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1. Introduction

Let S be a strongly continuous uniformly bounded semigroup on L;(R¢) that
commutes with the translation operator (T, f)(x) = f(z +a) for all a € R? and let
B(X) denote the algebra of bounded linear operators on a general Banach space
X. Then, by [11, Theorem 1.4], S is given by

[S(t)f](z) = y fle —s)us(ds), fe Li(RY) (1.1)
where {14 }1>0 is a family of bounded complex regular measures on R? with

ISE5(L, (ray) = || (RT) < Mg (1.2)
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for all ¢ > 0. The Fourier transform of S(¢)f is given by

Sk = / S () f(5) ds = e f(k) (1.3)

for some continuous function . If, in addition, S is also positive ; i.e., S(¢)f >0
for all f,¢t > 0, then S has a Lévy-Khintchine representation (see, for example,
[13]), namely 1 is given vial

(e*i<k7w> EPERILL) )¢(dx) (1.4)

, 1
(k) = —c* —ilk,a) — §<k7 Qk) +/ 1+ |zf?

z#0
where a € RY, Q = {q;; }ﬁjzl is a symmetric non-negative definite d x d matrix

with real entries, and the Lévy measure ¢ is a o-finite Borel measure on R? \ {0}
such that

/ min{1, [2[2} ¢(dz) < o, (1.5)
x#0

Let G be a d-parameter Cy-group of operators on a Banach space X gener-
ated by {(A;,D(A4;)) : i = 1...d}. In this article we investigate the properties of
semigroups obtained by subordinating G by S; i.e. we investigate

Gs(t)x = /]Rd G(s)z puk(ds), € X,t > 0. (1.6)

We develop a general theory of these subordinated d-parameter groups, includ-
ing a powerful transference principle Theorem 2.8 that can be used to show how
the subordinated group inherits many useful properties of the subordinator S in
Li(RY).

In particular, we first show that Gg is indeed a bounded semigroup and give a
core for its infinitesimal generator Ag. Let (My, D(My)) denote the generator of
S on L;(R?) with Fourier transform (1.3). We then prove a transference principle;
i.e., we establish that

l9(As)liBx) < Cllg(My) L, ®e)

for all allowable functions g in the Hille-Phillips functional calculus. The constant
C does not depend on g. We thereby show, for example, how regularity of S
translates into regularity of Gg.

Of special interest to applications is the case where S is positive and ||.S|| = 1.
Note that if ¢(0) = 0, then, using (1.1) and (1.2), it is easy to see that positivity
and ||S|| = 1 are equivalent. Then subordination has a stochastic interpretation
as randomising time (velocity) in each component against an infinitely divisible
distribution and % is given by the Lévy-Khintchine formula above with ¢ = 0. If
{(4;,D(4;)), i =1,2,...,d} denotes the set of generators of the multi-parameter

1/2
IThroughout the paper for z € R? we denote |z| := (Zle |ml|2) in order to distinguish it

to the norm in an arbitrary Banach space.
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group G, we give in Theorem 2.12 the proof of an explicit generator formula for
allz e N? _ D(AA)); ie.,

ij=1

d d
1
Agx = E a;A;x + 5 E qiinAjm + /

i=1 ij=1 570

(G(s)x —x— i sifdi@ ) o(ds),
i=1

1+ |s|3

extending the result of Phillips [20]. In case S is unilateral; i.e., for all ¢ > 0,
ph(QNRIT) = 0 for all measurable Q C R? and all R{™ := {s € R? : 5; < 0},
our theory readily applies to subordinating semi-groups and we generalise d = 1
results by Phillips [20], Carasso and Kato [6], Berg, Boyadzhiev and DeLaubenfels
[4] and Baeumer and Kovécs [2].

2. The transference principle and generator formulas

Since the treatment of multi-parameter semigroups and groups are not standard
we first summarise some of their basic properties in the following proposition (see,
for example, [5, Propositions 1.1.8 and 1.1.9]).

