute monotonicity on(−∞,0] leads
to an order-barrier which was first observed by Bolley and Crouzeix [5]. We present a
proof for the convenience of the reader.

Theorem 14.If r is a.m. on(−∞,0] and approximates the exponential to orderq > 1,
thenr(z) = ez for Rez � 0.

Proof. Using Bernstein’s theorem and the fact thatr approximates the exponential fun
tion to orderq > 1, it follows that

1= r(0) = r ′(0) = r ′′(0) =
∞∫

0

dα(t) =
∞∫

0

t dα(t) =
∞∫

0

t2 dα(t),

with α bounded and nondecreasing. Hence,
∫ ∞

0 (t − 1)2 dα(t) = 0. Since the integrand i
continuous on[0,∞), strictly positive except for an arbitrary neighborhood oft = 1 and
α is nondecreasing, we conclude that the only possible point of increase ofα is t = 1.
Since 1= ∫ ∞

0 dα(t), we see thatα can be chosen to beα = χ[1,∞), whereχ[1,∞) denotes
the characteristic function of the interval[1,∞). Therefore,r(z) = ∫ ∞

0 ezt dα(t) = ez,
Rez � 0. �

If A ∈ B(X), then we can extend Theorem 10 to functions that are no longer abso
monotonic on a half line but in an interval. The idea to preserve positivity under som
strictions on the time-step (conditional positivity) for rational functions can be found i
for the finite dimensional situationX = R

n andA anM-matrix. There, the requirement o
the function was absolute monotonicity on an interval. We can generalize this to arb
Banach-lattices and arbitrary positive semigroups generated by bounded linear op
We will require thatr ∈ Fτω (r does not have to be a rational function), and thatr is a.m.
at a suitable point depending onA and the time-stepτ . We also show that ifr ∈ Fτω and
r is a.m. at−τc, thenr is a.m. on[−τc, τω], automatically. We begin with the chara
terization of positive semigroupsT (t) = etA with bounded generatorsA; see [20, C-II,
Theorem 1.11].

Lemma 15.LetA ∈ B(X), X Banach lattice. ThenT (t) � 0 if and only ifA + ‖A‖I � 0.

Lemma 15 is not optimal in the sense that ifA ∈ B(X) generates a positive semigrou
then there is often a constantc � 0 with c < ‖A‖ such thatA + cI � 0. With this in mind
we prove a theorem on conditional positivity.

Theorem 16.Let X be a Banach lattice, letA ∈ B(X) generate the positive semigrou
T (·) of type(M,ω) and letc � max{0,−ω}, such thatA + cI � 0. If r ∈ Fτω and r is

a.m. at−τc for someτ > 0, thenr(τA) � 0.
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t since
Proof. Since r ∈ Fτω, there existsα ∈ NBVτω such that r(z) = ∫ ∞
0 ezt dα(t) for

Rez � τω. Then,

r(τA) =
∞∫

0

T (τ t) dα(t) =
∞∫

0

ecτ tT (τ t)e−cτ t dα(t)

=
∞∫

0

∞∑
n=0

(tτ (A + cI))n

n! e−cτ t dα(t) =
∞∑

n=0

τn(A + cI)n

n!
∞∫

0

tne−cτ t dα(t)

=
∞∑

n=0

τn(A + cI)n

n! r(n)(−cτ) � 0,

provided we can interchange summation and integration. To see this, first note tha
A + cI � 0, we have that

∞∑
n=N+1

(tτ (A + cI))n

n! e−cτ t �
∞∑

n=0

(tτ (A + cI))n

n! e−cτ t = T (τ t).

Thus,∥∥∥∥∥
∞∑

n=N+1

(tτ (A + cI))n

n! e−cτ t

∥∥∥∥∥ �
∥∥T (τ t)

∥∥ � Meωτt (19)

for everyN � 0. We are going to show that

∥∥∥∥∥
∞∫

0

∞∑
n=0

(tτ (A + cI))n

n! e−cτ t dα(t) −
N∑

n=0

∞∫
0

(tτ (A + cI))n

n! e−cτ t dα(t)

∥∥∥∥∥
=

∥∥∥∥∥
∞∫

0

∞∑
n=N+1

(tτ (A + cI))n

n! e−cτ t dα(t)

