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Abstract. In this paper we consider A(θ)-stable finite difference meth-
ods for numerical solutions of dissipative partial differential equations of
parabolic type. Combining two rational approximation methods with differ-
ent orders of accuracy, where the lower order method is applied n0 times (n0

fixed) at each time step, we prove the existence of a second order method
which is contractive for all time steps. Moreover, we shed light on the condi-
tions on the lower order method which are sufficient (and sometimes neces-
sary) to obtain the optimal order of accuracy. For the one-dimensional heat
equation we construct a family of numerical methods which are contractive
in the maximum norm for all values of the discretization parameters. We
also present numerical examples to illustrate our results.

1 Introduction

In this paper we consider A(θ)-stable finite difference methods for nu-
merical solutions of dissipative partial differential equations of parabolic
type. Under homogeneous boundary conditions the classical solutions sat-
isfy the inequality maxx |u(t, x)| ≤ maxx |u0(x)| for all t > 0, where u0(·)
denotes the initial function. It is natural to require that a numerical ap-
proximation method preserve this property. Namely, denoting by yj the
approximation to the solution at the j th time level, we say that an ap-
proximation scheme is contractive if ||yj ||∞ ≤ ||y0||∞ for all j , where
y0 is an approximation to the initial function in Rs for some s ∈ N, and
||y||∞ := max{|yi |, i = 1, . . . , s}. Clearly, if an approximation scheme
is strongly contractive, i.e., ||yj+1||∞ ≤ ||yj ||∞ for all j , then it is also
contractive.
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Let µ := τ

h2 , where τ is the time step and h the space discretization
parameter. For one-step finite difference methods which are based on a ra-
tional approximation of the exponential function e−z, Spijker has shown
in [12] that there is an order barrier: only methods with first order accu-
racy can be contractive in the maximum norm for all µ > 0. (For exam-
ple, one such method is the backward Euler method with approximating
functions rBE(z) = (1 + z)−1.) For higher order methods it is necessary
to restrict the choice of µ (an upper bound) in order to preserve maxi-
mum norm contractivity. For example, if the second order Crank–Nicolson
method rCN(z) = (1 − z

2 )(1 + z
2 )−1 is applied to the one-dimensional heat

equation, then the sharp restriction is µ ≤ 1.5 (see [5,7,8]). Therefore, the
use of the Crank–Nicolson method requires the choice of a very small time
step τ in case of a small space discretization parameter h if we want to
preserve maximum norm contractivity. However, as we see later, the choice
µ ≤ 1.5 not only requires considerable computational effort but also results
in an essential loss of accuracy.

Our aim is to construct, for all fixed h > 0, a second order method for the
one-dimensional heat equation which is contractive in the maximum norm
for all τ > 0. Clearly, due to the result of Spijker, such a method cannot
be based solely on one rational approximation of the exponential function.
For the construction of higher order unconditional contractive Runge–Kutta
type methods we refer to [1] and [2].

Our approach follows that of Luskin and Rannacher who introduced a
second order stable approximation method with optimal convergence prop-
erties by combining the robust stability and approximation property of the
backward Euler method with the second order accuracy of the Crank–
Nicolson method (see [9,11]). This result was generalized by Hansbo in
[6] to Banach spaces (see Theorem 1 below). In these works, qualitative
properties (such as maximum norm contractivity) were not considered. This
is done in Sects. 3 and 4 of this paper which is organized as follows.

In Sect. 2 we investigate pairings of A(θ)-stable approximation methods
of the exponential function, where the lower order method is applied n0

times before the higher order method takes over. We recall that a rational
function r(z) is A(θ)-stable (see [13]) if, for some θ ∈ (0, π

2 ],
|r(z)| ≤ 1 for |arg(z)| ≤ θ.

We say that r(z) approximates e−z of order q ≥ 1 if

r(z) = e−z + O(zq+1) as z → 0.

We denote A(θ)-stable rational functions of approximation order q by rq(z).
We also recall the definition of a sectorial operator. Let X be a complex
Banach space and A : X → X a linear operator with domain dom (A) ⊂ X.
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We denote by B(X) the space of bounded linear operators on X. If the
resolvent set

ρ(A) := {z ∈ C : (zI − A)−1 exists in B(X)}
is such that

ρ(A) ⊃ �δ :=
{
z ∈ C : π

2
− δ ≤ |arg(z)| ≤ π, z �= 0

}
∪ {0} (1)

for some δ ∈ (0, π
2 ) and the resolvent, R(z, A) := (zI − A)−1, satisfies

||R(z, A)|| ≤ M

|z| for all z ∈ �δ, z �= 0 (2)

for some M ≥ 1, then the operator A is called a sectorial operator of angle
δ. We denote the semigroup generated by −A as T (t). The basis for our
investigation is a result of Luskin and Rannacher which was proven in the
following general form by Hansbo in [6].