Proposition 2.1. If T is a d-parameter Cy-semigroup on X, then T is the product
of d one-parameter Cy-semigroups T; with generators (A;, D(4;)); i.e., for t =
(t1,...,tq) we have T(t) = HleTi(ti) and the operators T;(t;) commute with
each other, 0 <t; < oo andi=1,...,d. Moreover,

(i) If v € D(A;) then T(t)z € D(A;) and AT (t)x = T(t) Az, t € RY.

(ii) The set ﬂle D(A;) is a dense subspace of X and furthermore a Banach space

. d
with norm ||m||ﬂf:1D(Ai) = ||| + D2 || Aiz||-
(ili) If x € D(A;) and x € D(A;A;j), then x € D(AjA;) and AjAx = A;Ajx.

For a d-parameter Cy-semigroup T on X the set {(A4;, D(4;)), i =1,2,...,d}
is called the set of generators.

Recall that X is a Banach space and G a bounded d-parameter Cy-group on
X with set of generators {(A;,D(A;)), i = 1,...,d}. We define the subordinated
group Gg via equation

Gs(t)r = G(s)z uk(ds), z € X,t > 0.
Rd
where p4(ds) is given by (1.1). We will show first that Gg is a bounded Cp-
semigroup. The proof (and basically all of the proofs for the theorems that follow)
is based on the following commonly used construction.

Definition 2.2. Let G be a bounded d-parameter Cy -group on X, f € Li(R9),
and z € X. We say that an element x; € X is G-mollified or short mollified if it
is obtained by mollifying R? > t + G/(t)x with f ; i.e., if

Ty = f(r)G(r)zdr. (2.1)
Rd
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The following lemma shows that the set of mollified elements is sufficiently
rich for our purposes.

Lemma 2.3. Consider the set of mollified elements B := {zy,x € Y,f € C C
Li(RY}. If C is dense in L1 (R?) and Y is dense in X, then B is dense in X.
Proof. Assume that B is not dense in X. Then there is 0 # z* € X* such that
(zp,x*) =0for all z; € B; i.e,
(| G(s)xf(s)ds,z*) = / (G(s)z,z*)f(s)ds =0, VfeC, z €Y.
R4 R4

Now R? 3 s +— (G(s)x,z*) is continuous and bounded and hence belongs to
(L1(RY))* = Lo (R9). This implies that if C is dense in L;(R%), (G(s)z,z*) =0
for all z € Y and s € R% But G(0) = I and therefore (z,2*) =0 for allz € YV

which implies that Y cannot be dense in X as z* # 0. Hence C and Y being dense
implies that B has to be dense. O

Proposition 2.4. Ggs given by (1.6) is a bounded Cy-semigroup on X.

Proof. The operator family G is well defined since R? 3 s — G(s)z is continuous
and p% is a bounded measure. If G is bounded by Mg, then Gg is bounded by
MgMg, where Mg is the constant from (1.2). Let

A:={zy, € X, f € Li(RY)} (2.2)
be the set of mollified elements. By Fubini’s theorem, for zy € A,
Gs(tjes = [ GGs) [ 10)Gradr (s
Rd R
:/ f()G (s +r)xdrpk(ds)
Rd JRd
= [ Gz | f(v—s)uk(ds)dv
R R
= [ IS0A@GWds = a0
This shows that for z; € A,
Gs(0)zf = z500)5 = 2§,
and
Gs(t + S):L'f =T5(t4s)f = TS(H)S(s)f = Gs(t)xs(s)f = Gs(t)GS(S)xf.
The map Li(R?) 3 f + x; € X is clearly linear, and since
sl < Mellfllz,®ellell, (2.4)
it is also continuous. Therefore,
1GsWzs —xf| =llwseyr —2rll = lwsw -7l
<Mc|IS(t)f = fllo, e llzll,
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and since S is a Cp-semigroup on L; (R?), we obtain that ¢t — Gg(t)x is continuous
at t = 0+. Finally, by Lemma 2.3, A is dense in X and since ||Gg(t)| < MsMg,
t > 0, the above holds for all x € X and the proof is complete. O

Next we identify a reasonably large subset, i.e., a core of the domain of the
generator Ag of Gg.

