Abstract The stochastic heat equation driven by additive noise is discretized in the
spatial variables by a standard finite element method. The weak convergence of the
approximate solution is investigated and the rate of weak convergence is found to be
twice that of strong convergence.
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1 Introduction and Main Result

We consider the stochastic heat equation driven by additive noise,

dX — AX dr = dw, inDxRY,

X=0, on D x R*, (1.1)

X(-,0) = Xo, in D.
Here D C R? is a convex polygonal domain and A = Y¢_, 9%/J&? is the Laplace
operator. Let H = L(D) with the usual norm || - || and scalar product (-, -). Define
A = —A with Z(A) = H*(D) N H} (D) and write (T.I) as

dX +AXdt =dW, t > 0; X(0) = Xo. (1.2)

Let (Q,.7,P,{.%};>0) be a filtered probability space, let Q : H — H be a self-
adjoint, positive semidefinite bounded linear operator, let W be a Q-Wiener process in
H adapted to the filtration, and assume that X is an .%y-measurable H-valued random
variable. Then (T.2) has a unique mild solution given by

X(1) :E(t)xof/(:E(t—s) dw(s), (13)
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where E(t) = e is the analytic semigroup generated by —A and the stochastic
convolution is well defined, see [[1]]. Note that A and Q need not commute.

We approximate (I.2)) by a standard finite element method. Let thus D be a polyg-
onal domain such that sufficient regularity estimates hold (see below) and let
{Si}r>0 be a family of function spaces consisting of continuous piecewise polyno-
mials of degree < r — 1 with respect to a quasi-uniform family of triangulations of D
and such that S, C Hj (D). The parameter / is the maximal mesh size of the triangu-
lation and r may be referred to as the order of the finite element method.

The finite element approximation of (I.2) is, see [[7],

dX), +ApXydt = P,dW, t > 0; X (0) = P,Xo, (1.4)

where P, : H — S;, denotes the orthogonal projection and Ay, : S, — S, is the ’discrete
Laplacian” defined by

Anv,2) = V¥, V), Yy, x €Sh.
It can be verified that P,W is a Qj-Wiener process in S, with QO = P,QP, and the
solution of (T.4) is given by
t
Xi(t) = Ex()PiXo + /O En(t — )Py dW (s), (15)

where Ej,(t) = e " is the analytic semigroup generated by —A,,.
In order to describe the spatial regularity of functions we introduce the following
spaces and norms. Let

: Y 7
H'=2(A%), | flar=A2fIl, vER.
It is clear that H* = H, H' = H} (D), H> = H*(D) N H} (D) with equivalent norms.

We also need the Hilbert- Schmldt norm for bounded linear operators,

IK|lfzs = Z IK¢e* = Tr(K*K), (1.6)
k=1

where {@}_, is an arbitrary ON-basis in H, and we define L,(2,H*) by

sy =B 150)E = ([ 1@y ab@)

In [7]] the following strong convergence result Was proved

Letr>2and 0 < 8 <rand assume that ||A~ s 01 s < oo and Xo € Ly (2, HP).
Then there is C such that, forr > 0,

_LB 1
1%,(6) =X Ol sy < CH (IXollyi0 0 + 1472 Q2 s). (1.7)

(In [7] there is an unnecessary restriction 0 < § < 1.)
In this work we prove weak convergence, that is, convergence of Eg(X,(¢)) for
all g in a suitable class of functions. We denote by Cg (H,R) the set of all real-valued,
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twice Fréchet differentiable functions g whose first and second derivatives are con-
tinuous and bounded. To be more precise, by the Riesz representation theorem, we
may identify the first derivative Dg(x) at x € H with an element g’ (x) € H such that

Dg(x)y=(g'(x),y), y€H,
and the second derivative D?>g(x) with a linear operator g”(x) € %(H) such that
D’g(x)(v.2) = (¢"(x)y.2), yz€H.

