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Unbounded functional calculus for bounded groups
with applications

Boris Baeumer, Markus Haase and Mih &ly Kov acs

Abstract. In this paper, we develop the unbounded extension of the Hille—Phillips functional calculus for
generators of bounded groups. Mathematical applications include the generalised Lévy—Khintchine for-
mula for subordinate semigroups, the analyticity of semigroups generated by fractional powers of group
generators, where the power is not an odd integer, and a shifted abstract Griinwald formula. We also give
an application of the theory to subsurface hydrology, modeling solute transport on a regional scale using
fractional dispersion along ow lines.

1. Introduction

The functional calculus for semigroups goes back already to the seminal work of
Hille and Phillips and is today a well-established tool used equally in theory and
applications. It is based on the formula

f(A)=  €55Ap(ds) (1)
0

whereS A generates the semigro(naés’*)S o and f is the Laplace transform of the
bounded measurg. Already quite early in the development, it was clear that the
original Hille—Phillips construction (which yields only bounded operators) should be
extended towards unbounded operators, to treat for instance the fractional powers
(A )o< 1. Thiswas subsequently done by Balakrishrndnd the resulting theory

has found many applications, for example in stochastic processes, where Bochner’s
theory of subordination is a special instance of functional calculus reasoning.

It is obvious and known for a long time that one may exchange the bounded semi-
group for a bounded group in the original Hille—Phillips construction. Then one inte-
grates the grouge’”)s r against bounded measures Brand gets a much richer
calculus than in the semigroup (the “unilateral”) case (for details see BZeht.[28]
the authors considered bounded groups on UMD spaces and proved that the generators
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of such groups have a bounded bisectoHal -calculus. However, the authors work
only with norm estimates and avoid the description of the unbounded calculus in the
general case. Ini2p] an unbounded calculus for genef2d-groups is described and
applied, but an explicit examination of the unbounded calculubdemdedgroups
seem to be missing in the literature.

The reason why we now change this comes from applications. In their attempt to
model solute transport in subsurface ow, the rst and third authors were led to a
fractional advection-dispersion equation of the form

—tu(t,x):év—xu(t,x)+D ~ u(t,x); u(0,x) = f(x)

with 1 < 2.Since > 1, this equation can no longer be covered by the unilateral
theory. However, it turns out that by means of the functional calculus for bounded
groups this (and similar equations) can be treated successfully (se& &matore
details).

Now, since the time of Hille and Phillips, unbounded functional calculus theory has
made some steps forward, mostly triggered by McIntosh’s work on sectorial operators
and the great success of functional calculus methods in the treatment of maximal reg-
ularity questions. InZ3] and [24, Chapter 2] the second author has proposed a general
scheme of extending a bounded functional calculus to an unbounded one; this scheme
is purely algebraic and differs radically from Balakrishnan’s more analytical approach
in [4]. In our opinion, it is more perspicuous, with the additional advantage that we
can cite existing (and not very dif cult) theory in place of translating Balakrishnan’s
(apparently involved) construction to the group setting. Of course, the question how
the two approaches relate should be answered (and we do this, see Behfark

The paper consists of three parts. In the rst (Se2tsind 3), we develop the
unbounded functional calculus for a bounded gréef¥”)s & in a Banach spack.

The main result here is the so-called transference principle (The®Bmwhich just
expresses the original idea of functional calculus: that certain relations between func-
tions imply the corresponding relations between operators. The transference principle
has two aspects, one concerning the norm and the other the strong topology. The rst
is nothing but the (trivial) estimate

H(A) M U wye)

wherep is a bounded measure &and gSsA M foralls R (this is of course
highly non-original). The other aspect concerns the strong topologies (Wik) M
acting on L1(R) by convolution). Transference here means that strong convergence
Mn W implies strong convergenge,(A)  W( A), and this is at the heart of many
useful approximation formulae. The strong transference principle, as it is formulated
here, is new, cf. also Remafk2. It allows to transfer approximation schemes from
functions to operators and hence is important for theoretical numerical analysis.
Inthe second part (Seef) we use the developed theory to derive some results about
semigroups subordinate to a bounded group (Thedré&min particular a generalised
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Lévy—Khintchine formula (Theoredh4). Furthermore we prove a generation theorem
and a Griinwald-type approximation formula for fractional pow&rsvith exponents

> 0 being different from an odd integer (Theoremh$ and4.9). These extend
results of 1] and [50] and are applied in the last part.

The third part consists of a description of the problem in subsurface hydrology that
has motivated this research. As a matter of fact, we can only sketch the background
here and have to refer to the literature for a more detailed account. Using the theoretical
results obtained so far, it follows that the Cauchy problem corresponding to the rele-
vant fractional advection-dispersion equation is well-posed (The&r&ymoreover,
based on the Griinwald approximation mentioned earlier, we have set up a numerical
example showing the ow around two ellipsoid obstacles, as our model predicts it.
Such numerical simulations are important to test the validity of the model.

2. The extended Hille—Phillips calculus and the shift group
The Laplace transformip of a bounded measuge  M(R:) is de ned by
Lu(2) = ) e552(ds) (Rez 0).
We writeC; := {z C : Rez 0} andendow
ECL) ={Lp : p MR:+)}
with the norm

eco= L1 L 0 EC).

