FINITE ELEMENT APPROXIMATION OF THE LINEAR
STOCHASTIC WAVE EQUATION WITH ADDITIVE NOISE *
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Abstract. Semidiscrete finite element approximation of the linear stochastic wave equation with
additive noise is studied in a semigroup framework. Optimal error estimates for the deterministic
problem are obtained under minimal regularity assumptions. These are used to prove strong conver-
gence estimates for the stochastic problem. The theory presented here applies to multi-dimensional
domains and spatially correlated noise. Numerical examples illustrate the theory.
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1. Introduction. We study finite element approximation of the linear stochastic
wave equation driven by additive noise,

du — Audt = dW in D x (0, 00),
u=0 in 9D x (0, 00), (1.1)
u(-,0) =ug, u(-,0)=vy in D,

where D C R?, d = 1,2,3, is a bounded convex polygonal domain with boundary
0D, and {W(t)};>0 is an Lo(D)-valued Wiener process on a filtered probability space
(Q, F,P,{Fi}i1>0) with respect to the normal filtration {F;}i>0. We let ug, vy be
Fo-measurable random variables.

For introduction to the stochastic wave equation and its applications we refer to
[1], [4], [5], [19] and the references therein.

The stochastic heat equation and its numerical approximation has been exten-
sively researched in the literature, see, for example, [4], [8], [9], [11], [19], [21], [22].
The numerical analysis of the stochastic wave equation is less studied, see [12], [14],
[16], [20]. In particular, these works do not deal with multiple dimensions or correlated
noise. This is the purpose of the present work.

We use the semigroup framework of [5] in which the weak solution of (1.1) is
represented as a stochastic convolution

u(t) = /Ot A2 sin((t — s)AY2)dW (s),

where, for simplicity, we have set the initial values ug = vg = 0. Here A = —A with
D(A) = H*(D) N H{ (D), and v(t) = A~'/?sin(tAY/?)f denotes the solution of

v+ Av=0, t>0,

1.2
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We show that, if @ is the covariance operator of W, and if
HA(ﬁfl)/ZQl/ZHHS < oo,

for some @ > 0, then we have spatial regularity of order 3,
1/2
(E(Hu(t)”ilﬁ)) < Ct1/2||A(ﬁ71)/2Q1/2”HS,

where HP = D(Aﬁ/Q) and || - |lus denotes the Hilbert-Schmidt norm. In particular, if
Tr(Q) = [|Q'/?||3s < oo (spatially correlated noise), then we may take 3 = 1. On the
other hand if @ = I (uncorrelated noise), then 8 < 1 —d/2, that is, 8 < 1/2, d = 1.
See Section 3 for details.

We discretize (1.1) in the spatial variables with a standard piecewise linear finite
element method, and we show strong convergence estimates in various norms. For
example,

(B(lun () —u0l?) " < CORPIINCIEQ s, pefos, (1

where again ug = vy = 0 and wuy,(¢) is the approximate solution with maximal meshsize
h, see Theorem 5.1.
As a comparison, we recall from [21] that for the stochastic heat equation we have

(B(lu®E,) " < a0 2 s, 520
(E(lun(t) - u(t)HQ))l/2 < CHIAPV2Q Y |ys, B € [0,2),

Here the order of regularity coincides with the order of convergence.
The main tools for the proof of (1.3) are the Ité-isometry (2.4) and error estimates
for the deterministic problem (1.2) with minimal regularity assumptions,

lon () = v @)l < COR £l e, (1.4)

[on(t) = (I < Cllfll g

and, hence by interpolation, see Corollary 4.2,
2
lon(t) = v(@®)]| < CORZ| fllga, B €[0,3].

As mentioned above, when we specialize to @ = I, d = 1, we have 8 < 1/2 and
thus the order of strong convergence is O(h®), « < 1/3. This is the same order as in
[14], where spatial semi-discretization of the nonlinear stochastic wave equation with
a standard difference scheme of uniform meshsize h is considered for d = 1 and with
space-time white noise (Q = I). We note that the order of convergence is less than the
order of regularity, which is 5 < 1/2. However, it is known that in (1.4), || f|| 5= can
not be replaced by || f|| 52— for any € > 0, see [15] and Remark 4.3 below. Therefore,
O(h®), a < 1/3, is the best that one can expect. This explains the discrepancy in the
convergence behavior between the heat and wave equations.