Theorem 2.5. The set
C:={zy, xe X, feDMy)} CD(Ag)
is a core for As and
Asty =wpm,pr wp €C, with [[Aszy|| < Mal|My f| L, ) ll2]-
Proof. Let zy € C. Then f € D(M,,) and

w_x,mf =T/ sh)yr—r
h g (#_Mu}f)
VN LTS S [
h Li(R4)

as h ™\, 0. This proves that zy € D(Ag) and Asxy = x4, s. By (2.5) we see that
|Aszs| < Mg || My fllo, @eyllzll- If f € D(My), then S(t)f € D(My). Therefore,
in view of (2.3), G leaves C invariant. Also, D(My,) is dense in L;(R?) and thus
C is dense in X by Lemma 2.3. Therefore, C is a core for Ag by [8, Chapter II,
Proposition 1.7]. O

As a consequence we can transfer the action of A; on mollified elements of
X to actions on their mollifiers.

Corollary 2.6. Let f € W>L(RY), x € X. Then for alli=1...d, x; € D(4;) and

Ajxy = f/Rd 8fi(s)G’(s):vds =T_oas.

8si 9s;4
Furthermore, for alli,j =1,...,d, x5y € D(A;A;) ND(A4;4;) and

0*f(s) G(s)xds =z o25 .

Aidjoy = Ajdiry = ra 08,08 55,0
» 08,05, 55

Proof. Tt is well known that for the ith-coordinate wise right-translation semigroup
[T i) f1(s1y -y SiyevvySn) = f(S1,-0, 8 — by, Sn)

acting on L;(R?) the generator is given by M, f = —% with domain D(M,) =

{f e LiRY) . z; — f(x1,...,24,...,2,) abs. cont. with — % € Li(RY)}. On

the other hand, T ; can be represented by equation (1.1), where pk = o x -+ X

d¢ X ...0p where 0, is the Dirac measure on R concentrated at t. Hence S =T ;,

Gs = G, As = A; and the first statement follows directly from Theorem 2.5. The
proof is easily completed by repeating the above argument. O
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Now we are in a position to prove our main theorem, the transference of
the Hille-Phillips functional calculus, which has remarkable consequences. The
transference principle is a powerful tool which has been used in many fields of
analysis. For a general reference, see [7]. We recall a form of the Hille-Phillips
functional calculus briefly. Let (C, D(C)) generate a Cy-semigroup T bounded by
M > 1. For a function g : C — C with representation

g(z) == /000 e*' da(t) (Rez <0) (2.6)

where « : [0,00) — C is a normalised? function of bounded total variation, define

g(CQx = /OOO Te(t)xda(t), x € X

where the integral can be understood either in the Riemann-Stieltjes or in the
Lebesgue-Stieltjes (Bochner) sense. In the latter case « is then replaced by the
complex Borel measure induced by «. It turns out that functions with represen-
tation (2.6) form an algebra and the map ¥ : g — ¢g(C) € B(X) is an algebra
homomorphism (see, for example, [10, Chapter XV] and [15]), where B(X) is the
algebra of bounded linear operators on X. In particular, for gx(z) = 1/(A—z) and
each A\ with Re A > 0, the resolvent is an element of the algebra; i.e., for z € X
and Re A > 0,

g\ (C)x = R\, C)z = /000 To(t)ze M dt.

Definition 2.7. A collection of functions {g, }nen C L1(R?) is called an approzimate
identity if gn > 0, [|gnllL, mey = 1 and lim, o f\s|2>6 gn(8)ds = 0 for any fixed
§>0. -

It is straightforward to show that if € X and {f, }nen is an approximate
identity, then xy, — x as n — oo.