Then&(C, ) is a Banach algebra with pointwise product, isometrically isomorphic to
M(R+ ) via the mappingC. If S A generates a bound@g-semigroupl = (T(s))s o
on a Banach spacé, we de ne as in {)

f(A):=  T(u(ds) (f &E(Cy), p = £5L).
0
Then
1= (FS f(A):&C)S LX)

is a well-de ned homomorphism of algebras, called tideDPhillips (functional)
calculus

Although we shall eventually return to the semigroup case (Thedr&nmost of
the paper will deal with the analogous situation for boun@gdjroups LetS A gen-
erate a bounde@o-group(G(s))s r on a Banach spack, consider the convolution
algebra MR), and de ne

Gux:= G(s)xp(ds) (x X,p  M(R)).
R
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Similar as above, we may writg,, = f(A), where
f(2):= (Lw(2) = e>S7u(ds) (z iR)
R

is the Laplace—Stieltjes transformpofsincey has no support restriction, the Laplace—
Stieltjes transform oft is only de ned oni R. Because of the close connection to the
Fourier transform, we shall often write instead ofCu, and f  instead of£Sf,

De ne

E(R):={u:p M@} and E(iR):= f: f LYR) .
Then we obtain a homomorphism of algebras
c=(fS f(A):E1IR)S L(X),

which we also calHillebPhillips calculugthe space& (i R) will be of some impor-
tance later). We shall focus on the group case in the following, but most results hold
mutatis mutandig the semigroup case.

The Hille—Phillips calculus can be extended towards an unbounded functional calcu-
lus in a canonical way. The method, described at lengtB3r2{], is purely algebraic
and has nothing to do with groups or semigroups: One starts with a téplg, ) ,
whereF is an algebra with unit, £ is a subalgebraoF and :£S L£(X)isan
algebra homomorphism. This situation is callechhstract functional calculugfc).
In the situation from above (group case):

£= &(1R), = ¢ and F= M(iR)

is the algebra of all measurable functionsi@ In the general setting, fof  F
each member of the set

Regf):={e & :ef €&, ( e)injective

is called aregulariserfor f. In general, there may be no regularisers at all for a given
function f, but if

Reql) =
then the afc is callegroper. Now, for a proper afc one can extendto the set
Fr={f F:Reqf)=1},
which necessarily contairgsandl, by setting
( ©)= (&% (e,

wheree Red f) is arbitrary. This does not depend on the choice ahd yields
a closed (in general unbounded) operaforf ), which coincides with the old f)
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when f itselfisin&. The setF; is an algebra. IfF is actually an algebra of functions
on a set C and the function = (zS  z) is regularisable, then we can form the
operatorA := () and we call the afc &unctional calculus for Alnstead of ( f)
we then writef (A).

Many of the general rules governing the extended mappimgn be found inZ4,
Chapter 1]. However, an important fact is missing there, recently observed by Clark
[17, Proposition 3.2].

PROPOSITION 2.1.Let (&, F, ) be a proper abstract functional calculus, and
let f,g F be such that there exiéé,)n, (en)n £ such that
() enf Eforeveryn N;

(i) eng Eforeveryn N;

(i) ( en) I and ( &) | strongly.
Then

(H+ (g=(f+g) and ( f)( 9)= ( fg).
Let us come back to where we started. We already have seen that
(E(R), M(iR), ¢)

isan abstract functional calculus. Itis proper since forReO0andu = 1g, (s)eS Sds
we have

s (+2% = &3G(9ds=( + ASY
0

which is injective. The functioiz S 2) is regularisable byl + z)Sl and elemen-

tary arguments yield thér)( A) = A. As a consequence we obtgifiA) has its usual
meaning for every polynomial, and even for every rational function with poles off
( A), see P4, Sect. 1.3].

2.1. The shift group

The model case of a bound&d-group is the right shift group on Xg := L1(R)
given by
((s)f)t):= f(tSs) (s;t R, f Xo).
De ning Ag := d/dt, thenS Ag generates (see R4, Sect. 8.4]). With = L

£(iR) an easy calculation shows that
(Ag)f= Rf(-§S)u(dS)= pofo(f Xo)

Hence (' Ap) is the convolution operator induced ppy= 51 or equivalently, the
“Laplace—Stieltjes” multiplier operator with symbol:

(A)f=L8 -Lf] (f Xo) 2)

From this relation it is easy to prove the following.
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LEMMA 2.2. Let E(IR). Then ( Ap) is injective if and only if = 0O} is
dense inR.

The next result is at the heart of thé-transference.

PROPOSITION 2.3.The representation
=( ((Ag):E(R)S  L(Xo)
(i.e., the HillebPhillips calculus fal/ dt) is isometric.

Proof. Reformulated, the proposition says just thatfior M(R) the norm of the
convolution operatoff S p  f) on LY(R) equals p M(R)- This is a well-known
result, easily proved by using an approximation of the identity. O

The isometric mapping allows to carry the strong topology over &¢i R) and

M(R). To be precise, we shall say that a Kfet) E(iR) converges strongly to
E(R)If (Ag)f ( Ag)f forall f  Xp. Analogously,(n ) M(R) is

said to convergstronglytop  M(R) if p = f p fforall f LY(R).Hence
V1 W strongly if and only if£p L strongly.

The relation 2) will be true for more general functions. To be more precise, let

:iRS Cbeanymeasurable function and de ne the “Laplace—Stieltjes multiplier
operator’™M with symbol and maximal domaib(M ) by

M f=g: (Lf)=Lg (f,g Xo).

If :iRS Cis regularisable in the Hille—Phillips calculus fég, then there is
e £&(iR) such thae(Ap) is injective ande E(iR) as well. Then, forf, g Xo,

(A)f=g (e)( Ao)f = e(Ao)g (e) -(£f)=e-(Lg).
Sincee( Ag) is supposed to be injective, the ¢et= 0} is dense, so
e -(Lf)=-e-(Lg) (Lf)= Lg M =g
Hence we have shown the second part of the following lemma.

LEMMA 2.4. Let :iR S C be a function. Then is regularisable in the
HilleBPhillips calculus for # = d/dt if and only if there is f D(M ) such that
{£f = O} isdense inR. In this case one hag Ag) = M .

Proof. The function is regularisable iff there is a functiom £(iR) such that
g==e E(iR) ande(A) is injective. By multiplying with a functioth  Eg(iR)
such thath has no zeros at all (e.d1,may be a Gaussian), we may suppose without
loss of generality thag, e~ Eo(iR), which means thafSle D(M ). O

The following theorem characterises a subclass of regularisable functions.