In [20] the leap-frog scheme is applied to the nonlinear stochastic wave equation in
the unbounded domain D = R, and a strong convergence rate O(hl/ 2) is proved. The
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proofs in both [14] and [20] are based on representation of the exact and approximate
solutions by means of Green’s functions. The difference in convergence rate between
the two is explained by the fact that in R the Green’s functions for the wave equation
and the leap-frog scheme coincide at mesh points, see Remark 5.2 for more details.

In summary we may say that we extend the results of [14] to the finite element
method in multiple dimensions and to correlated noise. But we only consider the
linear equation with additive noise. We also explain the discrepancy between [14] and
[20]. We plan to address the nonlinear equation di — Audt = f(u)dt + g(u) dW in
future work. Weak convergence of the finite element method is studied in [10].

The paper is organized as follows. In Section 2 some preliminaries are provided
and a rigorous meaning to the infinite dimensional Wiener process {W(¢)},>0 and the
stochastic integral are given together with the definition of a weak solution of (1.1).
Existence, uniqueness, and regularity of weak solutions are discussed in Section 3. In
Section 4 the finite element method for the deterministic problem is formulated and
analyzed. The results obtained here are used in Section 5 to derive strong convergence
estimates for finite element approximation of the stochastic equation (1.1). Finally,
numerical experiments are presented in Section 6 in order to illustrate the theory.

2. Preliminaries. Throughout the paper we use ’-’ to denote the time derivative
’%’, and C to denote a generic positive constant, not necessarily the same at different
occurrences. We refer to [5] and [13] for more details on stochastic integration and
for some concepts that we cannot explain here.

Let (U, (- )U) and (H, (- )H) be separable Hilbert spaces with corresponding
norms || - ||y and || - || . We suppress the subscripts when it causes no confusion. Let
L(U,H) denote the space of bounded linear operators from U to H, and L2(U, H)
the space of Hilbert-Schmidt operators, endowed with norm || - ||z, ,z). That is,
TeLly(UH)itT € L(U,H) and

TN Z 0wy = DI Terllzr < oo,

where {e}7°, is an arbitrary ON-basis in U. If H = U we write L(U) = L(U,U)
and HS = L5(U,U). Tt is well known that if S € L(U) and T € Lo(U, H), then
TS € L5(U, H) and we have the norm inequality

TS o,y < N Mo e 1512w (2.1)

Let (92, F,P) be a probability space. We define Ly(£2, H) to be the space of
H-valued square integrable random variables with norm

/2
ol = B = ([ ot ape)

where E stands for expected value. Let Q € L(U) be a selfadjoint, positive semidef-
inite operator, with Tr(Q) < oo, where Tr(Q) denotes the trace of (). We say that
{W(t)}e>0 is a U-valued Q- Wiener process with respect to {Fi}i>o0 if
(i) W(0) =0,
(ii) W has continuous trajectories (almost surely),
(iii) W has independent increments,
(iv) W(t) — W (s), 0 < s < t,is a U-valued Gaussian random variable with zero
mean and covariance operator (¢ — s)@,
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and
(v) {W(t)}+>0 is adapted to {F; }i>0; that is, W(t) is F; measurable for all ¢t > 0;
(vi) the random variable W (¢) — W (s) is independent of F for all fixed s € [0, ¢].
It is known, see, e.g., [13, Section 2.1], that for a given Q-Wiener process satis-
fying (i)—(iv) one can always find a normal filtration {F;};>0 so that (v)—(vi) holds.
Furthermore, W (t) has the orthogonal expansion

}:1” t)e;, (2.2)

where {(v;,e;)}32; are the eigenpairs of  with orthonormal eigenvectors and {/3;}72,
is a sequence of real-valued mutually independent standard Brownian motions. We
note that the series in (2.2) converges in Ly (€2, U), since for ¢t > 0, we have

WO 00 = (HZ Ve ) = S ml,0)°
:tZVJ =tTr(Q) < o0

We only need a special case of the It6 integral where the integrand is deterministic.
If a function ® : [0,00) — L(U, H) is strongly measurable and

t
/ 12 (5)Q1||3 ds < oo, (2.3)
0

then the stochastic integral fo s)dW (s) is defined and we have Itd’s isometry,

1/2
| [owarel = [ 1960 1 g s 2.0

More generally, if @ € L(U) is a selfadjoint, positive semidefinite operator with
eigenpairs {(7;,€;)}52;, but not trace class, that is, Tr(Q) = oo, then the series (2.2)
does not converge in Lo(2,U). However, it converges in a suitably chosen (usually
larger) Hilbert space and the stochastic integral fo s)dW (s) can still be defined
and the isometry (2.4) holds, as long as (2.3) is satlsﬁed In this case W is called a
cylindrical Wiener process. In particular, we may have Q = I (the identity operator).