We say that g € C>(H,R) if g, g, and g” are continuous, that is, g € C(H,R), g’ €
C(H,H),and g" € C(H,%(H)). Then we define

2 . 2 .
Gy(H):={g€C*(H,R): gllez () < o},
with the seminorm
lgllc2 ey := sup lg'(x) [l + sup lg” (x) | s(zs)-
xeH xeH

Note that we do not assume that the function g itself is bounded. One may construct
g € C2(H) by the following procedure: Take v € H and G € C*(R,R) such that G’
and G” are bounded. Then g, defined by g(u) := G({v,u)), is in C}(H). Since g’ (u) =
G ((v,u))v, below is fulfilled if v € HB. A more interesting example is provided
by g(u) = (G(u),v) = [, G(u(&))v(§)dE, where g’ (1) = G'(u)v satisfies ifve
HP N L.(D). A particular case is the linear functional g(u) = (u,v).

Our main result is the following.

Theorem 1.1 Let X and X, be given by (1.3) and (L.3)), respectively. Let r > 3, 0 <
. . . . 1-p
B <1, and assume that W is a Q-Wiener process in H with ||[A~ 2 Q% llas < oo and

Xo € Lo(Q,HP). Assume that g € C}(H,R) and, in addition,

I8’ ()l < K(1+[lullgs), ueHP. (1.8)

Then there are C > 0, hg > 0, depending on g, Xo, Q, but not on T, h, such that for
h<hy T >0,

|E(g(Xi(T)) - g(X(T)))| < Ch*P|log(h)|.

Note that the assumption on Q, A_# Q% |lzs < oo, is the same as for the strong
convergence estimate (I.7). The rate of weak convergence is thus twice the rate of
strong convergence, except for the logarithmic factor.

Two special cases can be high-lighted:

— If Q is of trace class, then = 1, because ||Q% %5 = Tr(Q) < oo. Thus, the rate
of convergence is O(h?|log(h)|).
— If Q = I, which is space-time white noise, then we assume

JA=% s = Tr(A™(0P) <

Since the eigenvalues of A behave like A; ~ K24 as k — oo, this is possible if and
onlyifd=1and 8 < % Then the rate of convergence is almost O(h).
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The theorem has two unnatural restrictions which are due only to our proof,
namely r > 3 and the extra assumption on g’ (see also Remark [3.1)). Indeed,
after this work was completed we learned that in [5] the same rate of convergence
(without logarithm) was proved without these assumptions. However, the estimate in
(5] blows up as T — 0, while ours is uniform in 7 (cf. (3.4) and (3.3) below). The

proof is also more complicated than ours and the condition ||A’%Q% las < oo is
replaced by a different, but essentially equivalent, one. Time stepping by the theta
method is also included in [3]]. In a more recent work, [4], a similar result is proved
for a semilinear equation in 1-D.

In this light we may say that condition means that our result has the flavor of
superconvergence. For example, when applied with a linear functional g(u) = (u,v),
ve H', and B = 1, it essentially coincides with the following result from [7]:

1
1, (6) = X Oy 21 < 8 (1ol y(.1) + oz (WO s )

While the literature on strong convergence of numerical approximations of para-
bolic stochastic partial differential equations is abundant, there is very little on weak
convergence. Apart from [4.5], we are only aware of [6], which proves a similar
result but under a much stronger restriction on the test function g, and [3] which is
concerned with the Schrodinger equation.

2 Preliminaries

In this section we collect some facts and make some preparations for the proof of
Theorem [L.11

Let S, T be bounded linear operators on the Hilbert space H and assume that 7 is
of trace class. Then,

Te(ST) = Te(TS), Te(T*) = Te(T). 2.1)
If, instead, T is Hilbert-Schmidt, then by (1.6) and (Z.1)),
ITllas = [IT"lus,  [17Sllus = [1S"T " [lns,  [IST[lus < [IS]/|T[[us- 22

Under the assumptions on the finite elements that we made in Section [T we have
the following inequalities. We state them only for the ranges of parameters that we
need. First we have the inverse inequality,

A up|| < ChR™2"|up ||, un € Spy ¥ €[0,1]. (2.3)
We also have the following equivalence of norms in Sy:

[Aup|| < Cl|Aup|l,  un € S,y €[0,4], (2.4)
and (by the H I_boundedness of P,)

|AYPu| < C||A"||, weHY, ye[0,1]. (2.5)
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Moreover, for 0 < 6 < %, 0 < p <1, we have
|AS (P, —DA™P|| < Ch?P=2. (2.6)

This is a well-known approximation property for F,. Finally, the standard error esti-
mate for the linear elliptic finite element problem can be formulated as

1A =A, 'R fI <CRIAT £, s€ (23], @7

(This requires some assumptions on the polygonal domain D.) The above inequalities
are well-known in the special cases when the parameters 7, 0, p, s are at the endpoints
of the parameter intervals. For intermediate parameter values we use an interpolation
procedure. The error estimate (2.7) is the only place where we need r > 3.