Theorem 1 Let X be a complex Banach space, A : X → X a sectorial
operator of angle δ, and let rp(z)and rp−1(z)beA(θ)-stable (θ ∈ (π

2 −δ, π
2 ))

rational approximations of order p and p − 1 respectively. If rp−1(∞) = 0,
then

||rn−p
p (τA)r

p

p−1(τA)x − T (nτ)x|| ≤ M

np
||x||

for all x ∈ X, τ > 0 and p ≤ n ∈ N.

We show in Sect. 2 that the condition rp−1(∞) = 0 is more than merely
a technical condition. It means that the lower order approximation method
is a smoothing starting method in the sense that it maps the initial data into
the domain of the operator. In a special case we prove that this is also a
necessary condition to obtain the optimal accuracy (which is p).

In Sect. 3 we focus our attention on constructing a second order scheme,
which is contractive for all time steps, by using the backward Euler scheme
as the smoothing starting scheme.

In Sect. 4, for the numerical solution of the one-dimensional heat equa-
tion, we analyze the combination of the Crank–Nicolson and the backward
Euler methods. We examine the relation between the number of the back-
ward Euler steps, the space discretization parameter and the possible choices
of the time step. We show that, for any fixed h, there exists a suitable com-
bined method which is contractive in the maximum norm for all τ > 0. In
Sect. 5 we also provide numerical examples to illustrate the advantages of
the combined method.
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2 Range preservation

We consider the initial value problem

u̇(t) + Au(t) = 0, t ≥ 0, u(0) = u0 ∈ X. (3)

If A is sectorial with dense domain dom (A), then the operator −A generates
a uniformly bounded analytic semigroup T (t) = e−tA and the solution to
(3) can be obtained as u(t) = T (t)u0 (see [4]).

In the following we investigate a class of approximation schemes for
the semigroup T (t) which are based on the combination of two different
rational approximation methods. Let n0, p, q be positive integers, p ≥ q,
and

Vn(z) := rn−n0
p (z)rn0

q (z), n ≥ n0.

The operators Vn(τA) can be viewed as numerical schemes for the solution
of (3). It is known that for some higher order schemes (e.g., the Crank–
Nicolson scheme) optimal error estimates are only available for sufficiently
smooth initial data. If |rp(∞)| = 1, then we have a qth order error estimate
only if the initial data belongs to dom(Aq) [13]. This deficiency can be
resolved by considering combined schemes of the form Vn(z), where error
estimations are available for all initial data (see Theorem 1). We need the
following variant of Theorem 1 whose proof is essentially the same as the
proof of Theorem 1 given in [6].

Proposition 1 If we replace r
n−p
p (z)r

p

p−1(z) by rn−n0
p (z)r

n0
p−1(z) with n0 ≥

p, then the same estimate holds as in Theorem 1.

The condition rp−1(∞) = 0 in Theorem 1 seems to be merely technical.
To show that this is not the case, we first recall the Dunford functional
calculus for closed operators (see, e.g., [3]). Let A : X → X with dom(A) ⊂
X be a closed operator with ρ(A) �= ∅. Let f (z) be analytic on V ∪ ∂V ,
where V is an open neighborhood of the spectrum σ(A) := C −ρ(A) of A,
and at infinity. Assume further that ∂V consists of a finite number of Jordan
arcs and has a positive orientation with respect to the (possibly unbounded)
set V . Then

f (A) := f (∞)I + 1

2πi

∫

∂V

f (z)R(z; A)dz

is well defined, f (A) ∈ B(X), and we obtain an algebra homeomorphism
φ : F(A) → B(X) by setting φ(f ) = f (A), where F(A) is the set of
all functions that are analytic on an open neighborhood of σ(A) and at
infinity. We note that, if r(z) is an A(θ)-stable rational approximation to the
exponential function, then rn(τz) ∈ F(A) for all n ∈ N and τ > 0.
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Definition 1 Let A be a sectorial operator. We say that an approximation
r(τA) is range preserving if for every τ > 0 the inclusion ran(r(τA)) ⊂
dom(A) holds.

If −A generates an analytic C0 semigroup T (t), then ran(T (t)) ⊂
dom(A) for all t > 0. It is our point of view that “good” numerical schemes
should preserve “good” qualitative properties of the semigroup they approx-
imate. In the following we discuss range preserving schemes.

Proposition 2 Let A be an unbounded closed operator with a nonempty re-
solvent set and f (z) ∈ F(A). Then the following statements are equivalent:

(i) lim|z|→∞ f (z) = 0;
(ii) ran(f (A)) ⊂ dom(A).

Proof (i)⇒ (ii). From assumption (i) it follows that

f (A) = 1

2πi

∫

∂V

f (z)R(z, A)dz.