∥∥∥∥∥ (20)

is arbitrary small ifN is large enough. Letε > 0. Sincer ∈Fτω, there ist0 > 0 such that

∞∫
t0

Meωτt
∣∣dα(t)

∣∣ � ε

2
. (21)

Since
∑N

n=0
(tτ (A+cI))n

n! e−cτ t → T (τ t) as N → ∞ uniformly on [0, t0], chooseN � 0
such that∥∥∥∥∥

∞∑
n=N+1

(tτ (A + cI))n

n! e−cτ t

∥∥∥∥∥ � ε

2
∫ t0

0 |dα(t)| (22)
for all t ∈ [0, t0]. Then, by (19), (21) and (22) we have
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∥∥∥∥∥
∞∫

0

∞∑
n=N+1

(tτ (A + cI))n

n! e−cτ t dα(t)

∥∥∥∥∥
�

t0∫
0

ε

2
∫ t0

0 |dα(t)|
∣∣dα(t)

∣∣ +
∞∫

t0

Meωτt
∣∣dα(t)

∣∣ � ε

2
+ ε

2
= ε,

which shows that the norm in (20) tends to 0 asN → ∞. �
Corollary 17 (Variable step-size). Let X be a Banach lattice, letA ∈ B(X) generate the
positive semigroupT (·) of type(M,ω) and letc � 0 (c � −ω), such thatA + cI � 0. Let
τi , i = 1, . . . , n, be positive numbers. Ifr ∈ Fτiω andr is a.m. at−τic, i = 1, . . . , n, then∏n

i=1 r(τiA) � 0.

For the corollary on multi-step schemes recall its definition from (18).

Corollary 18 (Multi-step schemes). LetX be a Banach lattice, letA ∈ B(X) generate the
positive semigroupT (·) of type(M,ω) and letc � 0 (c � −ω), such thatA + cI � 0. If
ri ∈Fτω, ri are a.m. at−τc andui � 0 (i = 0, . . . , k − 1), thenun � 0 (n � k).

Remark 19.The converse of Theorem 16 is also true in the same sense as in Rem
Also, for a particular Banach lattice and bounded operator generating a positive sem
the time-step might sometimes be chosen from a larger set than the set determined
absolute monotonicity of the function (see, for example, [18]).

We conclude this section by showing that absolute monotonicity at one point is
formally weaker condition than absolute monotonicity on an interval ifr ∈ Fω. Let r ∈ Fω

and assume thatr is a.m. atc < ω. Sincer ∈ Fω it follows that r(z) = ∫ ∞
0 ezt dα(t),

Rez � ω, for someα ∈ NBVω. Let k ∈ N, ands ∈ [c,ω]. Then

r(k)(s) =
∞∫

0

tkest dα(t) =
∞∫

0

tke(s−c)t ect dα(t) =
∞∫

0

∞∑
n=0

(s − c)ntn

n! tkect dα(t)

=
∞∑

n=0

(s − c)n

n!
∞∫

0

tk+nect dα(t) =
∞∑

n=0

(s − c)n

n! r(k+n)(c) � 0.

Thus,r is a.m. on[c,ω]. The interchange of the sum and integral can be justified w
similar argument as in the proof of Theorem 16.

4. Shape preserving schemes

In this section we introduce a class of qualitative properties which can be describ

positivity and illustrate the usefulness of these concepts in the context of the heat equation.
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Definition 20. Let X be a Banach space,Y a Banach lattice,A the generator of aC0-
semigroupT (·) on X, and let B : X ⊃ D(B) → Y be a closed linear operator wi
D(A) ⊂ D(B). The semigroupT (·) preserves shape associated with the operatorB (pre-
servesB-shape) if for anyx ∈D(A) with Bx � 0 we haveBT (t)x � 0 for t > 0.

If D(A)+ is dense inX+, where the subscript+ denotes the positive cone ofD(A)

andX, respectively, and ifB = I in Definition 20, then the semigroup preserves positiv

if X = Lp[a, b] and (Bf )(x) := ∂2f (x)

∂x2 , then the semigroup preserves convexity an

(Bf )(x) := χ(c,d)
∂f (x)
∂x

, a < c < d < b, then the semigroup preserves monotonicity
(c, d).