THEOREM2.5.Let :iRS Cbeanymeasurable function. Then the following
assertions are equivalent.
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(i) M isdensely debned.
(i) Foreveryz iRthereis f D(M ) suchthatLf)(z) = 0.
(i) Thereis f D(M )suchthaf{Lf)(z)> Oforallz iR.
(iv) There is(en)n  Eo(iR) such that g 1 strongly, @ Eo(iR) and
en(2) > Oforallz iR,n N.
In this case, is continuous and regularisable in the HilleDPhillips calculusdbut.

Proof. Letus abbreviaté := D(M ). Thenl is a convolutionideal, i.e., kR) |
I. Itis obvious that (ii) follows from (i). Suppose that (ii) holds. Then for eachR
there is a functiorf; | such thatfi(it) = 0. Sincel is a convolution ideal, we may
pass tofy f, with f; (s) := fi(Ss)fors R and hencef; 0 without loss of
generality. By compactness, for each inteffalb] R one nds a functionf |
such thatf O andf(it) > Oforallt [ a,b]. Choose such a functiofy, |
forthe intervallSn,nl,n N, and letg, LY(R) be such thaty, = f,. Choose
n > 0in such a way that

n fait Oy <

n N
anddenef := |y nfanandg:= |, § nOn. Then
g= nOn = nfn = .
n N n N
Hencef landf= [ \ nfn> 0everywhere, and (iii) is established.

Now suppose that (iii) holds. Then from Wiener's Tauberian theorem
[43, Theorem 9.4] it follows that is dense. Le( ), be any approximate iden-
tity in LY(R). Sincel isdense, we can nd, | suchthatg,S , ;  0;clearly,
also(gn)n is an approximate identity, and so without loss of generality we may suppose
that , |.Because

n h=(Cn h) (h) =h

foreveryh  L(R), also( ,)n is an approximate identity of i R) and since is an
ideal,  , |.Butthen

ni=(n g+ 0ot

is an approximate identity with, (it) := n(it) = | n(it)|2+ nS1f(it) > 0 for all
t R
Finally, to see that (iv) implies (i) simply note that eaghis a regulariser for
, Soen(Ap) f D(Ag) = D(M ) ande,(A) f f asn , for every
f LYR). O

In the next section, we shall see that the shift group is a model case for general
groups. For example, we shall see that a functiosatis es the equivalent conditions
of Theorem2.5if and only if  is regularisable within the Hille—Phillips calculus of
each bounded group.
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3. The transference principle and unbounded functional calculus

In this section, we shall transfer results about the functional calculusgfer d/ dt
on L1(R) to results about that foA, wheneverS A generates an arbitrary bounded
group on a Banach space

THEOREM 3.1 (Fundamental theorem of transferenc@he HilleBPhillips
calculus for A4 = d/dt on Xp = L1(R)

=0 S (AJI:E(R)S  L(Xo)

is isometric, and also a homeomorphism onto its image with respect to the strong
topologies. LeSS A generate a boundedg@roup on a Banach space X. Then the
HilleBPhillips calculus

c=[ S (A]:EGIR)S L(X)
is continuous with respect to the norm topologies with

(A I sup G ] eiry ( E(R)).

Furthermore, on norm bounded setss is continuous with respect to the strong
topologies.

Proof. The rstpartis simply Propositiod.3and the definition of the strong topology

on &(iR). The estimate in the second part is trivial. So suppose that one has a norm-
bounded net = Lu , with 0 strongly. Take = Lf for somef  Xp.

Then

cimy= LM ) gim= H f oo O

Hence (A)(A)=( )(A) O0innorm. This showsthat (A) 0 strongly
on

span{ ( A)X : E(IR), x X}.

Since this set is dense X (look at (2) = (1 + hz)él, h  0), we may conclude
that (A) O strongly. O

REMARK 3.2. Intheir famous and in uential monograptf], Coifman and Weiss
coined the name ‘transference principle’. Simplifying alittle, their result allows to esti-
mate the norms of averages over general bour@edroups acting on an arbitrary
LP-space by the norms of the associated convolution operatorg(@) LThe main
strength of this theorem lies in the fact thaklp < is allowed, the estimate in
the case = 1 being essentially trivial. However, the Coifman—Weiss theory does not
extend to strong convergence, which is the main point in The@.dm
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COROLLARY 3.3. Let SA be the generator of a boundedy-@roup, and let
E(IR).
(@) (Transference of approximate identities} E(iR) such that( 0) = 1.
Then ( hA) | stronglyash O.
(b) If R(( Ao)) is dense, theR( ( A)) is dense.

Proof.

(a) Itis easy to show that h2)(A) = ( hA) forh 0. By virtue of Theorem
3.1it suf ces to show the result foA = Ag. The proof is easy, using that
Cc(R) is dense in E(R) (cf. [14, Theorem 3.1.6]).

(b) Letf Xgbe arbitrary. By hypothesis, therefis X suchthat( Ap) fn
f. Taking Laplace-Stieltjes transforms and insertingelds ( A)(L f,)(A)
(L1)(A) in norm. This shows thde(A)x : e Eo(iR), x X} is contained
in the closure of the range of A). Using an approximate identity, one sees
that the former space is dense. O

We now turn to the extended functional calculi.

LEMMA 3.4. Lete £&p(iR). Then the following assertions are equivalent:
() e(z) = Oforallz iR.
(i) WhenevelS A generates a boundedy@roup on a Banach space(A) is
injective.
(i) WheneveS A generates a boundedy@roup on a Banach space(&) has
dense range.

Proof. (i) implies (ii): Fix f  L1(R) suchthat’ f = e. Suppose that for some X
G(s)x f(s)ds= e(A)x = 0.
R

Multiplying by G(t) fort 0, we see tha®(:)x f = 0onRs,wheref (s):=
f(Ss),s R.By Wieners theorem@()x f = 0onRs forall f L(R)and
by using an approximation of the identity= G(0)x = 0. )

(i) implies (i): Fixt R and consider the special case of the gr@(g) = e>'st
onC. ThenS A =S it is the generator and® e(A) = e(it).