The function z → Af (z)R(z, A) = f (z)(zR(z, A)−I ) is continuous along
the rectifiable path ∂V . Since A is closed,

1

2πi

∫

∂V

f (z)R(z, A)dz ∈ dom (A),

and A 1
2πi

∫
∂V

f (z)R(z, A)dz = 1
2πi

∫
∂V

Af (z)R(z, A)dz. This implies that
ran(f (A)) ⊂ dom(A).
(ii)⇒(i). It follows from assumption (ii) that

Af (A) = f (∞)A + A
1

2πi

∫

∂V

f (z)R(z, A)dz (4)

= f (∞)A + 1

2πi

∫

∂V

f (z)(zR(z, A) − I )dz.

Since A is closed, f (A) ∈ B(X), and f (A)X ⊂ dom(A), we have that
Af (A) is closed and everywhere defined. By the closed graph theorem,
Af (A) ∈ B(X). But

1

2πi

∫

∂V

f (z)(zR(z, A) − I )dz ∈ B(X),

and thus it follows from (4) that f (∞)A ∈ B(X). Thus, f (∞) = 0

Corollary 1 If r(z) is a rational approximation to the exponential function,
then r(τA) is range preserving if and only if the degree of the denominator
of r(z) is greater then the degree of the numerator.
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For example, the backward Euler scheme is range preserving and the
Crank–Nicolson scheme is not. Thus, the condition rp−1(∞) = 0 expresses
a nice qualitative property of the starting method. In view of Proposition 2
we call a rational approximation method smoothing or range preserving
if r(∞) = 0. We also remark that a method with the latter property is
sometimes also called L-stable. The question arises naturally whether the
range preservation property of the starting scheme is also necessary to obtain
an optimal error estimation for the damped method. In the following special
case we show that the answer is yes.

Theorem 2 Let X be a Hilbert space and T (t) = e−tA, where A is an un-
bounded densely defined positive definite operator with a compact resolvent.
If

||(rn−p
p (τA)r

p

p−1(τA) − T (nτ))|| ≤ M

np
(5)

and |rp(∞)| = 1, then rp−1(τA) is range preserving.

Remark 1 If |rp(∞)| < 1, then we do not need any steps with the lower
order scheme (see [13]).

Proof By the spectral theorem and Parseval’s identity, the estimate in (5) is
equivalent to the condition

|np(rn−p
p (λ)r

p

p−1(λ) − e−nλ)| ≤ M (6)

for all λ ∈ σ(A). Let λn ∈ σ(A) be such that limn→∞ λn = +∞, and
|rn−p

p (λn)| > 1
2 (since | lim|z|→∞ rp(z)| = 1, such λn exist). Using the fact

that e−nλn is bounded, by substituting λn into (6) we have

|nprn−p
p (λn)r

p

p−1(λn)| ≤ C

for some C > 0. By the properties of λn we obtain

|nprn−p
p (λn)r

p

p−1(λn)| ≥ 1

2
|npr

p

p−1(λn)|.

Therefore, the sequence npr
p

p−1(λn) must be bounded, which yields

lim|z|→∞ rp−1(z) = 0.

Thus, by Proposition 2, the operator rp−1(τA) is range preserving. �
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3 Bound preservation

Let T (t) be a strongly continuous semigroup generated by −A satisfying

||T (t)|| ≤ M (7)

for some M ≥ 1 and all t ≥ 0. We say that an approximating operator family
{Vn(τA)}∞n=1 is unconditionally bound preserving (in the Banach space X)
if

||Vn(τA)|| ≤ M (8)

for all τ > 0 and n ∈ N and for all M with property (7). If (8) holds only
for τ ≤ τ � with some τ � > 0, we say that the approximating operator
family {Vn(τA)}∞n=1 is conditionally bound preserving. By the Hille–Yosida
theorem, the backward Euler scheme

Vn(τA) = rn
BE(τA)

is unconditionally bound preserving, whereas the Crank–Nicolson scheme

Vn(τA) = rn
CN(τA)

is not bound preserving in an arbitrary Banach space. In fact in [5] it is
shown that, for X = l∞ and A = tridiag[1, −2, 1], the family {rn

CN(τA)}∞n=1
is conditionally bound preserving but not bound preserving.

In the next theorem we show how to construct second order uncondi-
tionally bound preserving schemes for exponentially decaying contraction
semigroups.

Theorem 3 Let A be a sectorial operator and T (t) be the strongly contin-
uous semigroup generated by −A. Assume that ||T (t)|| ≤ e−ωt for some
ω > 0 and all t ≥ 0. Let r2(τA) be a conditionally bound preserving scheme
for 0 < τ ≤ τ �. Then there exists n0 ∈ N such that r

n−n0
2 (−τA)r

n0
BE(−τA)

is unconditionally bound preserving with the optimal second order error
estimation.