It is also well known that there are positive numbers C, ¢ such that

IATE(t)v]| < Gt~ Pe= A%, t>0,0<8<y<], (2.8)
and that
L 2 (12 T 3 2 Lial2
/0 [AZE(t)v]|=dr < 5 |v]|7, /0 |A; En(t) Pyl de < 501" (2.9

We also recall Itd’s isometry, which takes the form

E(“/)tF(t—s)dW(s) 2) :/(:||F(t_s)Q%||§sds, 2.10)

when the integrand is a deterministic operator as in (1.3) and (1.5).
Let

Z(t,7,€)=E(t—1)& +/IE(t—s)dW(s), 0<7t<t<T. (2.11)

If £ is .%;-measurable, then Y (1) = Z(z, 7, &) is the unique mild solution to
dY (1) +AY (t)dt =dW (1), t > 1; Y(1)=&.

In particular, the solution of (I.2) is X(¢) = Z(¢,0,Xo). The following lemma de-
scribes the spatial regularity of Z.

Lemma 2.1 If ||A_#Q%||Hs < oo and & € Ly(R,HP) for some B € [0,1], then
Z(T,1,&) € Ly(2,HP), for all0 <t <T, and

_1B 1
12Ty 8) < (1€ Ny ,m) + 1477 Q3 lns)-

Proof This is proved in [7, Theorem 3.1]; see also [l1, Section 5.4] and Lemma @]
below.

We have the same regularity for X:



Rate of weak convergence of the finite element method 7

Lemma 2.2 Let f§ € [0,1], assume that ||A’#Q% s < oo, Xo € L*(Q,HP), and let
Xy, be given by (L.3). Then

_1B 1
16 (4) 1) < € (1l y 1) + 11472 Q¥ s )

Proof By taking norms in (T.3) and using (2:4) we have

B
1% O11 g 1) < CE( 147 X,(0)I)
gCE(||A§Eh(t)PhXO||2) +CE(H/OtAthh(tfs)Pde(s)Hz)
=C(L+h).
By 1t6’s isometry (Z.10), (2.2), and selfadjointness, we obtain

1

Al ! ' " ;
b= [ 147 Bl =P isds = [ 101) (4 xR s ds
t B 5
= [ 10345 Exo)pilfis ds.

Using (2.2) and (2.9) we calculate

1 1B to1

<04, 7 Puls [ 147 Eu(o)2ds

1-p _1=B
5 2

1 1B 1 1B
7 A,

< 11024, 7 Rill}s = 1024~

Hence, using (2.4) and (2:2)), we obtain

2
A Pillfis-

1 1B g P 1B
L<3|02AT 7 [islla= 4, 7 B <ClA™ 2 Q2 s
Finally, by 2:3),
4 g
1 <E(A7 BXol?) < CE(IAT X)) = CIXo )2, g o)
The proof is complete.

For g € C2(H,R) and with Z as in (2.11) we define
u(x,1) :E(g(z(T,z,x))), X€H,0<1<T. 2.12)
If & is an .%;-measurable random variable, then by [[I, Theorem 9.8],

u(&.0) =E(s(2(T.1.8))| %) @13

Therefore, by the law of double expectation,

E(u(&.n) =E(E(e2(T..6)| %)) =E(s@(T..E). @14
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For a function f € C? (H,R), by the Riesz representation theorem, we may iden-
tify the bounded linear functional f’(x) with an element in H and the bounded bilinear
functional f”(x) with a symmetric bounded linear operator on H. Hence, using the
explicit formula for Z in Z.11)), we have