Next we consider the abstract stochastic differential equation

AX(t) = AX(t)dt + BAW(t), t>0;, X(0)= Xo, (2.5)

and assume that
(al) A: D(A) C H — H is the generator of a strongly continuous semigroup
(Co-semigroup) of bounded linear operators {E(t)};>0 on H,
(a2) B e L(U, H),
(a3) Xo is an Fp-measurable H-valued random variable.
An H-valued predictable process {X (¢)}:>0 is called a weak solution of (2.5), if the
trajectories of X are P-a.s. Bochner integrable and, for all n € D(A*) and all ¢t > 0,

(X(t),n) = (X07n)+/0 (X(s), A™n) d8+/() (BdW(s),n), P-as. (2.6)
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3. Abstract framework and regularity. As in the introduction, let A = —A
be the Laplace operator with D(A) = H?(D) N H&(D) and let U = Ly(D) with the
usual inner product (-,-) and norm ||-||. In order to describe the spatial regularity of
functions we introduce the following spaces and norms. Let

) > 1/2 )
H* = DA, olla = [A%20] = (3o A3(,0,)°) ) aeR veH®,
j=1

where {(\;,$;)}72, are the eigenpairs of A with orthonormal eigenvectors. Then
H C HP for e > (. Tt is known that H* = U, H' = H}(D), H?* = H*(D) N H(D)
with equivalent norms and that H~? can be identified with the dual space (H #)* for
B > 0, see [18]. We note that the inner product in H! is (-,-); = (V-, V). We also
introduce
H* = H*x H*U [l = lonlla + [loalla—y, @ €R, (3.1)

and set H = H® = H° x H~! with corresponding norm |||-||| = |||-]||o.

Next we write (1.1) as an abstract stochastic differential equation (2.5). To this
end, we put u; = u, uz = % and note that (1.1) is formally

u| |0 I||wm 0
sl = [ o] ] e [7] e
We therefore define

T N B B T M

H:=H'=H"xH™', U:=H
with

€2

D(A):{areH:Aa:: [_Axl

]GHHOle}HlHleO.

Here A is regarded as an operator H' — H~!. The operator A is the generator of a
strongly continuous semigroup (Cp-semigroup) E(t) = e!* on H and
[ cwm AR
B == | Y em?)]: (32)
where C(t) = cos(tA'/?) and S(t) = sin(tA'/?) are the cosine and sine operators. For
example, using {(A;, ¢;)}52;, the orthonormal eigenpairs of A, we have

ATV28 (1 = ATV sin(tAY 2o = 37 AT 2 sin(tA) ) (v, 65) 6.

j=1

We also note that B € L(U, H) and we let X be an Fy-measurable H-valued random
variable to fulfill the assumptions (al)—(a3). We assume that W is a Q-Wiener process
or a cylindrical Wiener process on U. Now (1.1) is set in the form (2.5), which is given
a rigorous meaning by the weak formulation (2.6). Next we consider the existence,
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uniqueness, and regularity of the weak solution. Recall that we write HS = Lo(U, U)
for the Hilbert-Schmidt operators on U.

The existence and uniqueness of the weak solution of the stochastic wave equation
is discussed in [5, Example 5.8]. However, the spatial Sobolev regularity of the solution
under the hybrid condition (3.3) on A and @ seems to be new.

THEOREM 3.1. With the above definitions and if

[AB=D/2Q1/2|| g < 0o (3.3)

for some 3 > 0, then (2.5) has a unique weak solution, which is given by the variation
of constants formula,

X(t) = B(t)Xo +/tE(t— SBAW(s), t>0. (3.4)

Moreover,

IXOllzao,m0) < C (Kol ooy + P2IACD2Q 2 s), t20.  (35)

Proof. To prove that (3.4) is the unique weak solution it is enough to show that,
for fixed t,

t
/0 1B(s) BQY2|%. .y ds < o0, (3.6)

see [5, Theorem 5.4]. Indeed, with {ej}?2 ;, an arbitrary ON-basis in U, and for any
G >0, we have

t t 2
LI BQ ey s = [ S [[E8@ 26| s
k=1

t oo
:/O ,;HM_I/QS(S)QU%’“”ZJF ||C(3)Q1/2ek||2_1}d8 .