Proof By Proposition 1, the scheme r
n−n0
2 (−τA)r

n0
BE(−τA) has the optimal

second order error estimation. Since r2(z) is A(θ)-stable it satisfies

||rm
2 (−τA)|| ≤ M1 (9)

for all m ∈ N with some M1 > 0 [13]. By the Hille–Yosida theorem

||rn
BE(τA)|| ≤ 1

(1 + τω)n
(10)
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for all n ∈ N and τ > 0. Now, let n0 be such that

||rn0
BE(−τ �A)|| ≤ 1

M1
. (11)

For τ > τ� by (10),(11) and (9) we have:

||rn−n0
2 (−τA)r

n0
BE(−τA)|| ≤ ||rn−n0

2 (−τA)||||rn0
BE(−τA)|| ≤ M1

1

M1
= 1.

If 0 < τ ≤ τ �, then ||rn−n0
2 (−τA)|| ≤ 1 since r2(z) is conditionally

bound preserving. Also, ||rn0
BE(−τA)|| ≤ 1

(1+τω)n0 ≤ 1 for all τ > 0. Thus,

||rn−n0
2 (−τA)r

n0
BE(−τA)|| ≤ 1. �


In the next section we construct, for all h > 0, a second order method
for the one-dimensional heat equation which is contractive in the maximum
norm for all τ > 0.

4 The one-dimensional heat equation

We consider the Cauchy problem

∂u

∂t
− ∂2u

∂x2
= 0 for t ≥ 0, x ∈ (0, 1),

u(t, 0) = u(t, 1) = 0 for t ≥ 0, (12)

u(0, x) = u0(x) for x ∈ [0, 1],
and use the finite difference method for its numerical solution. In order
to apply the results of the previous sections, we first discretize the space
variable. We denote the approximation of u(t, ih) by yi(t) (i = 0, 1, . . . , s),
where h := 1

s
and s is the dimension of the space discretization. Let the

Banach space be X := (Rs+1, ||·||∞). Then the equation for the semidiscrete
solution can be written as

ẏ(t) + Qy(t) = 0 for t ≥ 0, y(0) = y0, (13)

where Q : X → X is defined as (Qy(t))i = − 1
h2 (yi+1(t)−2yi(t)+yi−1(t))

(i = 1, . . . , s − 1); (Qy(t))0 := (Qy(t))s = 0, and (y0)i = u0(ih)

(i = 0, 1, . . . , s). It is easy to see that Q is sectorial and generates an
analytic contraction semigroup on X with a growth bound less than zero.

Theorem 4 The combined scheme r
n−n0
CN (−τQ)r

n0
BE(−τQ) has second or-

der accuracy. Moreover, for a suitable n0, it is unconditionally bound pre-
serving, i.e., contractive in the maximum norm for all τ > 0 and n ≥ n0.
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Proof It is shown in [13] that ||rn
CN(−τQ)|| ≤ M for all n, s ∈ N and τ > 0.

In particular, for µ := τ

h2 ≤ 3
2 we have ||rn

CN(−τQ)|| ≤ 1 for all n ∈ N (see
[5]). Therefore, the statement follows from Theorem 3. �


In order to determine n0, note that the backward Euler scheme satisfies

||rBE(−τQ)||∞ = 1 − 1

cosh
[s + 1

2
arc cosh

(
1 + h2

2τ

)] := g(τ)

for all τ > 0 (see [7]). (We denote the hyperbolic cosine and sine func-
tions by cosh (·) and sinh (·), and the inverse hyperbolic cosine function by
arc cosh (·).) It is shown in [5] that the Crank–Nicolson scheme satisfies
||rn

CN(−τQ)||∞ ≤ 4.325 for all τ > 0. Therefore, if we fix the dimen-
sion s of the space discretization (or, equivalently, fix h), we seek n0 such

that g(τ �)−n0 ≤ 4.325. Then g(τ) ≤ 4.325− 1
n0 =: β1 for all τ > τ�. We

note that for the Crank–Nicolson scheme τ � = 1.5s2. Using the notation
β := (1 − β1)

−1, the inequality g(τ) ≤ β1 is equivalent to

β ≥ cosh
[s + 1

2
arc cosh

(
1 + h2

2τ

)]
,

or
2 arc cosh β

s + 1
≥ arc cosh

(
1 + h2

2τ

)
.

This yields

τ ≥ h2

2
[
cosh

(
2

arc cosh β

s + 1

)
− 1

] .

Finally, using the identity cosh 2γ − 1 = 2 sinh2 γ , we have

τ ≥ h2

4 sinh2 arc coshβ

s + 1

, (14)

or, equivalently,

µ ≥ 1

4 sinh2 arc cosh β

s + 1

. (15)

Since, if µ ≤ 1.5, for all n ∈ N ||rn
CN(−τQ)|| ≤ 1, we have to consider

only the case µ > 1.5. Thus, we arrive at the condition

3

2
≥ 1

4 sinh2 arc cosh β

s + 1

. (16)
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It is easy to see that for fixed s the sequence
1

4 sinh2 arc cosh β

s + 1

= 1

4 sinh2
arc cosh

[(
1 −

( 1

4.325

) 1
n0

)−1]

s + 1
tends to zero as n0 tends to infinity. Therefore, there exists n0 such that (16)
holds. From this formula n0 can be determined.