(i) implies (iii): By Wiener’s theorem, (i) implies tha#( Ag) has dense range, and
this implies (i) by Corollary3.3.

(iii) implies (i): If (i) is not satis ed, thenR(e(Ag)) cannot be dense, by (the trivial
part of) Wiener's theorem. O

COROLLARY 3.5. LetS A generate a boundedg@yroup on a Banach space X,
andlet :iRS C.If isregularisablewithinthe extended HilleDPhillips calculus
for A, then there is a regulariser e for such that e Eo(iR).

Proof. Let e = Lu be any regulariser for . Takeh  L(R) such that( z) :=
(Lh)(z) > Oforallz iR. Then by the previous lemmé A) is injective. Hence
e= e ¢&o(iR)isaregulariserfor ,ande = (e) Eo(iR) as well. O
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We can now extend Theore5

THEOREM 3.6.For :iRS C the following assertions are equivalent.
(i) M is densely debned, i.e. satispes the equivalent conditions of Theo-
rem2.5.
(i) ( A)is debned via the extended HilleDPhillips calculus wherévegen-
erates a bounded ¢group on a Banach space.
Suppose that) and(ii) hold. Then there is a sequen@),  Eo(iR) such that
(a) e, is aregulariser for in the HilleBPhillips calculus for A;
(b) en(A) | strongly as n ;
wheneveS A generates a boundech@roup on a Banach space.

Proof. Suppose that (i) holds. Then, by Theor&rh, there is(ey)n  £o(iR) such
that e, 1 strongly, e, Eo(iR) andey(z) > Oforallz iR,n N. Let
S A generate a bounde@y-group. By Lemma3.4, e, is a regulariser for in the
Hille—Phillips calculus forA and by Theoren3.1, part (b),en(A) | strongly. This
proves (ii), (a) and (b).

Conversely, suppose that (ii) holds. Considerléfeshift group on BUCR) with
generatorS A. By Corollary3.5we nd a regularisere  Eo(iR) for , such that
e Eo(iR). Writing  := £5%e Xowe havethat D(M ). By Theoren?2.5
(iii) it suf ces to show thate(z) = O for everyz iR. Itis easy to see that

e(A)f,g = fe(A)g (f BUCR) g Xo)
Fixz iR.Sincef := €5 is not zero and(A) is injective,e(A) f = 0 as well,

hence we ndg Xg such that

0= eAfg = RGStZ(e(Ao)g)(t) dt = L(e(A0)9)(2) = &(2)(L9)(2).

Consequentlyg(z) = 0. O

Letus de ne
F:= :iRS C: DM )isdensein(R) .

By Theorem2.5and Lemma2.4 if FthenM = ( Ap); and by Theoren3.6,
( A) is de ned wheneveB A generates a a bound&g-group on a Banach space.
To see thatF is a rich set of functions, recall Carlson’s inequalityf] (see also
[1, Lemma 8.2.1]), which in our terminology says that there is a con§tauich that
whenever  WY2(iR) then  &g(iR) and

C 2 v2

Eo(iR) L2(iR) L23iR) ° ®3)

Using this it is not dif cult to see that

C(iR) : L2(iR) F C(R).
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The following is a consequence of TheoreSand3.6, Propositior2.1, and general
functional calculus theory.

COROLLARY 3.7. Let , F.Then , + F and
(A+ (A=(C+ ) A ad (ACAH=() A
wheneveS A generates a boundecy@roup on a Banach space X.

The transference theorem can be employed to transfer certain relations between the
unbounded operator§ Ag) = M to the operatorg( A).

PROPOSITION 3.8.Suppose, F and letS A generate a boundedg@jroup
on a Banach space X. Then the following statements hold:

@ (( A) ( M ) (Spectral inclusioh

(b) FTR(M ) D(M )and E(IR), thenR(( A) D(( A).

c©fM +M =M, and(M .+ )= then( A+ (A=( + ) A.
MM =M and (M )= ,then(A (A=) A.

Proof. We only give asketch.(@)Let (M )= (( Ao)). Thenf(Aog) L(Xo),
wheref := (S ) S Hencef(A) £L(X), by transference,andso (( A)).

(b) By hypothesig )( Ao) = ( Ag) ( Ag)= M M  L(Xp). By transference
() A £L(X),hence( A) ( A= ( )( A)isbounded.

(c) Dene := + . By hypothesis,( Ao) + ( Ag) = ( Ag). This yields
D(( A)) = D(( Ag) = D((Ag) = R(( S )>A0)), forsome  C. Now
apply (a) and (b). (d) is similar to (c). O

Finally, we transfer approximations of unbounded operators from the model case
L1 to general bounded groups:

PROPOSITION 3.9.Let( n)n  F and suppose that there exists F with
D(M ) nD(M ) and such that M, f converges for all f D(M ). Then
there isa unique  F suchthat , pointwise. MoreovefD(M ) D(M )
and,if (M )=,

n(Ax  (AX (x DC(A))

wheneveS A generates a boundecy@roup on a Banach space X.

Proof. By hypothesis, nf is norm convergent ir€(iR), for all f from a dense
subset ofEo(iR). By varying f we see that := lim, | exists pointwise, and
it follows readily that FandD(M ) D(M ). If in addition (M), let
e=( S)S EGR).Then ne estrongly. InsertingAyields n(A)e(A)

( A)e(A) strongly. But clearlye(A) = R(, ( A)). O

REMARK 3.10. As mentioned intheintroduction, Balakrishndlhfas constructed
an unbounded extension of the Hille—Phillips calculus for boursgéesigroupsGoing
through his paper one may convince oneself that the same construction would work
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mutatis mutandigor bounded groups. This would yield a functional calculus for the
classF de ned above, and this—by Theoredn—would coincide with our calculus
restricted to that class. For more detail, s2€.[

4. Mathematical applications

We shall illustrate the effectivity of the developed functional calculus by look-
ing at three examples. First, we shall transfer regularity and stability properties of
convolution semigroups to semigroups obtained by subordination and in case of a
positive subordinator we transfer the Lévy—Khintchine formula to the subordinate
semigroup. Next we show that certain fractional powers of group generators generate
analytic semigroups and nally we prove a Griinwald type approximation formula for
fractional powers.