Theorem 2.8 (Transference Principle). Let Ag be the generator of the semigroup
Gs and M, be the generator of the semigroup S. If g has representation (2.6),
then

l9(As)lIBx) < Mallg(My)llB(L, (raY) (2.7)

where M¢ is independent of g.

a(u+)+af
2

20ne may, for example, normalise o by setting «(0) = 0 and a(u) = “=) for all u > 0,

see, for example [15],
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Proof. Let xy € A where A is defined in (2.2) and g given by (2.6). Then, since
both Gg and S are bounded Cy-semigroups,

g(As)xf :/Ooo Gs(t)wf da(t) = AOQ Ts(t)f da(t)
:/OO/ [S@®) F1(r)G(r)z dr da(t) (2.8)
0 JRd
:/ / [S(t)f](r) da(t)G(r)z dr = 2g(pAm,) -
R4 Jo

where the interchange of the integrals is justified by Fubini’s theorem. Therefore,
by (2.4),

lg(As)zsll < Mcllg(My) fllz, rayllzll
< MellgMp) B, wep 1 f Il L, eyl 2]]-

Finally, take {f,}nen to be an approximate identity. Then z;, — z and since
g(Ag) € B(X) we also have that g(Ag)xy, — g(Ag)z for all z € X. Thus,

lg(As)z|| < Mcllg(My)lsL,@ayllzll, € X.
O

We immediately obtain an important corollary which shows an example of
transference of regularity under subordination in the group case. Recall that a
Co-semigroup T generated by (C,D(C)) is called a bounded analytic semigroup
of angle 0 € (0, 5] if Tc has a bounded analytic extension to a sectorial region
{z € C: Jarg z| < ¢’} for all §' € (0,0). This is equivalent to D(C) being dense
and (C,D(C)) being a sectorial operator of angle 0; that is, the resolvent set of C,
p(C), contains the sectorial region

S ::{)\G(C:|arg)\|<g+9}\{O}Cp(C)

and [|R(A, O)|lpx) < ]K—T for all A € £y_. and € € (0,9) for some M. > 1 (see, for

example [1, Theorem 3.7.11]).

Corollary 2.9. If S is a bounded analytic semigroup of angle 6 on Li(R?), then
G is a bounded analytic semigroup of angle 8 on X.

Proof. Since both Gg and S are bounded semigroups it follows that {A € C :
ReX > 0} is contained in both, the resolvent set p(Ag) and p(My). If g(z) =
(A —2)71 (ReX > 0), then for the resolvent operators of Ag and M, we obtain,
by Theorem 2.8,

R\, As)lsx)y < Ma||[RA, My) Bz, (rey), ReA > 0. (2.9)
Therefore,

sup [IAR(A, As)lsx) < Mg sup ||)\R(>\aMw)||B(L1(Rd)) < 00
Re A>0 Re A>0



8 Baeumer, Kovacs and Meerschaert

where the finite supremum on the right hand side follows from the assumption that
S is an analytic semigroup on L; (R?) (see, for example [1, Corollary 3.7.12]). Even
more, the finiteness of above supremum is a necessary and sufficient condition for
the analyticity of a semigroup [1, Corollary 3.7.12]. Thus G is indeed a bounded
analytic semigroup . Assume that S is a bounded analytic semigroup of angle 6, or,
equivalently, that M, is a sectorial operator of angle 6. Let A € 3y_.. Then there is
Ao € iR and r > 0 such that A € D(Ag, ) C p(My), where D(Ag, 1) is the open disc
with centre Ao and radius r. It follows from (2.9) that Ao € p(Ag). Therefore, by
Theorem 2.8, the algebra homomorphism property of the Hille-Phillips functional
calculus and the continuity of the resolvent,

| R(Xo, AS)kHHB(X) < Mg ||R(/\0,Mw)k+1”B(L1(Rd)) :