t
- /0 {IACD28(5)Q12 g + APD2C()Q? s} ds
< 2| APDRQU |,

where, for the last inequality, we used the fact that the A commutes with C(s), S(s)
and (2.1) together with the boundedness of the cosine and the sine operators in U.
With 8 = 0, this implies (3.6), and therefore it implies existence and uniqueness of
the weak solution. Finally, (3.5) follows from (3.4), the boundedness of E(t) in H”,
the It6 isometry (2.4), and (3.7):

t
X0 im0y < 2(1EO Xl 00+ | | B = 9Baw (o)

2
Lg(Q,Hﬁ))
t
2
< 2ol + | IEOBQ 10y )

This completes the proof. O
Remark 3.2. The parameter (3 in the condition [[AP~1/2Q2||gs < co quantifies
the spatial correlation of the noise. We highlight three special cases.
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1. If Q is of trace class, then 3 = 1, because ||Q'/?||Zg = Tr(Q) < co.

2. If Q = I, which corresponds to space-time white noise, then ||A®=1/2|gg <
oo if and only if d = 1 and § < 1/2. Indeed, the eigenvalues of A behave
asymptotically like \; a2 5%/, so that

e P DY
1 j=1

and the series converges if and only if § < 1—d/2, thatis,d =1, 8 < 1/2.
3. Similarly, if @ = A7%, s > 0, then § < 1+ s —d/2.
Thus, in order to have a positive order of regularity in multiple dimensions (d > 1)
we need correlated noise.

4. The finite element method for the deterministic problem. We need
error estimates with minimal regularity requirement for the approximation of the
deterministic wave equation. These are not readily available in the literature, see
Remark 4.5 below, and we therefore provide a complete proof in this section.

We first study the spatially semidiscrete finite element method for the determin-
istic non-homogeneous linear wave equation,

it—Au=f in D x (0, 00),
u=0 on 0D x (0, 00) (4.1)
u(+,0) =wug, u(-,0)=vy in D,

where D € R%, d = 1,2,3, is a bounded convex polygonal domain with boundary
0D. We then specialize to the homogeneous equation and derive estimates in a form
which is suitable for the proof of strong convergence estimates for the finite element
approximation of the stochastic equation.

4.1. Error estimates for the non-homogeneous problem. Let {7;} be a
regular family of triangulations of D with hx = diam(K), h = maxge7, hk, and
denote by V}, the space of piecewise linear continuous functions with respect to 75
which vanish on dD. Hence, V}, C H}(D) = H'.

The assumption that D is convex and polygonal guarantees that the triangulations
can be exacly fitted to 9D and that we have the elliptic regularity ||v||g2(py < C||Av||
for v € D(A). We can now quote basic results from the theory of finite elements. We
use the norms || - |[s = || - || -

For the orthogonal projectors Py, : HO — Vi, Ry : H! -V}, defined by

(tha X) = (’07X)a (VRhUa VX) = (VU, VX)) VX S th

we have the following error estimates:

[(Ry — Do, < Ch*"|v|ls, 7=0,1, s=1,2, ve H, (4.2)
(P — Dol < Ch*"|jv]ls, r=-1,0, s=1,2, wveH". (4.3)
We define a discrete variant of the norm || - ||4:
lonllna = A3 vnll, vn € Vi, a €R,

where Ay, : V), — V}, is the discrete Laplace operator defined by
(AhU}H X) = (V,Uhu VX)? VX S Vh~
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It is clear that ||vp|l1,n = ||Vor| = ||vnll1 and
IPufll—1n < I fll-1, feH (4.4)
follows from the calculation
1 1
-1 A, 2Py f,v A, 2o
”Athth = sup w = sup M
on€Vi [[vnll onevn ol
g W] ()
wn€Vi [AZwy|  wneVa [[whlh
|(f, w)
< sup WLy

weH?! ”w”l B

With uy = u, uy = @, the weak form of (4.1) reads: find u(t), us(t) € H', such
that
Vi (t), Vor) — (Vug(t), Vo) =0, :
(. uy(t), V) — (Vug(t), Vor) Vor.vs € HL, >0,
(42(t),v2) + (Vui(t), V) = (f(t),v2), (4.5)
Ul(O) = Uuq, UQ(O) = 9.