4.1. Subordination

Suppose tha®= (Ut)t o M(R) is a uniformly bounded convolution semigroup
with o = . By virtue of Theoren8.1we are allowed to identifys with the induced
convolution operators oK = L1(R). Hence we often write

S(t) = [Ludd(Ao)  L(Xo) (t ),

and this is abounded semigroup. We shall suppose in the following that this semigroup
is strongly continuous. Under this (and, in fact, weaker) condition, one nds that

Lug=€eSt (t 0

for some function :iRS C.,the so-calledog-characteristic functionlt is easy
toseethaBM =S ( Ap) is the generator o8 (see also the proof of Theorefnl
below).

Now, given any bounded group on a Banach spac¥, with generatolS A, we
can form

So(t) =€ J(A) = _GEu(d) (¢ )

and this is a bounded semigroup, by functional calculus. Following Bochdgtd],
we call S the subordinatorand S the subordinate semigroupNe shall apply the
transference principle of the previous section to transfer properties$riungs.

THEOREM 4.1. The semigroup & is strongly continuous and has generator
SB=S ( A).Forevery &(C:)one has

(B)=( )( A) (Composition Rule)

and the transference estimate

(B) £x sup G(s) (M) . (4)
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Furthermore, if( n)n N E(Cy) and ((M ) 0 strongly onL(R), then
n(B)  Ostrongly on X.

Proof. Theorem3.1implies that the strong continuity ofS  S(t) = [egt 1(Ao)
carries over to that of S Sg(t) = [vest 1(A). Denote the generator & Ss by
S Bo, SB, respectively, and let := £51  M(R+). Then

C A= (€5 ) (ds) (Ao) = ; (€55 )(Ao) (ds)

=, S(s) (ds) = ( Bo).

Here we used the rst part of TheoreBal and observe that the integral

(€% ) (ds)

converges within a norm-bounded subsef @fR) with respect to the strong topology.
Hence applying the second part of Theor@riwe may replacéo, Bo by A, Binthe
computation above. Specialising= (1+ z)°! we see thatindeed A)= B. O

COROLLARY 4.2. If for S one of the following properties is true, then the same
property holds also for &

(@) sup o€ ' () <

(b) S is exponentially stable.

(c) S is strongly stable.

(d) S is bounded holomorphic of angle (O, / 2].

(e) S is differentiable for & to.

(f) S is norm continuous for# to.

(g) S is uniformly continuous;i.e, S has a bounded generator.

Proof. For (a) apply the transference estima®® {0 (2) = eStze t for (f to
(2)=€512 § 512 and for (g) to ( 2) = €512 § 1. For (b) use the last part of
Theoremd.1with n(2) = eS™Z(1+ z)Sle n, and for (c) with n(2) = eS™"2 where
th . To prove (d), notice that sinc® is bounded holomorphic of angle

(0, / 2], itfollows that the sectorial region :={ C:larg |< 5+ }\{0}
(SM ) and hence ( SB) by Proposition3.8@). Furthermore, R(,
SM ) camy 1y for all g and  (0,) for someM  1.By
the transference estimaté) (

n n
aR¥(, $B) Me  aR‘(, SM ) : (5)
k=1 L£(X) k=1 L(L1(R))
forall Re > 0, ax C,n N. By the continuity of the resolvents, this holds

for iR as well. Let § . Thenthereisg iR andr > O such that
D( o0,r) (SM ) (SB),whereD( o,r) is the open disc with centre
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and radius . Thus, the Taylor series expansion of the resolvent® 6, r) and the

transference estimatg)yield R(, $B) s ) & Forthe proof of e) note
that Sis differentiable fort > tg if and only if ( €5 )(Ag) = ( Ag)(e>! )(Ag)
L(Xp) fort > tg. Transference carries this overAo O

We remark that the transference of analyticity for subordinate semigroups and
measuregi s supported o0, ) was proved by Carasso and Katth] while the
transference of the angle in the same setup, but for a restricted class of measures, was
proved by Berg et ald].

Finally we formulate a result that allows the construction of convergent numerical
approximations to the solution of the Cauchy problem

ut)=S ( Au(t), u(0)=x X
based on convergent numerical approximations to solutions of
ut) =S M u(t), u©0)=f Li(R).

PROPOSITION 4.3.Let( ) Fand , F as in Proposition3.9. Sup-
pose that eacl§ M  generates a g-semigroup § such thasup, s Si(s) <
If for some R, S M has dense range, then al§oM generates a bounded
Co-semigroup S. Furthermore, whenev@A generates a boundedy@roup on a
Banach space X,

Gs(s)x  Gs(g)x (x  X)
uniformly ins 0 on compact intervals.

Proof. Employing Theoren?.5, part (iv), one easily shows th&(M ) is a core
for M . Then the Trotter-Kato theoremlq, Chapter Ill, Theorems 4.8 and 4.9]
implies thatSM generates a bounde&zh-semigroup on L(R), andR(, M )

R(, M ) strongly for all < 0. This transfers to the strong convergence

R(, n(A)x  R( ( Ax (x X, < 0).