Although (16) allows us to define n0 such that the method is contractive
in the maximum norm for all τ > 0, if we choose the dimension s of the
space discretization large, the value of n0 becomes extremely big. Therefore,
from a practical point of view it is reasonable to choose a smaller n�

0. In this
case we cannot use an arbitrary τ > 0, but only those τ > τ�

s , where τ �
s

can be computed via (14). Then we have a choice. Either we use τ ≤ 1.5h2

(the well-known uniform contractivity condition for the Crank–Nicolson
scheme) or τ > τ�

s (the behavior of the method between the two bounds is
still unknown). The method has the optimal accuracy (i.e., second order) if
τ ∼ 1

s
. Therefore, for fixed s, the optimal choice of n0 can be determined by

the dimension of the space discretization. Otherwise the choice of bigger τ

(i.e., smaller n0) means that the order of the error is determined by τ alone.
One of the main problems when using the Crank–Nicolson scheme is that

it preserves maximum norm contractivity only for µ ≤ 1.5. That means that,
if we have a fine mesh for the space variable, we must choose the time step
τ ≤ 1.5h2 in order to obtain maximum norm contractivity. For large values
of s it would mean very small (even useless) τ . The computational error, as
the result of the large number of iteration steps, might cause an essential loss
in accuracy, i.e., the scheme will loose its second order accuracy. Moreover
the computational time could be enormous (see, e.g., [10]). Now we make
a few steps with the backward Euler scheme before starting the Crank–
Nicolson method. For fixed s and fixed n0, using (14) we obtain a lower
bound

τ̂ (s, n0) = 1

4 s2 sinh2 arc cosh β

s + 1

(17)

for τ . This means that, if we take any time step larger than τ̂ , the damped
method is contractive in the maximum norm. If we look at

1

4 arc cosh2 β

(s + 1

s

)2
>

1

4 s2 sinh2 arc cosh β

s + 1

>
1

4 arc cosh2 β

1( s + 1

arc cosh β

)2
sinh2 arc cosh β

s + 1

, (18)
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then it is easy to see what is going to happen to this lower bound τ̂ (s, n0) if
we increase s by fixed n0, i.e.,

lim
s→∞ τ̂ (s, n0) = lim

s→∞
1

4s2 sinh2 arc cosh β

s + 1

= 1

4 arc cosh2 β
. (19)

We can also see that the sequence of upper bounds decreases monotonically
towards 1

4 arc cosh2 β
. Therefore, we can give an upper bound, uniform in s, by

taking the value s = 1. Then (17) becomes the condition

τ̂ (n0) = 1 − β1

2β1
. (20)

Table 1 shows the uniform lower bound for τ̂ defined by (17).
As we can see, it could still happen that with the computed uniform

τ̂ the local error becomes very large (especially for small values of n0).
To avoid this problem, we can use the sharper condition (17). For s =
10000 we calculate τ̂ for different values of n0 (see Table 2). We note that
for maximum norm contractivity in the Crank–Nicolson scheme we must
choose τ ≤ 1.5 × 10−8.

As the example shows, we have the following conclusion. If we aim to
have a maximum norm-contractive, second order scheme, then we have two
possibilities. Either we use the Crank–Nicolson method with an extremely
small time step or we use the damped method with a reasonable small time
step. If we look at our example we can conclude that, if we make four
steps with the backward Euler method and then apply the Crank–Nicolson
method, the local error is O(10−3), which looks quite reasonable.

Finally, we note that the convergence in (19) is very fast, i.e., even for
not very large values of s we have

1

4 s2 sinh2 arc cosh β

s + 1

≈ lim
s→∞

1

4 s2 sinh2 arc cosh β

s + 1

= 1

4 arc cosh2 β
.

Table 1. The values of τ̂ uniform for all h

n0 1 2 4 10 50
τ̂ 1.625 0.531 0.218 0.078 0.015

Table 2. The values of τ̂ with h = 0.0001

n0 1 2 4 10 50
τ̂ 0.437 0.155 0.073 0.035 0.014
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Table 3. The upper bounds for τ̂ with h = 0.02

n0 1 2 4 10 50
τ̂ 0.453 0.160 0.076 0.036 0.014

Table 3 shows the result for τ̂ with s = 50. If we compare Tables 2 and
3 we can observe that the values of τ̂ in Table 2 are representative.

5 Numerical examples

In this section we summarize numerical investigations for the model prob-
lem (12) with both smooth and nonsmooth initial functions using different
numerical methods discussed in the previous section at the time level T = 1.

The first model problem with the initial function u0(x) = sin(πx) has
the exact solution u(x, t) = sin(πx) exp(−π2t).

The following tables show the maximum norm error for the Crank–
Nicolson (CN) and the backward Euler (BE) methods on different meshes.