Proposition 21. If in addition to the assumptions onB in Definition 20 we also have
thatD(A) = D(B) andB is invertible, thenT (·) generated byA preservesB-shape if and
only if the semigroupS(t) := BT (·)B−1 generated byBAB−1 with domainD(BAB−1) =
{y ∈ Y : AB−1y ∈ D(B)} is positive. Moreover, ifT (·) is of type(M,ω), thenS(·) is of
type(M̃,ω).

Proof. To see thatS(·) is a C0-semigroup onY , let y ∈ Y and x := B−1y. Sincex ∈
D(B) = D(A) it follows thatx = (λ0I − A)−1z for somez ∈ X, λ0 > 0, and

S(t)y = BT (t)(λ0I − A)−1z = B(λ0I − A)−1T (t)z.

SinceB(λ0I − A)−1 and(λ0I − A)B−1 are bounded,S(·) is aC0-semigroup and∥∥S(t)y
∥∥ �

∥∥B(λ0I − A)−1
∥∥ · ∥∥T (t)

∥∥ · ∥∥(λ0I − A)B−1
∥∥ · ‖y‖.

Thus,S(·) is of type(M̃,ω) for someM̃ � 1. LetC be the generator ofS(·). Fory ∈ Y we
have

S(t)y = B(λ0I − A)−1T (t)(λ0I − A)B−1y.

Thus,

D(C) = {
y ∈ Y : (λ0I − A)B−1y ∈D(A)

} = {
y ∈ Y : AB−1y ∈D(A) = D(B)

}
andC = BAB−1. For the equivalence assume first thatT (·) preservesB-shape. Ify ∈ Y+,
thenx := B−1y ∈ D(A) = D(B) andBx � 0. ThusS(t)y = BT (t)B−1y = BT (t)x � 0.
Conversely, ifS(·) is positive andx ∈ D(A) with Bx � 0, then there is ay ∈ Y with
x = B−1y andBx = y � 0. ThusBT (t)x = BT (t)B−1y = S(t)y � 0. �
Corollary 22. LetX be a Banach space,Y be Banach lattice,A ∈ B(X) andB ∈ B(X,Y ).
Assume thatB is invertible. Then, the following statements are equivalent:

(i) The semigroupT (·) generated byA is preservesB-shape.
(ii) The semigroupBT (·)B−1 is positive.

(iii) BAB−1 + ‖BAB−1‖I � 0.
Proof. The statement follows from Proposition 21 and Lemma 15.�
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We remark that if in addition to the assumptions of Corollary 22 we have thatX = Y

and AB = BA, thenT (·) is B-shape preserving if and only ifT (·) is positive. In the
following we discuss conditions which guarantee thatr(τA) preservesB-shape, that is,
Br(τA)x � 0 for x ∈ D(A) with Bx � 0. The first theorem is on unconditionalB-shape
preservation.

Theorem 23.Assume that theC0 semigroupT (·) of type(M,ω) generated byA preserves
B-shape. Ifr is a.m. on(−∞, τω] for τ > 0, thenr(τA) preservesB-shape.

Proof. By Corollary 9, r ∈ Fτω and r(u) = ∫ ∞
0 eut dβ(t) (u ∈ (−∞, τω]) whereβ ∈

NBVτω is nondecreasing. Ifx ∈ D(A) thenx = (λ0I − A)−1z for someλ0 > 0 andz ∈ X.
SinceBR(λ0I − A)−1 is bounded, the mapt → BT (t)x = B(λ0I − A)−1T (t)z is contin-
uous forx ∈ D(A) and‖BT (t)x‖ � M̃eωt‖z‖. Therefore, by the H–P functional calculu

Br(τA)x = B

∞∫
0

T (τ t)x dβ(t) =
∞∫

0

BT (τ t)x dβ(t) � 0

for all x ∈ D(A) with Bx � 0. �
Theorem 24.LetX be a Banach space andY a Banach lattice. Assume that the semigro
T (·) of type(M,ω) generated byA ∈ B(X) preservesB-shape,B ∈ B(X,Y ) is invertible
andBAB−1 + cI � 0 for somec � max{0,−ω}. If r ∈Fτω is a.m. at−τc for someτ > 0,
thenr(τA) preservesB-shape.