Moreover,S ,(A) andS ( A) generate the subordinate semigrods, andGs,
respectively, which are uniformly bounded M/sup, G(s) (see above). Applying
the Trotter—Kato theorem again but now ¥nthe proof is complete. O

4.1.1. The generalised LZvy-Khintchine formula

Of special interest to applications is the case where the subordiB@&qositive;
ie,S(t)f Oforall f,t 0. Thenul has a Lévy-Khintchine representation (see,
e.g. 9, Theorem 23.13.1] 0130]), namely is given by

2

— & _ 2 Szse  ZS
(2)=c+dzS S+ o 1Se Sl+52

(ds), (6)
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where the Lévy measure—which satis es _, min{1, s’} (ds) < —and the

constant& 0,d Rand 2 0 are uniquely determined. IfS(s) = 1 for all

s 0, subordination has a stochastic interpretation as randomising time againstanin -
nitely divisible distribution and is given by the Lévy—Khintchine formula above with

¢ = 0. The following theorem in the special case= Ay, is [29, Theorem 23.14.2]

and itis also proved ird] in the multiparameter case, but not with functional calculus
techniques.

THEOREM 4.4. Let S be positive; i.e., the log-characteristic function is given by
the LZvy-Khintchine formulég). ThenD(A?)  D( ( A)) and

L 2 - N A
Asx = cx + dAx S ?A2x+ xS G(sx § X

. S (ds) (x D(AY),

whenevelS A generates a boundedy@roup on a Banach space X astlAs is the
generator of the subordinate semigroug.G

Proof. Letus de ne (ds) := (s?/(1+ s?) (ds) M(R\{0}). We rstsplit into
“good” and “bad” parts:

2
2

o(2) ;= ¢+ dzS -2
2

— & Ss S _ & Ss

1(2) = s:0(13 e>%?) 1+ 2 (ds) = s:0(13 e>%?) (ds),
15e528 sz &2 18 e5528 sz

= ds) = ds).

2(2) <0 SZ 1+ SZ ( S) 0 52 ( S)
Then = o+ 1+ 2.By Hille—Phillips calculus,

1(A) = 0(I S G(9) (ds)  L(X)

S=

and by general functional calculus theory(A) = ¢l + dAS TZAZ. Now,

15e528sz . 2 L . 72

z
0 o0 s?

(7]

S(sé NeS'2dr = Z22(L fs)(2)
0

with fs =S 5521(0,5)(sé )fors> Oandfs = sézl(syo)(sé -) for s < 0. General
functional calculus theory yields

18 e5528 57 I SG(s)S sA

PILIS(A) = [ ZLITS)(A) = 2 (A= —g
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fors = 0. ltis easily seen that the mappi(!gé fs) : R\{0} S Ltiscontinuous.
Lety  M(R) be such thaly = z%(1+ 2)S2. Then by transference

2(2)
(1+ 22

Oﬁ[fs ul (ds) (A)

202) 7 A

S2 _
2AA)(1+ A - 72 (1+ Z)2

(A) =

S=

(PILE(L+ 2)52)(A) (ds)
0

S=

2ILT] (A)L+ A)S2 (ds)

18 e5528 «
= 2520 (A A5 (dy
s=0 S
1S G(s) S sA &
- —(? 221+ A)S? (ds)
s=0 S
the integral being convergent in the operator norm. Putting together the pieces con-
cludes the proof. O

REMARK 4.5. In the “unilateral” case, that is when one considers convolution
semigroups instead of groups, the Lévy—Khintchine representation simpli es to

(2)=c+dz+ 156575 (ds), (7)

s>0

as shown by Phillips in41]. By the same proof as above, using the functional calcu-
lus in the unilateral case, one recovers easily the unilateral analogue of Thédrem
above:

(Unilateral Lévy—Khintchine formula4[l]) Let S= (ut); o be a positive convo-
lution semigroup with log-characteristic function given by the LZvyDKhintchine
formula(7). LetS A be the generator of a bounded-Gemigroup on a Banach space
X, and letS As be the generator of the subordinate semigrotpgen by

SO=[E A= TR ¢ 0.
ThenD(A) D(As) and
Asx = cx+ dAX+ . (xS T(s)x) (ds), x D(A).
4.2. Fractional powers that are not odd integers

Our next example generalises a result of Goldst2ihfor non-odd integer powers
to all fractional powers that are not odd integers.
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THEOREM 4.6. LetS A be the generator of a bounded group. Then for all positive
exponents that are not odd integers, i.e. exponents 0 for which there is an
integer nwith2nS 1< < 2n+ 1, the operatolS(S1)"A generates an analytic
semigroup of anglé1S|2nS |)/ 2.

Proof. For0< < 1,SA generates an analytic semi-group of and& )/ 2
even in the case & A generating a bounded semigroup, s§e[B2, Theorem 5.4.1]
or [24, Prop. 3.1.2]. Len 1 and ( 2) := (S1)™!z . We have to show that
M generates a semi-group or(IR) and that this semigroup is analytic of angle
(1S|2nS |)/ 2,the restis Corollarg.2 We shall establish the equivalent resol-
vent estimate, i.e., we need to bound #@&R)-normof ( S ) Slfor =] |é
with

S18|nS/2) + < <( 18|n8/2) §.

By Carlson’s inequality3) we obtain
1 V2 12
(X0 S Lggry ( S)? Lw
Note that depending on the argument k), which is+ (1S |nS / 2|) ,
<~ 2 - -~ -
SESD™k =| P+|k? S2 kl cof +(18|nS/2)).

Hence for > 1/2,

1 14
R(, M C < dk
CMYB00 C g TR §2 W cod)
21k|2 S2 va
x 2 2 “ > dK
g (I [°+Ikl*= S2[ k| cog))
e 2 |§2+:IJ u§1+:IJ / va
B o 1+ u2S2ucoq)
Vo2 821 \S4+1 S+ U va
L 20wl RSy sey Sy
0 (1+ u2S 2ucoy)) 2
| °lc.
This is what we needed to prove. O

REMARK 4.7. Theorem.6is notsurprising in view of the following heuristic argu-
ment. Since itis well known th& A? is sectorial of angle 0, alg& 1) A" = (S A?)"
is sectorial of angle 0. On the other hand, supposingAhatinjective, A 52" is sec-
torial of anglgl2nS | the product of these two commuting sectorial operators should
then be sectorial of the appropriate angle. However, to the best of our knowledge, a
statement precisely justifying the last step of this reasoning is missing in the literature
(under some stronger assumptions it appears, e.@®7jrCorollary 2.2).