The semidiscrete analogue of (4.5) is then to find uy 1(t), up,2(t) € V3, such that

Vin (1), Vx1) — (Vun o(t), V1) = 0,
(. na(t), Vx1) — (Vup,2(t), Vx1) Vxtixe € Vi, £5 0.
(tn2(t), x2) + (Vun(t), Vxa) = (f(t), x2), (4.6)
un,1(0) = un0, un1(0) =wppo,
with initial values up0,vh,0 € Vi

In our error analysis we will use the stability of the slightly more general problem
of finding wup, 1(t), un,2(t) € Vi, such that

(Vin,1(t), Vxa) = (Vun2(t), Vxa) = (VA1(t), Vxa),
(n2(t), x2) + (Vun(t), Vxa) = (f2(t), x2), XXz € Ve 20 (4.7)

un,1(0) = un0, un,1(0) = vno,

We set x; = Afup,i, ¢ =1,2, o € R, in (4.7) and conclude in a standard way that

Jean, 1 ) I + 2 (8) o < C{ oIt + om0l
¢ ¢ (4.8)
+ [ IR A ds+ [ IPufals)lha s}

In the next theorem we obtain optimal order error estimates in Lo ([0, 00), H®)
with s = 0,1 for up,; and s = 0 for up 2. The regularity requirement is minimal, see
Remark 4.3.

THEOREM 4.1. Let uj,us and up1,up2 be the solutions of (4.5) and (4.6),
respectively, and set e; := up; —u;, © = 1,2. Then, fort >0, we have

ler(@®)lr < C{lluno — Ruuoll + llvn,0 — Ruvol }

+ Ch{llm @)l + / t Jeia(s)l1 ds . (4.9)
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lea(®)[| < C{lluno — Ruuolly + lvn.o — Ruvoll}

t (4.10)
e {llua®l+ [ fial)lzds}.
0
lex ()] < C{lluno — Ruuoll + llvno — Prvoll -1}
t (4.11)
+en{u®la+ [ Jus()zds}.
0
Proof. We set
e; =0, + pi = (un; — mu) + (mu; — ), i=1,2, (4.12)

where 7; will be chosen as Ry, or Pp,. By subtraction of (4.5) and (4.6), recalling
Vi, C H', we obtain

(Vél(t>, VXI) — (Veg(t), VXI = 07
(é2(t), x2) + (Veu(t), Vx2) =0,

~—

vX17X2 € Vha t>0.

Hence,

(VéhVXl) - (V927VX1) = —(V,Othl) + (vaavX1)7
. ) Vx1,Xx2 € Vi, t > 0.
(02, x2) + (VO1,Vx2) = —(p2, x2) — (Vp1, VXx2),

First, in order to prove the error estimates (4.9) and (4.10), we set
0i = uni — Rpwi,  pi = (Rp— Duiy,  i=1,2.
By the definitions of the operators Ry, Py, we have

(V6y,Vx1) — (Vba, V1) = 0,
(éQaXQ) + (valaVXQ) = _(p27X2)7

that is, 61, 02 satisfy (4.7) with f1 = 0, fo = —po. Therefore, by the stability inequality
(4.8) with a = 0, we obtain

VXLXQ € Vha t> 07

t
16301 + 16200 < {10 Ol + 1620+ [ IPpals)lnods}.
0

Recalling (4.12) and that ||vp||n.0 = |lvn] and ||

h1 = |lvnll1, vn € Vi, we have
lex@lh < ¢{llun.o = Ruwoll + lvno = Ravol

+/Ot |(Ra = Tyia(s) [ ds + | (R, = Des (01},

lea @] < C{IIUh,o = Rauollr + [lvn,0 = Ravoll

+ (Rn — Dia(s)]1ds + | (Ra — Dua(e)] -
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Using (4.2) we conclude (4.9) and (4.10).
Finally, to prove the error estimate (4.11) we alter the choice of 7; in (4.12),