Proof. By Corollary 22,T (·) preservesB-shape if and only if the semigroupS(·) gen-
erated byBAB−1 is positive. By Proposition 21,S(·) is of type (M̃,ω). Thus, by The-
orem 16,r(τBAB−1)y � 0 for y � 0. Using the H–P functional calculus, we see t
r(τBAB−1) = Br(τA)B−1. Hence, ifx ∈ D(A) with Bx := y � 0, thenBr(τA)x =
Br(τA)B−1y � 0. �

We remark that we can obtain results for variable step-sizes and multi-step schem
obvious modification of the corollaries in Section 3. Next, we show two simple applica
of Theorems 23 and 24. Let us consider the heat equation

∂u(s, t)

∂t
= ∂

∂s
D(s)

∂

∂s
u(s, t) for t � 0, s ∈ (0,1),

u(t,0) = u(t,1) = 0 and u(0, s) = u0(s) for t � 0, s ∈ [0,1],
and the corresponding abstract Cauchy problem withX := L2[0,1], (Af )(s) :=
(D(s)f ′(s))′ with D(A) := H 2[0,1] ∩ H 1

0 [0,1] andx := u0. We would like to investigate
concavity preservation; i.e., if the initial function is concave, do the solution and a su

approximation preserve this property? The initial function is concave if∂2u0(s)

∂s2 � 0, or,
equivalently, ifx′′ � 0. Therefore, we can look atB-shape preservation withBf := −f ′′,
D(B) := D(A) andY := X. By Proposition 21, it is enough to show thatBAB−1 generates

a positive semigroupS(·). Assume thatD is sufficiently smooth and infs∈(0,1) D(s) > 0.
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ThenA generates an analyticC0-semigroup onX (see [23, p. 112]). From Proposition 2
it follows thatS(·) is alsoC0. Thus, ifBAB−1 is dispersive, thenS(·) is a positive con-
traction onX; see [20, C-II, Theorem 1.2]. A straightforward computation shows that

(
B−1f

)
(s) = −

s∫
0

rf (r) dr − s

1∫
s

f (r) dr + s

1∫
0

rf (r) dr

and that

(
BAB−1f

)
(s) = D′′′(s)

(
−

1∫
s

f (r) dr +
1∫

0

rf (r) dr

)
+ 3D′′(s)f (s)

+ 2D′(s)f ′(s) + D(s)f ′′(s).

Also observe thatD(BAB−1) = D(A). Let D(s) = as2 + bs + c with D(s) > 0 on [0,1]
anda � 0. We show that in this caseBAB−1 is dispersive, that is,〈BAB−1f,φ〉 � 0 for
everyf ∈D(BAB−1) and for some

φ ∈ dN+(f ) := {
φ ∈ X∗+: ‖φ‖ � 1, 〈f,φ〉 = ∥∥f +∥∥}

,

wheref + denotes the positive part off . If f + 
= 0, thendN+(f ) consists of one elemen
of the form φ(s) = c0f (s) if f (s) > 0 andφ(s) = 0 if f (s) � 0 with c0 > 0 suitably
chosen. Iff + = 0, then we can choosec0 = 0. For f ∈ D(BAB−1) the setM := {s ∈
(0,1): f (s) > 0} is open and thereforeM = ⋃

n∈N
(an, bn). Then,

〈
BAB−1f,φ

〉 = c0

∑
n∈N

bn∫
an

(
BAB−1f

)
(s)f (s) ds

= c0

∑
n∈N

bn∫
an

[
6af (s) + (4as + 2b)f ′(s)

+ (
as2 + bs + c

)
f ′′(s)

]
f (s) ds.

Integration by parts yields

〈
BAB−1f,φ

〉 = c0

∑
n∈N

bn∫
an

[
5af 2(s) − (

as2 + bs + c
)(

f ′(s)
)2] � 0.