B. Baeumer et al . J. Evol. Equ.

Theoremd.6also gives us an explicit generator formula for fractional powers.
COROLLARY 4.8. Let S A be the generator of a bounde@d-@roup G, and let
> Osuchthereisn Nwith2nS 1< < 2n+ 1. Then
G(hs)x S x
R h
where(Lp1)(2) = exp((S)™ 1z ),z iR.

Proof. Take u;  M(R) such that(£p)(2)= D™z =gSV™ Y 2 Hence,
dut(s)=dua(s/ tY ). Furthermore, pi(du)=(£p1)(0)=1. Hence, fox D(A ),

(SH™HA x= Jim, Hi(ds) (x D(A)), (8)

-~ 1 .
(SD™IA x= lim =  G(s)xpn(ds) S x
h ot h R

1 N
lim — G(sh? )x S x ds
Jim o G(sh xS x pa(ds)

. G(hs)x S x
lim _— =
h 0t R h

H1(ds).

O

Let Cy(R) denote the space of continuous functions vanishing at in nity. By taking
G to be the shift semigroup on,(R) above, with 0< 2, formula @) is a special
case of the fractional derivative formulae obtained by Meerschaert and Schef er in
[36].

4.3. Approximation formulae

Another application is the transference of all approximation formulae in tfig)-
setting (see, for example3]) of fractional derivatives to fractional powers. As an
example we prove a shifted nite difference formula for the fractional powers based
on a shifted Grinwald formula which was developed3§ for the fractional deriva-
tives of functions. A fractional difference formula was obtained by Westph&0jf¢r
generators of semigroups which was then used to obtain the one if(fRe Lsetting.
Following the philosophy of the present paper we show once again thatitis easily done
in the other direction, too: theliR)-result implies the abstract one. We also mention
that the shift in the nite difference formula is not merely a useless generalisation as
the conventional one produces nonstable approximations in fractional order advec-
tion-dispersion equations even when combined with the most robust time integration
method, the Backward Euler method. The shifted ones remedy this problem as shown

in [38].

PROPOSITION 4.9.Let S A be the generator of a boundecy-@roup G on a
Banach space X.Let> Oand p R. Then one has

L 1 <.\n -
A x= hIm&+ h_n:0(81) 0 G((nS p)h)x (x D(A)). (9)
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Proof. We x > Oandp R. Notethatsince , | < the sum converges
absolutely in operator norm. De n€ z) = z and

_ 1 & 1\n S(nSp)hz ePhz & 1\n Snhz
h(2):= — (S e Phz= - (S1) e
h - n h - n
h o & Sh
- O g eShz _ g, epnz 1SET

- phz
- e z e’'“f(h2)

wheref(z) = (1S eé‘z)/ z) isthe Laplace-Stieltjes transform of a fractional spline
as developed by Unser and Blu 9. Functional calculus yields

WA = A G(Sph f(hA) GSph)f(hAA .

As f  E(iR), Corollary 3.3 shows thatf (h A) | strongly, which implies what
we want. O

5. Application to fractional advection-dispersion equations

In this section, we are proposing a new model for solute transport in the subsurface
based on subordinating a ow against a subordinator that is not unilateral; i.e. that has
support on all oR. Theoremt.1allows us to identify the governing partial differential
equation which in turn enables us to extend the model. The Grunwald approximation
formula, Propositior.9, provides us with a tool to numerically approximate the solu-
tion to the extended model. We rst explain the idea omitting some technicalities
and then in Theorerb.1 we give the precise formulation of the equation and prove
well-posedness within the framework the paper.

Fractional differential equations have recently made a renaissance, mainly driven
by scientists in Physics5[10,13,31,33,35,37,45,51], Finance P2,42,44,46], and
Hydrology [3,6-8,47,48], as they can be derived via stochastic limit theorems and
hence provide robust and parsimonious models predicting power-law tails. This is
because fractional derivatives derive from sums of random movements with power
law probability tails B9,47], for which the usual central limit theorem is replaced by
its heavy tail analoguep, 34].

For example, for k 2, the fractional advection-dispersion equation

—tu(t,x)=év—xu(t,x)+D < u(t, x); u(o,x) = f(x) (20)

has been successfully applied B] fo model solute transport in subsurface ow on

a laboratory and eld scale; i.e., a tracer was injected into the subsurface (and a sand
box) and the concentration of tracer was measured at various points downstream. The
data clearly shows non-Fickian dispersion and power-law leading tails, both charac-
teristics captured bylQ) as the Green'’s function solution t&Q) is the density of
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a completely positively skewed stable random variable; i.e. the solutiohOjchés
Fourier transform

U(t, k) — et(évik+ D(ik) ) f(k)

A competing model was proposed by Baeumer et3where the solution to

—tu(t,x):S v—Xé D% u(t, x); u(0,x) = f(x) (11)

with = [/ 2, 1 was investigated. The solution is given through Bochner subor-
dination of the solutio (t) f to the classical advection dispersion equatior=(1)
against a -stable density. In other words the solution is given by randomising the
individual clock for different particles according to astable random variable,

u(t, x) = g (t,9)T(s)f ds,
0

where the Laplace transform of is given by S Sg (t,s)ds = St This
model is of course easily extended to higher dimensions and more complex ow elds
as the concept of randomising time is independent of any given geometry. The main
drawback is that the solution disperses too fast for many applications as it is basically
a damped stable random variable and as such has a divergent mean; the Green'’s
function solution decays like® / 251 for largex. Note that the subordinator had to be
restricted to 1in order to keep it unilateral which is necessary for subordinating

a semigroup that is not a group. Also note tB4S —Xzz)’ 2= —, as can be seen

by their Fourier symbol§|k| = (ik) , which rules out obtaining a solution tha)
through classical unilateral subordination.