Hence absolute convergence of (A — Ag)¥ R(A\g, My, )"+ implies absolute conver-
gence of Y (A—=Xg)¥R(\g, Ag)**1. Therefore, using the Taylor series representation

of the resolvent, A € p(As) and [|R(X, As)|5x) < % O

2.1. Positive Subordinators

Of particular interest is the case where the subordinator S' is positive as it applies
to stochastic models and the subordinator takes on the purpose of randomising
the time variable (or velocity) in each component. In this case we prove an explicit
generator formula using rather elementary tools. We need two preparatory results.

Proposition 2.10. Let T' be a d-parameter Cy-semigroup on a Banach space X with
set of generators {(A;,D(A;)) i = 1,...,d}. A subspace of ﬂ?:l D(A;) which is
| - ||-dense in X and invariant under T is || - anz_lD(Ai)—dense in ﬂ?zl D(A;).

Proof. The proof is a straightforward generalisation of the proof of the well known

one-parameter result (see, for example, [8, Chapter II, Proposition 1.7]) in view of
Proposition 2.1. U

Consider ﬂ?,j:l D(A;A;) with norm

d d
zllne_ peacay = Izl ) Al + ) [1AiA ],
i=1 ij=1

Note that, by Proposition 2.1 (iii), similarly to Sobolev spaces, one could use an
equivalent norm by summing up the last term for 1 < j <7 < d, only.

Corollary 2.11. Let T be a d-parameter Cy-semigroup on a Banach space X with set
of generators {(A;, D(4;)) i =1,...,d}. A subspace D of Xpa  D(AA) which is

I-]|-dense in X and invariant under T is H'Hﬂij:l D(A; ;) dense in Xﬂf,j:l D(AA;)-

Proof. Clearly, T' is a d-parameter Cy-semigroup on the Banach space

d
<ﬂ D(Ai), |- llna_, D(Al-))
i=1
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in view of Proposition 2.1, with set of generators (A;, ﬂ?zl D(A;A;j)). Therefore,

by Proposition 2.10, D is dense in m?,j:l D(A;A;) with respect to the norm

d
=] = Hx”ﬂf:lD(Ai) +Z ”ijHﬂf:l’D(Ai) > ||‘r||ﬂf’j=1D(A7;Aj)’
j=1

which finishes the proof. U

Next we prove the generator formula.

Theorem 2.12. Let S be positive; i.e, the log-characteristic function is given by the
Lévy-Khintchine formula (1.4). Then (7 D(A;A;) C D(Ag) and

ij=1

d d
1
As.’E = —02x+ E aZAZ.’E+§ E quAzA]1'+/

i=1 ij=1 570 i=1

for all z e D(A;A;).

ij=1
Proof. In [3, Theorem 2.2] it is shown that W2(R?) C D(M,,) and

(M) (5) = = Pf(s) —a- Vi(s) + § V- QVf(5)
S — —_ S M 2,1 d
+/y#0<f( y) — f(s) + 1+|y|g)¢(dy),few (RY).

Let D := {z; : x € X, f € W»L(R?) N C?*(R?%)}. By Theorem 2.5, D C D(Ag).
For z; € D we have, using Corollary 2.6,

Asl‘f = mM'd:f
= [ =0 =a- V1) + 57 -QVs()

BRZANEAS Yo v s)xds
+/y¢0<f(s y) — f(s) + 1+y|g>¢(dy)]G() d

d d
1
= *szf =+ E a/j,Az'l'f + 5 E qiinAjl‘f

i=1 i,j=1

e [ (L, (== 0+ TR otan) o i

d d
1
= *Cz.ff + ZalAle —+ 5 Z quAzAJZEf
i=1 ij=1
d

’UiAi.’Ef
+ /U;éo <G(v)xf —Zf— Z 1t |U|2> o(dv), (2.11)

i=1 2
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where the interchange of the integrals is justified because ||G(s)zs|| < Mc¢||zy||
and because f € W2 (R?) N C?*(R?) C D(M,,) and thus

V() '2”) d(dv) € Li(RY).