As Tables 4 and 5 show with refining the mesh under the maximum
norm contractivity condition, the Crank–Nicolson scheme loses its higher
accuracy with respect to the backward Euler method and in the limit they
result in the same accuracy. The subsequent Tables 6–8 serve to demonstrate
the behavior of the maximum norm error of the Crank–Nicolson method with
further different discretization parameters.

These results show that the optimal accuracy of the Crank–Nicolson
method is attained at a value µopt = µopt(h) which is greater than 1.5.
Moreover, by decreasing h (that is, by refining the mesh), the values µopt are
increasing. Table 9 shows the loss in accuracy. The fifth column in this table
shows how much more CPU-time is used to obtain the less accurate result
(with µ = 1.5). The optimal accuracy with the choice µ = 1.5 is attained

Table 4. The maximum norm error for h = 0.05 for the CN and BE methods

µ 100 50 40 20 10 8
CN-error 6.35E−5 4.14E−5 3.10E−5 8.79E−6 1.53E−6 6.04E−7
BE-error 6.90E−3 1.60E−3 1.00E−3 2.81E−4 9.83E−5 7.29E−5

µ 7 6 5 4 2 1.5
CN-error 2.22E−7 1.147E−7 4.05E−7 6.40E−7 9.54E−7 9.89E−7
BE-error 6.27E−5 4.86E−5 4.07E−5 3.15E−5 1.50E−5 1.20E−5

µ 1 0.4 0.1 0.05 0.01 0.005
CN-error 1.03E−6 1.06E−6 1.06E−6 1.06E−6 1.06E−6 1.06E−6
BE-error 7.75E−6 3.67E−6 1.70E−6 1.38E−6 1.12E−6 1.09E−6



Maximum norm contractivity of damped methods 103

Table 5. The maximum norm error for h = 0.005 for the CN and BE methods

µ 4000 2000 1500 1000 500
CN-error 3.16E−5 9.70E−6 5.12E−6 2.54E−6 6.35E−7
BE-error 9.91E−4 2.76E−4 1.58E−4 9.59E−5 3.91E−5

µ 400 200 100 40 20
CN-error 4.03E−7 9.30E−8 1.54E−8 6.35E−9 9.46E−9
BE-error 3.00E−5 1.38E−5 6.59E−6 2.58E−6 1.28E−6

µ 10 4 2 1.5 1
CN-error 1.02E−8 1.05E−8 1.05E−8 1.05E−8 1.05E−8
BE-error 6.43E−7 2.63E−7 1.37E−7 1.05E−7 7.35E−8

Table 6. The maximum norm error of the Crank–Nicolson method for h = 0.1

µ 10 5 2 1.5 1
error 2.93E−5 5.93E−6 2.62E−6 3.23E−6 3.92E−6
µ 0.5 0.1 0.05 0.01 0.005

error 4.25E−6 4.35E−6 4.36E−6 4.36E−6 4.36E−6

Table 7. The maximum norm error of the Crank–Nicolson method for h = 0.025

µ 1000 500 250 160 80 40 20
error 0.245 0.014 9.54E−5 3.14E−5 9.48E−6 2.29E−6 3.84E−7
µ 16 4.8 1.6 1.5 1 0.8 0.16

error 1.52E−7 1.57E−7 2.59E−7 2.59E−7 2.61E−7 1.85E−7 1.86E−7

Table 8. The maximum norm error of the Crank–Nicolson method for h = 0.01

µ 1000 500 100 50 40 30
error 3.16E−5 9.67E−6 3.72E−7 6.16E−8 2.43E−8 4.61E−9
µ 20 10 5 1.5 1 0.5

error 2.54E−8 3.79E−8 4.10E−8 2.96E−8 2.97E−8 2.97E−8

Table 9. Comparison of accuracy and CPU time

h µopt error error for µ = 1.5 CPU ratio µbig CPU ratio
0.1 2 2.62E−6 3.23E−6 1.3 4.6 3.07
0.05 4 6.40E−7 9.87E−7 2.7 8.7 5.80
0.025 16 1.52E−7 2.59E−7 10.8 18 12.00
0.01 30 4.61E−9 4.19E−8 20.5 45 30.00
0.005 40 6.35E−9 1.05E−8 27.6 94 62.67
0.004 62.5 2.57E−9 6.71E−9 42.9 112.5 75.00
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with some µbig > 1.5, too. The approximate values of these parameters and
the corresponding CPU ratios are included in the last two columns.

The second model problem is problem (12) with the initial function

u0(x) =
{

1 if x ∈ [0.25, 0.75]
0 otherwise,

which has the exact solution

u(x, t) = 2

π

∞∑
m=1

1

m

(
cos

mπ

4
− cos

3mπ

4

)
sin(mπx) exp(−m2π2t).

Table 10 summarizes the error in maximum norm for the CN and BE
methods. The behavior of the Crank–Nicolson method is similar to that for
the smooth initial function. However, the smoothing property of the back-
ward Euler method is considerable. We remark that the same conclusions
can be made for the other choices of h.