The techniques in this article however give us a tool to combine the two models and
interpret the solutions td.Q) as particles having randomised clocks (or random veloc-
ities) as for groups the subordinator no longer has to be unilateral and we can therefore
assign negative local times (or negative velocities ) to obtain asymmetric dispersion.
Furthermore, the subordinator can now be a stable density of index 1 2, ensur-
ing nite mean and slightly faster decay of the Green'’s function solution for large
that was observed in the experiments. Knowing that the solution is given through a
(non-unilateral) subordination we can then exteb@ (o more complex geometries.

Observe that the solutioi(t) f to the one-dimensional fractional advection disper-
sion model 10) satis es

sHf(x)=  f(xSou'(ds)= f(xSveu'(vds)= [G(s) fl(x)p'(vds),

whereG is the shift group generated I8y /  x. HenceS can indeed be interpreted
as being obtained by subordinating the one dimensional average ow (the 1-d ow
group) againsfig = ut/v with Fourier transform

p-tg(k) - et(éik+ (ik) ) (k R)
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and = DvSY being a dispersion coef cient describing the spread of individual
time around clock time.

Instead of subordinating the one-dimensional ow we now subordinate regional
ows. Aregional ow eld {v(x)} can easily be extended R? such that the solution
operator family{G(t)}; o of

—tu(t,x) =S ,ut,x); u(0,x)= f(x) (12)

is a group on g(RR?), where

vu(t, x) = - (v(x)u(x,t)).

Subordinating this group agair]s;g; i.e, let

Gs(t) f = ¢ Gs(s) fu(ds)

we obtain a semigroufiGs(t) f}; o that is exhibiting fractional advection-dispersion
along ow-lines. By Theoremt.1, for 1 < 2, itis the solution family to

—U(t,X) :é VU(t,X)+ ( V) U(t,X)
t (13)
u(o, x) = f(x).

One could, of course, obtain the same result by rst transforming the ow geometry
into a constant velocity rectangle by solving for the characteristics, then solving a
constant-coef cient fractional-advection dispersion equation and nally transforming
the solution back. The formulation i1 ) however allows us to easily formulate and
include a term modeling lateral dispersion, or concentration gradient driven diffusion.
For example, allowing for concentration gradient driven diffusion yields the following
Cauchy problem,

—u(t,x) =S Jut,x)+ () ut,x)+ 2 u(t,x)
t (14)
u(0, x) = f(x).

Using the theory developed in the paper, the following theorem shows that the corre-
sponding abstract Cauchy problem is well posed.

THEOREM 5.1. Assume that the vector beld R?>  RR? is twice continuously
differentiable with uniformly bounded partial derivatives BA up to order 2. Let
X=Cy(R?), A= 2 withmaximaldomai(A) ={f CyR): f Cy(R?}?!
(Bof)(x) = - (v(x) f(x)) withD(Bg) := CL(R?) and B:= Bo.If islarge enough,
then the operatotd := S B+ B + A with domainD(A) = D(A) generates a
contractive analytic semigroup on X.

1 Here we identify G(R?) with a subspace of distributions.
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Proof. It is well known thatS B generates a bounde@y-group on X under the
assumptions om (see, for example 1P, Section 11.3.29]). Since( 2) := zS z is

a special case of the Lévy—Kintchine formuB),(we have that the multiplie$ M
generates a contraction semigrouplarfR?) with measure having Fourier transform
e>t(z> 2) By Theoremd.1the operatoS(zS z )(B) = (Sz+ z )(B)isthe
generator of the corresponding subordinated semigroup. It follows from Proposition
3.8(c)that(Sz+ z )(B)=S B+ B anditis, in particular, closed. By Theorem
4.4D(B%) DEB+ B )andsinced(A) D(B2) alsoD(A) D(SB+ B).
ThereforeSB+ B is A-bounded asA has a nonempty resolvent set. Moreover,
A generates an analytic semigroup Xr(see, for examplelf Example 3.7.6]) and
hence a standard perturbation result (see, for examMp|eJhapter 3, Theorem 2.1])
shows thatd =S B+ B + Agenerates an analytic semigroupXnf is large
enough. Since both semigroups generate§By+ B andA are contractionsd
generates a semigroup of contractions by the Trotter product formula. a

5.1. Numerical example

As a numerical example we generated a divergence free ow eld by putting a
potential on an (approximately in nite) rectangle containing two ellipsoid obstacles.
We then computed points on owlines in intervals of by solving the characteristic
ODEs ( t canvary from owline to owline). These points are useful for the purpose
of solving (14) by an operator split method as we can use these points alternatively
as mesh points for a nite element approximation of the concentration driven diffu-
sion part as well as points used in the Griinwald approximation (see Prop@sRion

0.8

0.6

0.4

0.2

o o 0o 0 0 o o

-1 -0.5 0 0.5 1

Figure 1. Flow eld and mesh of numerical example
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t=05 t=1 t=2
05
0
-05
- 0 1-1 0 1-1 0 1

Figure 2. Snapshots of a numerical approximation of solutions to
(14 with =2, D=0.05, 2= 0.005 and initial conditionf (x) =

& (x+0.79+ (y+0.2)
exp(S 5002 )2

t=0.5 t=1 t=2
05
0
-0.5
- 0 11 0 11 0 1

Figure 3. Snapshots of a numerical approximation of solutions to
(14 with = 1.3,D=S50.05 cof / 2), 2= 0.005and initial

-~ 2 2
condition f (x) = exp(S X7 H (07, 5
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.001
.0001
.00001

01
001
.0001
.00001

which is the critical approximation result allowing us to approxintate, un(t, x) +

D( v) un(t, x)). The so generated mesh and ow lines can be seen inlFighe
resulting numerical solutions can be seen in FRysnd 3. Notice the leading tail

in log-space in Fig3 and the similarity of the main bulk of the respective plumes.
However, the leading tail makes a big difference if, for example, the model is used
to predict the evolution of a potentially toxic plume in groundwater, where even low
concentrations are of significant interest.
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