(Oru(x1),y) = E((g/ Z(T0.0),E(T=1)y)), yeH,
(O ulx,0)y1,y2) = E<<g"(Z(TJ,X))E(T — 1)y, E(T *t)yz>), yi,y2 €H,
so that
du(x,1) = E(E(T ft)g'(Z(T,t,x))), (2.15)
O2u(x,1) = E(E(T —1)g"(Z(T,1,x))E(T — ;)). (2.16)
The function u satisfies Kolmogorov’s equation (see [[1, Chapter 9] for details),

dhu(x,t) — (Ax, du(x,t)) + 3 Tr (dfu(x,1)Q) =0, x€ Z(A), t€(0,T),

(2.17)
u(x,T) = g(x), xEH.

3 Proof of Theorem [1.1]

Let u(x,) be defined by @T2) and apply T3 with & = X(0),
E(u(x(0),0)) = E(E(g(Z(T.0.X(0))| %) )
= E(g(2(1,0,X(0))) =E(g(x(1))),
and with & = X,(T),
E(u(xu(T),7)) = E(E(s(Z(T.7.Xu(T))| 71 ) ) = E(s(xu(T))).

Hence,
E(g(X(T)) = g(X (7)) = E(u(X,(T). T) ~ u(X(0),0))
- E(u(Xh(O),O) - u(x(O),O))
+E(u(Xh(T), T) - u(Xh(O),O)>.

Using Itd’s formula (see, for example, [[1]) for u(X;(¢),7), where X, satisfies (I.4)
with covariance operator Q;, = P,Q;,P;, and using the Kolmogorov equation (2.17) to
replace the term oyu, we have at least formally

E(u(X,(T).T) — u(X,(0),0))
- E/OT (azu(Xh(t),t) — (ApXp (1), (X (1),1)) + %Tr(afu(x,,(t),;)Qh)) d

=5 [ (= 0000, (4~ A)(0),0) + 1T (R, (0).0)(01 - 0) ) .
(3.1
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We note here that the use of It6’s formula requires a function u : H x RT™ — R with
uniformly continuous partial derivatives on bounded subsets of H x [0, T]. The above
calculation can be made rigorous as follows. Define u, in the same way as u in (2.12)
but with A replaced by the Yosida approximant A, = nA(nl —A)~'. Then u, has
continuous partial derivatives ([I, Theorem 9.16]) and, since X;(¢) € S;, we may
consider u, as a function Sj, x R* — R. Then the derivatives are uniformly continuous
on bounded subsets of Sj, x [0, 7]. Writing It6’s formula and Kolmogorov’s equation
for u, we get (3.1)) for u,,. Passing to the limit in (3.1)) using standard arguments (see,
for example [, Chapter 9] and [2} Chapter 7]) we obtain (3.1} for u.
We therefore have

E(2(X,(T)) —g(X (7)) = E(u(X,(0).0) — u(X(0),0))
—E/T<(AhPh — PA)hu(Xy(1),1), X (1)) dt
0 . (3.2)
+1E /0 Tr (92u(X,(1),1) (Qn — Q) ) dr
=hL+bL+5.

We estimate the three terms separately. For the first term we have, by the chain
rule and recalling X;,(0) = P, X, X (0) = Xo,

1
L= E{/O (D1u(Xo + s(PXo — Xo),0), PuXo — Xo) ds}
1
= E{ /0 ((Pr—1)01u(Xo + s(PyXo — X0),0), (B, — I)Xo) ds},
so that, by (2.6) with p = /2, 8 = 0, and since Xp € HPB almost surely,

1
1 <E{ [ CH 910X + 5(PiXo — X0),0) | - CHP 1 Xol g s

1
<08 [ 10X+ 5(PLXo = X0),0) |y ) ol ) d

N

<P 1%, 0.08) S%Pl]||31M(X0+S(PhX0—Xo)=0)||L2<Q,Hﬁ)'
€0,

Now, by (L.8), 2.13), and 2.15),
1011(Xo + 5 (PuXo —X0),0) 17, 518y = Ello1u(Xo +s(PiXo — X0),0) 135
= E{||E (E(T)g'(Z(T,0,Xo +s(PiXo — Xo)))|-%0) 17,5 }
<E{||E(T)g'(Z(T,0,Xo+ s(PiXo — X0))) |35 } 3.3)
< C(1+E{||Z(T,0,Xo+5(PXo — Xo)) |35 })