Thus,BAB−1 is dispersive, and henceT (·) preservesB-shape. Therefore, ifr is a.m.
on (−∞,0], then r(τA) preservesB-shape too without any restriction on the tim
step. We remark that convexity preservation can be considered inR

2 (and in R
n) as

well. There we have to defineB : X ⊃ D(B) → XR
2×R

2 := Y with Px,y(Bf )(s1, s2) :=
〈D2f (s1, s2)x, y〉, wherex, y ∈ R

2, D2f (s1, s2) denotes the second derivative mat
of f , 〈· , ·〉 denotes the standard scalar product inR

2 andPx,y denotes the canonical pro
2 2
jectionPx,y : XR ×R → X, Px,y({zα,β}) = zx,y .
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In the next example we consider the heat equation after a centered spatial fin
ference discretization withD = 1 for simplicity. Let yi(t) (i = 0,1, . . . ,N) denote the
approximation ofu(t, ih), whereh := 1/N andN is the dimension of the space discretiz
tion, let y(t) := (y0(t), . . . , yN(t))� and letX := (RN+1,‖ · ‖∞). Then, the semidiscret
solution satisfies the equationy′(t) = Ahy(t) for t � 0, y(0) = y0, whereAh : X → X is
defined as

(
Ahy(t)

)
i
= 1

h2

(
yi+1(t) − 2yi(t) + yi−1(t)

)
(i = 1, . . . ,N − 1);

(Ahy(t))0 := (Ahy(t))N = 0, and(y0)i = u0(ih) (i = 0,1, . . . ,N). It is easy to see tha
Ah generates a semigroup of type(1,ω) with ω < 0. Let us considerB-shape preservatio
with B := Ah andY := X. This means convexity preservation inR

N+1 (see, for example
[11]). The semigroup generated byAh preservesAh-shape by Corollary 22. ForB := Ah

the conditions of Theorem 24 are satisfied withc � 2/h2. Therefore, ifr ∈ F0 is a.m. at
τc for someτ > 0, thenr(τAh) preservesAh-shape.

5. Norm-bound preserving schemes

Next we prove two theorems on norm-bound preserving schemes. The first one is
conditional norm-bound preservation which is slightly more general then a correspo
statement in [22, Theorem 2.4] where quasi-contraction semigroups and constant ste
were considered. Moreover, using the H–P functional calculus instead of the Dun
Taylor functional calculus, our proof becomes significantly simpler. We note that the
of using Bernstein’s theorem for unconditional contractivity in the caseX = Rn also ap-
pears is [13, Theorem 11.15, p. 189]. The following two results are stated for on
schemes and variable step-size; however, similar results hold for multi-step schem
obvious modifications in the statements and proofs.

Theorem 25.Let A generate aC0-semigroupT (·) of type(M,ω) on a Banach spaceX.
Let τi > 0, i = 1, . . . , n, be positive numbers. Ifr is a.m. on(−∞, τiω], i = 1, . . . , n, then
‖∏n

i=1r(τiA)‖ � M
∏n

i=1 r(τiω).

Proof. By Corollary 9,r ∈ Fτiω and r(u) = ∫ ∞
0 eut dβ(t) (u ∈ (−∞, τiω]), whereβ ∈

NBVτiω is nondecreasing. Then,

r(τiA)x =
∞∫

0

T (τi t)x dβ(t) =
∞∫

0

T (t)x dβ

(
t

τi

)
:=

∞∫
0

T (t)x dβi(t).

We see from the proof of Theorem 6 that

n∏
r(τiA)x =

∞∫
T (t)x dβn∗(t),
i=1 0
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whereβn∗ := β1 ∗ β2 ∗ · · · ∗ βn. Sinceβ is nondecreasing, the same holds forβi andβn∗.
Therefore,∥∥∥∥∥

n∏
i=1

r(τiA)x

∥∥∥∥∥ �
∞∫

0

∥∥T (t)x
∥∥dβn∗(t) � M

n∏
i=1

r(τiω)‖x‖

for all x ∈ X. �
Theorem 25 has the following important corollary (cf. [22, Theorem 1.2]).

Corollary 26. Assume thatT (·) is of type(M,0). If r approximates the exponential fun
tion and is a.m. on(−∞,0], then‖∏n

i=1r(τiA)‖ � M for all τi > 0 (i = 1, . . . , n).

Proof. Note that sincer approximates the exponential function it follows thatr(0) = 1.
Then, the statement follows immediately from Theorem 25.�

In [22], Spijker consideredA ∈ B(X) which satisfy a “circle condition” of the form
‖A + cI‖ � ω + c for some fixedω ∈ R, c � 0. Let us denote this class byB(X, c,ω).
Clearly, if A ∈ B(X), thenA ∈ B(X, c,‖A‖). If A ∈ B(X, c,ω), thenT (t) = etA is of type
(1,ω) since∥∥T (t)

∥∥ = ∥∥ectT (t)e−ct
∥∥ = ∥∥ectT (t)

∥∥e−ct � e(ω+c)t e−ct = eωt .