0y = up,1 — Rpur, p1= (Rn —I)uq,
02 = up2 — Prua, p2 = (Pn — I)us.
Then, similarly to the previous case,
V9 ,V - ve 7v = v 7v )
( 1. Xl) ( 2 X1) ( P2 X1) Y1, X2 € Vi, £ 0,
(02, x2) + (V01,Vx2) =0,

that is, 01, 6, satisfy (4.7) with fi; = pa, fo = 0. Therefore, by the stability inequality
(4.8) with @ = —1, we obtain

t
16300 + 1620 .1 < C{160) o + 162001+ [ [ Rapas)lhnds}.
0

Using (4.4), (4.12), and
IRup2ll = Pu(I — Ru)uzll < (R — Dual|,
we have

lex(®)]] < C{Huh,o — Rutol| + [[vn,0 = Prvoll-1
t
+ [ IR = D)l s + (R~ D ()]}

In view of (4.2) this proves (4.11). O

4.2. Error estimates for the homogeneous problem. Here we specialize to
the homogeneous problem

ii(t) + Au(t) = 0, 0,
u(0) = ug, w(0) = vo, (4.13)

and express the error estimates in terms of the initial values. Differentiating the
equation r times with respect to ¢, we obtain in a standard way

IDFaOIS + 1D u)lla 4 = G113 + lugllZ- (4.14)
Here, for k=0,1, ...,
uy = AFug, vy = APy, r =2k,
uy = Ay, vy = Ay, r=2k+1.
We use the notation from Section 3 and we write (4.13) as

X(t)=AX(t), t>0; X(0)= X,

and we recall that the linear operator A is the generator of a Cy-semigroup E(t) = e*4

given by (3.2). Therefore the solution is X (t) = E(t)X,. The finite element problem
is then to find X (t) € V}, x V}, such that

Xh(t) :AhXh(t)7 t>0; Xh(O) :tho,
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where
0 I Uh .1 Uh,0
A — , X — ’ , X = ’ . 4.15
o B B R @1
Similarly to (3.2), it can be shown that A, generates a Cy-semigroup E},(t) given by

Ep(t) = et = (4.16)

Cnt) A28
~APSH) Cult)

with
Cu(t) = cos(tA}/?),  Su(t) = sin(tA}/?).

For example, similarly to the infinite dimensional case, using {()\hyj,qﬁhyj)};y:hl, the
orthonormal eigenpairs of the discrete Laplacian Ap, with N}, = dim(V},), we have

Np,
AP sin(tA Yo, = 37 N2 sin(EN ) (vn, b )b o € Vi

j=1

We may now formulate a consequence of Theorem 4.1, which will be used to
prove the strong convergence of the finite element approximation of the stochastic
wave equation. Recall ||[v|||2= |lv1]|2 + ||va||2_; from (3.1).

COROLLARY 4.2. Denote Xo = [ug,vo]’ and let

Fu(t)Xo = (Ch(t)Ph — C(t))uo + (A}, /> Sh(t)Pr — A"/28(t)) o, (4.17)
Gr(t)Xo = (Ch(®)Rp — C())uo + (A, 2 Su(t)Ph — A~V2S(t)) vy,
Gr(t)Xo = = (A *Su(t)Rn — A2S(8))ug + (Ch(t)Ph — C(1))vo.

Then we have

|FW(t) Xoll < C(1+1)hE7||| Xolll5, t>0, Bel0,3], (4.18)
IGL(E)Xolli < CA+REEV||Xo|ll5, t20, Be[1,3], (4.19)
1Gh ()Xol < CA+1RIED|Xollls, t>0, Bell,4]. (4.20)

Note that Fj, and G, differ only in the choice of initial value: up o = Pruo and
up,0 = Rpup. This is necessary in order to accommodate the lowest order of initial
regularity used (=0 and 8 =1).

Proof. We begin with the case 5 = 0 of (4.18). By the stability (4.8) with a = —1
and its analogue for the continuous equation, and (4.4), we have

1E ()Xol < [lun,1 ()] + lur (@) < CLlIPruoll + [1Prvoll—1,n + luoll + llvoll-1}
< C(Jluoll + llvoll-1) = CI[|Xo|llo-

For the case 8 = 3 we use (4.11) with wuy, o = Pruo and vp,o = Prvo, and (4.14),

170X = lex O]l < P = Reuol} +OW{ @l + [ ool s}

< Ch*{{luoll2 + llvolly + t(lluolls + llvoll2) } < C(1 + t)h?(|| Xollls.
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The proof is then completed by interpolation between these cases.
For (4.19) we first use (4.8) with a = 0,

IGR () Xollr < lluna @1 + s (@)1 < C{IRnuolly + [[Prvoll + lluoll + [lvoll }
< C(lluolly + [lvoll) = CI[|Xolll1-