S i (f(sv) —f(s)+ T 10E o2

Taylor’s formula for f € W1(R?) N C%(R?) yields

1
f(sfv):f(s)waf(s)Jr/o (1 —t){v, Mg_tpv) dt

where M, is the Hessian matrix of f at » € R%. Thus for z; € D, by Corollary 2.6
and Fubini’s theorem,

Gv)zy = Ti(—v) T T pw V4 [ (1—t) (v, M._4,0) dt
d d
=x5+ ZUZA xy +/ (1—-1t)G(tv) Z vvj A Ajxy dt

i=1 ij=1

Hence, for |v]s <1,

d v; A;x
chmv—xf—Ej S

— 1+ [v[3
d d d vi Az
NGy =y = 3 viddiagll+ || 3 _vidioy = 3 750
i=1 i=1 i=1 2
Lo RS
< SMg Y ol |4z s + ——25 > loil [|Asay |
2 5 L+ Jol; =
2 [v[3 mg :
<Cj MGZ lAsAjz sl + Cay Z Azl
i,j=1 =1

2 d
v v
<C? vl s Mg Z |1 4i A gll + Cay ' '2 g Z | Az |
L+ [v]3 V|3 4
i,j=1 =1
[v]3

< KqM, 1+ v}
< K, cllellmf,jzlwAiAﬂHIvl%
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If |v|2 > 1, then

d
|v]2
Z ’; < (Mg + 1)|las]l + Car— iy > [ sy
3 1+ Jv[3 4
=1 i=1
vl
< (Mg + Dllasll + Cag s ZHAz‘fEfH
+ vl; =
2/vf3 RS
< (Mg +1 2 2 A,
< o + )3 g llel + G2 3 i
< L4(M, 1 ﬁ
< Lay(Mg + )||If”ﬂf,j:1D(AiAJ)1_,’_|v‘§
Therefore, for all v € R? and zy €D,
d
G)ry —ay =3 S < (€t ) (Mo + Dl s ol
T = Nism PAAN T o3
(2.12)
which implies that
d
’UiAiIE
| ey~ =30 {52 )
VA0 i=1 2 (2.13)

[v3
< (Cag+ Kg) (Mg +1 / dv)||z
( d d)( G ) U¢01+‘U|2 (b( )H f||ﬂd D(A;A;)"

The set C is dense in Li(R) and therefore by Lemma 2.3, D is dense in X. It is
easy to see that G leaves D invariant and by Corollary 2.6, D C ﬂl =1 D(AiA;).
Thus by Corollary 2.11, D is ||- Hﬂf,j:l D(4,4,)-dense in ﬂmzl D(A;A;j). Therefore,
ifxe ﬂ” 1 D(A;Aj), there is a sequence {(xy)f, } C D such that (z,)f, — =,
Ai(xy)f, — Az, i = 1,...,d, and A;Aj(zn)ys, — AiAjz, 4,5 = 1,...,d, as
n — oo. In particular, sup,, ||(xn fallne _ p(a,a;) < 0o. Therefore, using (2.13)
and (2.12), the right hand side of (2.11) converges to

d UZ‘AZ‘J?
—c Z‘+ZU1A T+ = Z Gi; Ai A, x—!—/#O(G(v)x—x—; T |U|§) o(dv).