_1B 1
< OO+ 1Ko +5(Pio — X)) + 14~ 2 02 [is).
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where we used Lemma [2.1] for the last inequality. Thus,

_Ip 1
sup ||d1u(Xo +s(PuXo —X0),0)l 1,08y < CA+[Xoll 0.8y + 1A~ 2 Q7 [us),

s€[0,1]
and therefore,

Ih| < Cth”XOHLz(Q,Hﬁ)'

3.4

We remark that by using, instead, (2-8) with y= /2, 6 = 0, in (33), we would

get

i) < ch?PT7P/% sup ||¢'(f)]| 1Xoll, (0.m8)
feHp

where the assumption (I.8) is not needed.
For the second term, we use the identity

ApPy— P A = AP (A7 — AT R)A,

to get
T
h=-E /0 (AnPy — PyA)hu(Xy(1),1), X (1)) dt
= —E/T<AhPh(A71 —A;lPh)A81u(X/,(t), ) ( )>
_ 71«:/ EpA = A PAd (X, (1), 1), AL X (1)) b
Therefore,

roa-g_ ,
B <E [ AR =45 PAG(X (1)) (1) g

roa-8_ _
< [ 14 BT =4 AR (1)) |y

X sup ||Xh()||L2(.Q,H’3)'
te(0,T

Using (2:13) (see also (2.13)) and (T.8) we have here

-8 _ _
4, 2 Pu(A™" = AL P)AG (X (1), 1)l| Ly

1

8
= |lA, * Pu(A™" — AL POAE{E(T — 1) (Z(T 1, X4(1)))| 1} |y 0,1

3.5)

_B _ B B B
<A, PR(AT A P)AT 2 E(T —0)E{AZ ¢ (Z(T,1,%,(1) | F: H o e.m)

_B _ B B
PPAT A R)ATZE(T — )| K(1+ 1 Z(T, 8, X0()) | 1,y 0 116))-
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Lemma [2.2| provides a bound || X, (2)]| 1y(,8) < C, which inserted into Lemma
leads to a bound for || Z(T,2,X,(1)) (o 8- Therefore,

T B
|12\§C/0 1A, 2Ph(A’]—A,j'P;,)A“%E(t)Hdz. (3.6)

In view of (2.3) we have
ro1-5 1 1 -8
|14, ra -, A e a
0

T i
gc;r“ﬁ/ IA™ A P)ARE() . (3.7
0

Using (2.7) with s =2 and s = 2+ f3 (this is the only place where we need r > 3) and

(2:8), we obtain

T B
[l =t e e
0
h?
= [l —a A e o
+/ 1A~ — A, A~ B AE()|| dr
T
SChz/ 18 4 4 cntB /2 e ¥ s
0 h

C
< Bh”ﬁ +Ch¥ P |log(h)| < Ch**P|log(h)),

for h < ho (C and ho depend on f3). Inserting this into (3.7), (3:6) shows that
L] < Ch*P[log(h)]. (3.8)
For the third term in (3:2) we use the identity
On—Q=P0P,—Q=P0P,— 0P+ 0P — Q0= (P,—1)OP,+Q(P, —1I).

Therefore,

2=k [ (Futi 0.0 0)) o

T
—E [ T (3Ru( (1)) (P~ D)QP, + O(P, ~ )} ) dr.
0

Note that, since E(t) is trace class for ¢ > 0, it follows from ([2.16) that 07u (X} (¢),t)
is trace class as well, so that by @) the above integrands are well defined. Moreover,
it follows from (2.1) and selfadjointness that

Tr (Fu(Xs(0),1) (Py — 1) (QRy) ) = Tr ((QR)" (By —1)" FFu(Xi(0).1)")
=T ({PQ(P ~ DHARu(X(1).1)})
= Tr (Ou(X(0),)PLO(P 1) ).
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Therefore,
T
20 = E/ Tr (OFu(X,(1),1) (P +1)Q(P, — 1)) i
0
We bound the integrand. By (2.16) we have