In the following we give numerical results for the damped method.
First, we analyze the behavior of the damped method on the prob-

lem with smooth initial function. Tables 11–13 show the numerical results
for the damped method with different space discretization steps. Each ta-
ble contains the maximum norm error for different numbers of smoothing
steps n0 and time discretization steps (the values in the columns n0 = 0
correspond to the Crank–Nicolson method and the errors with bold num-
bers are the result of the backward Euler method). We observe that with the
increase in n0 the damped method looses its accuracy and the “almost best”
choice is n0 = 2. Table 14 shows the result for this fixed choice with the
small space discretization stepsize h = 0.002.

For the nonsmooth initial function the behavior of the damped method
for n0 damping steps, n0 = 1, 2, 3, is given in Table 15.

Table 10. The maximum norm error for h = 0.005 for the CN and BE methods for nonsmooth
initial function

µ 4000 2000 400 200 100
CN-error 0.4765 0.4438 0.2397 7.86E−2 2.30E−3
BE-error 8.99E−4 2.51E−4 2.76E−5 1.29E−5 6.35E−6

µ 75 60 50 45 40
CN-error 8.18E−5 1.48E−6 3.68E−7 3.69E−7 3.71E−7
BE-error 4.83E−6 3.88E−6 3.30E−6 2.99E−6 2.70E−6

µ 20 10 5 1.5 1
CN-error 3.73E−7 3.74E−7 3.74E−7 3.74E−7 3.74E−7
BE-error 1.53E−6 9.48E−7 6.61E−7 4.60E−7 4.31E−7
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Table 11. The maximum norm error for h = 0.2 for the damped method for smooth initial
function

n0 0 1 2 3 5
µ = 5 4.92E−5 4.91E−5 4.78E−5 2.87E−5 4.51E−3
µ = 1 1.01E−5 1.49E−5 1.91E−5 2.36E−5 3.34E−5

µ = 0.1 1.85E−5 1.86E−5 1.86E−5 1.86E−5 1.87E−5
n0 10 25 50 100 250

µ = 5 − − − − −
µ = 1 6.41E−5 − − − −

µ = 0.1 1.90E−5 1.97E−5 2.10E−5 2.35E−5 3.18E−5

Table 12. The maximum norm error for h = 0.02 for the damped method for smooth initial
function

n0 0 1 2 3 5
µ = 125 9.57E−6 5.01E−6 4.79E−8 5.65E−6 1.87E−5
µ = 50 1.48E−6 5.70E−7 3.53E−7 1.29E−6 3.22E−6
µ = 5 1.52E−7 1.62E−7 1.72E−7 1.82E−7 2.02E−7

n0 10 25 50 100 250
µ = 125 6.60E−5 2.77E−4 −− −− −
µ = 50 8.36E−6 2.01E−5 7.11E−5 − −
µ = 5 2.52E−7 3.52E−7 6.54E−7 2.71E−6 5.40E−6

Table 13. The maximum norm error for h = 0.002 for the damped method for smooth initial
function

n0 0 1 2 3 5
µ = 50000 5.17E−5 5.17E−5 5.01E−5 3.22E−5 4.20E−3
µ = 5000 1.64E−6 7.35E−7 1.85E−7 1.12E−6 3.05E−6
µ = 125 6.43E−10 1.27E−9 1.90E−9 2.53E−9 3.78E−9

n0 10 50 100 500 2000
µ = 50000 − − − − −
µ = 5000 8.17E−6 7.07E−5 − − −
µ = 125 6.93E−9 3.21E−8 6.53E−8 3.16E−7 1.27E−6

Table 14. The maximum norm error for h = 0.002 and n0 = 2 for the damped method for
smooth initial function

µ 50000 37500 25000 15000 10000
max. error 5.01E−5 1.95E−5 7.38E−6 8.39E−7 1.74E−7

µ 5000 4000 3000 2000 1500
max. error 1.85E−7 1.60E−7 9.72E−8 4.69E−8 2.79E−8

µ 1000 500 375 250 125
max. error 1.44E−8 5.06E−9 3.59E−9 2.55E−9 1.90E−9
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Table 15. The maximum norm error for h = 0.005 for the damped method for nonsmooth
initial function

µ 4000 2000 400 200 100
n0 = 1 3.10E−3 1.40E−3 2.76E−3 1.31E−4 6.77E−6
n0 = 2 1.42E−4 2.43E−5 1.20E−6 5.24E−7 3.79E−7
n0 = 3 2.10E−5 5.76E−6 6.54E−7 4.48E−7 3.93E−7

µ 75 50 40 10 5
n0 = 1 5.55E−7 3.72E−7 3.72E−7 3.74E−7 3.74E−7
n0 = 2 3.79E−7 3.76E−7 3.75E−7 3.75E−7 3.74E−7
n0 = 3 3.87E−7 3.79E−7 3.77E−7 3.75E−7 3.75E−7