= zyl

Since zy, — x and Ag is closed, z € D(Ag) and

Agx =—c¢ :E+21)1A$+ ZqUAAx

3,j=1

d v; Az
+/S¢O<G(v)x—x—i_zll+||) @(dv) xem

1,j=1
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2.2. The semigroup case

In case that S is unilateral; i.e. for all t > 0, u%(Q NRI™) = 0 for all measurable
Q C R? and all RY™ := {s € R? : 5; < 0}, the above theory readily extends to the
point where we can allow G to be a bounded d-parameter semigroup T i.e., we
define

Ts(t)x = / T(s)x pl(ds), = € X, (2.14)
R
with generator (Ag, D(Ag)). We denote, as above, the set of generators of T by
{(4;,D(4;)), i =1,2,...,d} and the generator of S, which is now considered as a
Co-semigroup on Ly (R%), by (M, D(M,,)). With the obvious modifications all of
the above theorems hold, in particular, we would like to highlight the Transference
Principle for semigroups.

Theorem 2.13 (Transference Principle for semi-groups). If g has the form (2.6),
then

l9(As)IBx) < Mrllg(My)ll 5L, ) (2.15)

where Mt is independent of g.
O

The following corollary is more general then the one-dimensional result in
[6], as it also shows the transference of the angle of analyticity and is more general
then the corresponding one dimensional statement in [4] as there is no restriction
on the measures. For the one dimensional case, see also [2].

Corollary 2.14. If S is a bounded analytic semigroup on Li(R?) of angle 6 on
Ll(Ri), then Ts is a bounded analytic semigroup of angle @ on X.

The other special case we would like to highlight, is the case when S is positive
and unilateral. Then the Lévy-Khintchine representation simplifies to

Y(k) = —c® —i(k,a) +/

zeR?\{0}

(e*“’m - 1) o(dz) (2.16)
with a € R% and ¢ is a o-finite Borel measure on R \ {0} such that

/min{l, 22} é{da} < o,

This result is originally due to Paul Lévy. The proof for d = 1 is outlined in Feller
[9, XVIL.4(c) p. 571] but the proof extends immediately to the multivariate case
(see also [20]). The proof of the generator formula below is analogous to the proof
of Theorem 2.12 and therefore we only give an outline.
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Theorem 2.15. Let S be positive and unilateral with log characteristic function
given by the Lévy-Khintchine formula (2.16). Then ﬂle D(4;) C D(As) and

d
Agr = Pz + Z a;A;x + /
i=1 R

Proof. The proof, the same way as in the group case, uses the result on Ll(Ri),
namely, W, "' (R%) € D(My) and
My f(s) = =cf(s) = a- Vf(s) + /R (Fs—y) = f(s) oldy), | €Wy (RY).
+
This can be shown exactly the same fashion as [3, Theorem 2.2] using the simplified
form of the Lévy-Kintchine formula (2.16). Then it is easily verified that D := {z; :
_— whlipd 1mdy ; . _

reX, feC} CD(As), where C:= Wy (RY) NCHRY), is || Hﬂg’le(Ai) dense
in ﬂle D(A;) and that (2.17) holds for z; € D. Finally, Taylor’s formula

d
(T(s)x - x) o(ds), = € ﬂ D(4,;). (2.17)

d
+

d 1
T(v)xy =xz5+ Z/o T(tv)v;Aszydt, 5 € D, v € RY,
i=1

yields the estimate

|v]2
[(T)zy —af) || < Ka(Mr + 1)m lzsllne, peasys

and the proof can be completed the same way as the proof of Theorem 2.12. [

3. Examples

3.1. Subordinating the d-parameter translation semigroup

Let X be any of the spaces Cp(R?), UCB(R?) or L,(R%) (1 < p < 00).? Then with
ut from (1.1) the semigroup

SO = [ fe=)utlan). £e X (31)
is strongly continuous on X and its generator is given by
(Myf)(s) ==f(s) —a-V[(s) + 3V -QVf(s)
) WJ)
# [ (e=n= s+ T ot s <0

where D = {f € X : D*f € X with multi-index |a| < 2} for X = Cy(R?) or
X = UCB(R?) and D = W2P(R?) for X = L,(R%). The statement for X = Cy(R%)
can be found in [22, Theorem 31.5] (for the variable coefficient version, see, for
example, [21]) and now it is a corollary of Theorem 2.12 which is based on the