’Tr (afu(xh(r),t)(Ph +1)Q(Py 71)) ‘

< sup ’Tr (312u(x,t)(Ph+1)Q(Ph —1))‘

xeHP
- sup ’Tr (E{E(T—t)g”(Z(T,t,x))E(T—t)}(Ph—i—I)Q(Ph—1))‘
< E{XSEI;I% ‘Tr (E(T—t)g”(Z(T,t,x))E(T —1)(P,+1)Q(P, —1)) ’}
< sup |Te(E(T—0)g" (NET —1)(B+ DO 1) )|

feHp

so that

T
2B <E [ sup |Tr (B0 (NE@EA+DOE D) |d (9)
0 rerb

Let € € (0,/2). Since E(t) is of trace class for # > 0, we may use (2.I)) to obtain

T (E(0)g" (FEW) (P +DQ(R, ~1))
—Tr (A’g“E(t /2)
x ATEE(/2)8" (NE@) P+ DR 1))
=T (A5 E(/2)8" (NEW) (P +DQ(R 1)
X A~EHEE (s /2))
=Te (A5 E(/2)g" (NEW) (B +1)Q}

B
x Q3 (B~ DA™ ¥E(1/2)),
so that, in view of TI‘(AB) < ||A||HS||B||H87

‘Tr (E(r)g”(f)E(t)(Ph +1)Q(P, — 1)) ‘

< IAEFE(t/2)g" (FE() (Pu+1)0* |ls |QF (B — DA™ T+ E(1/2) s
=Ji x Jb.
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For the first factor we use (2.2)) to get

B_ 1
Ji={A2°E(t/2)H{g" (F)E(t)(Py +1)Q7 }us
1 B_
= {Q2 (P +DE(1)g"(f)HAZ “E(t/2)}us
1 B_
<Q* P+ DE®)llus 8" (NI |A>*E(/2)]].
Using also (2:6) with § = p = %,we have here
1
10> (Pu+DE() s
=@} AR (B A AT EO)lus
11 B _LB B
<[Q2A™ 2 [lus A2 (B + DA™ 2 [[[[A=2 E(1)]]
_LB 1 1B
<ClA™ 7 Q?lms A2 E@)]-
Therefore,
Y y = B,
S <ClAT 2 Q2 lms [lg"(NIHIA=2 E@) [A27 E(/2)]-
For the other factor we have, by 2.2)),
h=1102A~ A (B DA AT E(1/2) s
1 1B B _B 1
<[1Q2A” 2 [lus [lA2 (P — DA™ 2 E||[AZE(e/2)]].
Then,by@withSz%Sp:#—s,

1-5
T <CHP AT 0% s [AZE(r/2)]|
Inserting this into (3.9) and using (2.8), we obtain

_ _1B 1
5] < Ch*P 2| A= 2" Q1 |[fs sup [|8"(f)l]
feHp

ESE B_ 1
></0 IAZE@)][ A2 E(t/2)||[|A>E(t/2)] dt
1-B T
< CHP22A=T QR s sup (18" (] [+ e an
feHp 0
By estimating the integral we conclude

_ _ _1B 1
|| < Ce ' h?P 2| A 2 Q7 |[s sup [|g"(f)]]-
feHp

Finally, we set € = 1/|log(h)| < B/2 (for h < hy with hy small enough) to get

871h2[3728 _ h2[3672810g(h)871 — 672h2[3|10g(h)|.
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Thus, there are C = C(f8), ho = ho(B) independent of g, T and & such that

RS BN
|| < ChPllog(h)] A~ 2 Q2 [l sup, 1g" ()1,
feH

for h < hy, t € [0,T]. Together with (3.4) and (3.8) this completes the proof.

Remark 3.1 Tt is important to note that the strong assumptions (2.7), where r > 3,
and (L.8) are only needed in the estimate of the second term L. For I35 we only use

(2:6) and

sup [|g” (f)| < ee.
feHp

For I} we only use (2.6) and

sup [lg'(f)]| < e
feHB

in order to get (3.5), while (2.6) and (I.8) are needed for (3.4).
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