Table 16. The maximum norm error for h = 0.2 for the different methods on maximum
norm contractive mesh for smooth initial function

µ 10.58 3.72 2.32 1.722 1.395
n0 1 2 3 4 5

DM 0.064 1.01E−5 2.97E−5 3.32E−5 4.58E−5
CN 0.3216 2.88E−5 1.32E−5 1.72E−6 4.17E−6
BE 0.037 0.0019 8.54E−4 4.49E−4 3.89E−4

Table 17. The maximum norm error for h = 0.02 for the different methods on maximum
norm contractive mesh for smooth initial function

µ 1066 380 240 86 35
n0 1 2 3 10 50

DM 0.0685 1.79E−5 2.38E−5 2.70E−5 2.99E−5
CN 0.1262 2.63E−5 4.29E−5 4.70E−6 6.77E−7
BE 0.037 0.0016 0.0012 1.56E−4 4.75E−5

Table 18. The maximum norm error for h = 0.002 for the different methods on maximum
norm contractive mesh for smooth initial function

µ 106000 38000 24000 8620 3460
n0 1 2 3 10 50

DM 0.0684 1.80E−5 2.34E−5 2.63E−5 2.82E−5
CN 0.1245 2.63E−5 4.30E−5 4.78E−6 8.13E−7
BE 0.037 0.0016 0.0012 1.53E−4 4.56E−5

Finally, we compare the damped method, the Crank–Nicolson method,
and the backward Euler method on the mesh where the maximum norm is
preserved for the damped method, that is, the mesh is chosen according to
condition (15). Clearly, on such a mesh the BE method is also maximum
norm contractive while the CN method is usually not.

Tables 16–18 contain the results for the smooth initial function and Ta-
bles 19–21 contain the results for the nonsmooth problem. Especially re-
markable is the advantage of the damped method on the nonsmooth problem.
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Table 19. The maximum norm error for h = 0.2 for the different methods on maximum
norm contractive mesh for nonsmooth initial function

µ 10.58 3.72 2.32 1.722 1.395
n0 1 2 3 4 5

DM 0.057 4.75E−4 2.03E−5 2.03E−5 2.83E−5
CN 0.2894 0.0242 2.32E−4 6.42E−6 3.40E−6
BE 0.0286 0.0015 6.37E−4 3.37E−4 2.89E−4

Table 20. The maximum norm error for h = 0.02 for the different methods on maximum
norm contractive mesh for nonsmooth initial function

µ 1066 380 240 86 35
n0 1 2 3 10 50

DM 0.0667 3.66E−4 2.54E−5 2.43E−5 2.70E−5
CN 0.4970 0.4256 0.3905 0.2057 0.0220
BE 0.0332 0.0015 0.0011 1.40E−4 4.28E−5

Table 21. The maximum norm error for h = 0.002 for the different methods on maximum
norm contractive mesh for nonsmooth initial function

µ 106000 38000 24000 8620 3460
n0 1 2 3 10 50

DM 0.0667 3.63E − 4 2.53E − 5 2.39E − 5 2.56E − 5
CN 0.5210 0.4941 0.4927 0.4673 0.4192
BE 0.0336 0.0015 0.0011 1.38E − 4 4.14E − 5

6 Conclusions and further problems

For combined schemes we showed that the condition r(∞) = 0 on the
starting scheme is equivalent to saying that the lower order approximation
scheme maps all initial data into the domain of the operator A. In a special
case, we proved that this is also a necessary condition to obtain the optimal
accuracy (which is p). For the numerical solution of the one-dimensional
heat equation we analyzed the damped Crank–Nicolson method using the
backward Euler scheme for the first n0 steps. We examined the relation be-
tween the number of backward Euler steps, the space discretization param-
eter and the possible choices of the time step. We showed that, for arbitrary
fixed h, there exists a suitable damped Crank–Nicolson method, having sec-
ond order of accuracy, which is contractive in the maximum norm for all
τ > 0. For the damped Crank–Nicolson method we showed that, for any
fixed n0, there exists τ̂ (depending on n0 and the space discretization param-
eter) such that, for any time step bigger than τ̂ , the damped Crank–Nicolson
method is contractive in the maximum norm. (Of course a small time step
can be chosen also, according to the well-known maximum norm contrac-
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tivity upper bound for the Crank–Nicolson method). We have also provided
numerical examples to illustrate the advantages of the damped method. We
list some further open problems:

(a) the behavior of the damped Crank–Nicolson method with the choice of
the time step between the contractivity bound of the Crank–Nicolson
method and τ̂ , in the one-dimensional heat equation problem;

(b) the investigation of other qualitative properties of the damped Crank–
Nicolson method, for instance, nonnegativity preservation, shape preser-
vation, etc. in the one-dimensional heat equation problem;

(c) analysis of the damped methods for more general problems, i.e., prob-
lems in several space variables, non-autonomous problems, nonlinear
problems.
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