3Here, UCB(R?) denotes the uniformly bounded and uniformly continuous functions on R? and
Co(R%) the continuous functions on R? with zero limit as |z|2 — oco.
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L1 (R9)-result [3, Theorem 2.2]. Thus, the semigroup S on the function space X
inherits several useful properties of the corresponding semigroup on the space
L1(R?) as long as the d-parameter translation is strongly continuous on X.

3.2. Infinitely divisible processes on a d-dimensional torus
Let X be the space of continuous functions on a d-dimensional torus, i.e.,
X = Cx([0,27]%)

with f € C,([0,27]9) if and only if f is continuous and periodic in each dimension
(i.e. in each component the value at 27 has to agree with the value at zero). Take

A, = _Bia:i with

D(4A;) = {f € C([0,27]%) - aif € c,r([o,%]d)} )
The d-parameter group is then given by

G(t1, ..., ta)f(x1,...,xq) = flx1 —t1,...,2q — tq) (3.2)
using the periodic extension of f. If S is positive with ||.S]| = 1, i.e. S corresponds to

an infinitely divisible process in R, then Gg is the corresponding infinitely divisible
process on the d—dimensional torus and Theorem 2.12 yields the generator formula
for this semigroup. This provides a simple proof of the formula in [12] in this special
case. Infinitely divisible processes on cylinders are defined analogously.

3.3. Inhomogeneous fractional derivatives
Consider X = L;(R?) and

Auf 1= = (@) (@9) Ay = — 5 (02(0)f(29))

for continuously differentiable v; with v;(z) > 0 for all z and f?oo 1/vi(x) de =
fooo 1/v;(x) dx = oo. It is easy to check that the two-parameter flow group is then
given by
T(ty,t2) f(z,y) = f(ha(z,t1), ha(y, t2))v1(ha (2, t1))v2(ha(y, t2))/ (v1(2)va(y)
(3.3)
where h;(z,t) are implicitly defined via

* 1
/ ds =t.
hi(z,t) ”Ui(S)

Suppose that S is defined by (1.1) where pk is a strictly operator stable
probability measure on R?. Operator stable laws are infinitely divisible laws with
nice scaling properties, see [14, 17]. For a certain range of the scaling parameters,
it is shown in [18] that

© ou d
w(k) = —p- ik +/ / (™™ — 14k ro) Sn(a0)
lol=1 Jo "
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for some scaling matrix H and spectral measure \. Operator stable semigroups
are important in applications to physics [16], hydrology [23], and finance [18],
partly because their generators involve multidimensional analogues of fractional
derivatives. Subordinating the flow group leads to the generator formula, using
substitution in (2.10),
> dr
Asf = A +mAyf + /| [ (@eors — = 70, (4. 5.4,1) S5 009)
0
for all f € D(A2)ND(A2)ND(A,A,), generalising the fractional derivative operator
defined in [19] for v; = vo = 1.

0l=1

/a0

0 1/a
same argument as in Lemma 7.3.8 in [17], the log-characteristic function reduces
to

In particular, if y =0 and H = for some 1 < a < 2, using the

W(k) = (1 — a) /|9|_1<¢k,9>a A(d9).

Hence we obtain that in this case, using the functional calculus for group generators
developed in [2],

Asf = —T(1—a) /w”l (—6, 4, — 0,A,)" FA(d6), | € D(A2)ND(A2)D(A,A,).
1/0[1 0

Similarly, if A is concentrated on the axes and H =
0 1/0[2

) we obtain

in the simplest case

Asf = —|Az|™ f = [Ay[* f.
For example, if v1 = vo = 1, then the generator Ag is a mixture of one variable
fractional derivatives.
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