The assumptions on the time-step in Theorem 27 will depend onc and ω. In [22] a
similar theorem is stated for rational functions [22, Theorem 3.3] and, as in the ca
conditional positivity, absolute monotonicity was required in an interval. Here, as i
previous section, we can consider nonrational functions. Although we only require ab
monotonicity at a single point we showed at the end of Section 3 that this is equival
require absolute monotonicity on an appropriate interval ifr ∈Fτω. We would like to em-
phasize that the use of the H–P functional calculus allows us to treat both uncond
and conditional norm-bound preservation within the same framework.

Theorem 27.LetX be a Banach space andA ∈ B(X, c,ω). Letτi , i = 1, . . . , n, be positive
numbers. Ifr ∈ Fτiω a.m. at−τic, i = 1, . . . , n, then‖∏n

i=1r(τiA)‖ �
∏n

i=1 r(τiω).

Proof. Since r ∈ Fτiω as in the proof of Theorem 25, we have
∏n

i=1 r(τiA)x =∫ ∞
0 T (t)x dαn∗(t). Using the fact thatA ∈ B(X) and thatr is absolutely monotonic a

−τic (i = 1, . . . , n), we obtain∥∥∥∥∥
n∏

i=1

r(τiA)

∥∥∥∥∥ =
∥∥∥∥∥

∞∫
0

T (t) dαn∗(t)
∥∥∥∥∥ =

∥∥∥∥∥
∞∫

0

ectT (t)e−ct dαn∗(t)
∥∥∥∥∥

=
∥∥∥∥

∞∫ ∞∑ (t (A + cI))k
e−ct dαn∗(t)

∥∥∥∥
∥
0 k=0

k! ∥



M. Kovács / J. Math. Anal. Appl. 304 (2005) 115–136 135

is

e as for
=
∥∥∥∥∥

∞∑
k=0

(A + cI)k

k!
∞∫

0

tke−ct dαn∗(t)
∥∥∥∥∥

=
∥∥∥∥∥

∞∑
k=0

(A + cI)k

k!
dk

dzk

[ ∞∫
0

ezt dαn∗(t)
]∣∣∣∣∣

z=−c

∥∥∥∥∥
=

∥∥∥∥∥
∞∑

k=0

(A + cI)k

k!
dk

dzk

[
n∏

i=1

r(τiz)

]∣∣∣∣∣
z=−c

∥∥∥∥∥
�

∞∑
k=0

‖A + cI‖k

k!
dk

dzk

(
n∏

i=1

r(τiz)

)∣∣∣∣∣
z=−c

=
∞∑

k=0

‖A + cI‖k

k!
∞∫

0

tke−ct dαn∗(t)

�
∞∑

k=0

(ω + c)k

k!
∞∫

0

tke−ct dαn∗(t) =
∞∫

0

∞∑
k=0

(t (ω + c))k

k! e−ct dαn∗(t)

=
∞∫

0

et(ω+c)−ct dαn∗(t) =
n∏

i=1

r(τiω),

provided that we can interchange sums and integrals. SinceA ∈ B(X, c,ω), we can replace
the estimate in (19) by

∥∥∥∥∥
∞∑

n=N+1

(t (A + cI))n

n! e−ct

∥∥∥∥∥
�

∞∑
n=N+1

(t‖A + cI‖)n
n! e−ct

∞∑
n=0

(t (ω + c))n

n! e−ct = eωt .

Now the proof can be completed as the proof of Theorem 16.�
Corollary 28. Let A ∈ B(X, c,0). If r ∈ F0 approximates the exponential function and
a.m. at−τic, τi > 0 for i = 1, . . . , n, then‖∏n

i=1r(τiA)‖ � 1.

Proof. Sincer approximates the exponential function, we have thatr(0) = 1. Now the
statement follows from Theorem 27.�

We remark that the converse of Theorems 25 and 27 is also true in the same sens

positivity preserving schemes in Remarks 11 and 19 (see also [18]).
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