Then we use (4.9) with up 0 = Rpuo and vy o = Py,

IGH()Xolls = lex(®l < C{IPLT = RaJaol} + Ch{Jaa @)l + [ fia(e)l ds}

< Chilluollz + [lvollr + t(lluolls + woll2)} < C(1 +£)R%||| Xo]|l5.
For (4.20) we apply (4.8) with a =0,

IGR(OXoll < llun2 @) + [u2(@®)]| < C{IIRuolly + [Prvoll + lluolly + [[voll }
< C(lluolly + llvoll) = CIl|Xolll1-

Then we use (4.10) with up,0 = Rpuo and vp, 0 = Pho,

t
IGn(B)Xoll = llea(®)]] < CH3{ ua(®)]2 + / Jiia(s)]]2 ds |
< Ch{fluolls + lvolla + t(lwola + [[volls)} < C(1L+ )A%||Xoll .

This completes the proof. 0

Remark 4.3. The regularity assumption on X in Corollary 4.2 cannot be relaxed.
This means that ||| Xo|||s can not be replaced by ||| Xol||s—e for any e > 0. This is
shown in the lemma below for the periodic problem

7:L(xvt) - um(z,t) =0, (xat) eRx (Ov OO);
u(z + 2m,t) = u(z, t), (z,t) € R x (0, 00), (4.21)
u(z,0) = uo(x), u(z,0) =vo(z), zeR.

The proof of the lemma can be adapted from [15] and we omit the details. Here ngr
stands for the subspace of H® consisting of 2m-periodic functions.

LEMMA 4.4. Let u be the solution of (4.21) and uy its finite element approz-
imation. Assume that, for some 3 > 0, there is a constant C' such that for all
ug € HY.,, vo € HSY and h > 0,

Ju(t) = un(®l] < ChE® (fuoll g, + ool ja-1). 1> 0.

Then a > (.

Remark 4.5. Error estimates of optimal order in Lo ([0, 00, H) for the finite
element approximation of displacement u = u; and velocity © = uy were first obtained
in [7]. However, the regularity requirement is not minimal there. This was improved
in [3] and in [15] it was shown that the resulting regularity requirement is minimal, see
Lemma 4.4. The error estimate (4.11) can be found in [3], while (4.9) and (4.10) seem
to be new. Furthermore, the proof presented here seems to be more straightforward.
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5. The finite element method for the stochastic problem. We now con-
sider the approximation of the stochastic wave equation. The spatially discrete ana-
logue of (2.5) is to find X, (t) = (up,1(t),un2(t)) € Vi, x V3, such that

dXp(t) = Ap Xp(t)dt + BP,dWW(t), t>0; Xp(0)= X0, (5.1)
where A}, is defined in (4.15). Recall that A, generates the Cy-semigroup Ej, (t) = et4r
on V3 given by (4.16), and therefore the unique mild solution of (5.1) is given by

t
Xh(t) = Eh(t)Xh’o + / Eh(t — S)Bph dW(S), t>0. (52)
0

Recall [[v][[2= [[v1[]Z + [|v2[[3—; from (3.1).

THEOREM 5.1. Let Xo = [ug,vo]T and let X = [u1,u2]T and Xp, = [upn 1, un o]’
be given by (3.4) and (5.2), respectively. Then, the following estimates hold fort > 0,
where Cy is an increasing function of t.

If up,0 = Pruo, vh,o = Prvo, and B € [0, 3], then

2 1g_
[un () = wr ()l .0y < Ceh3 {1 Xol| Ly (,u5) + [AZ=DQY2 s}, (5.3)
If up,0 = Rpuo, vno = Prvo, and B € [1,3], then
1g_ 13-
[ wn1 () = ua ()l oy .1y < Ceh2 P Kol Loumey + 4207 DQY|lus )
If up,0 = Rpuo, vno = Prvo, and § € [1,4], then
2(3_ 1g_
lun,2(8) = w2(D)]l 1, 0,10y < CehS V[ XollLyo,mo) + 1A2CVQYV2 us ). (5.4)
The discrete initial values (up,0 = Pruo, or upo = Rpuo, and vp,0 = Prvp) and
the regularity of the initial values (Xo € H?) are chosen so that the corresponding
rates of convergence match those of the stochastic convolution terms. Of course,
other choices are possible with different convergence rates that can be derived from
Theorem 4.1.

Proof. We prove (5.3); the proofs of the other estimates are similar.
In addition to Fj, defined in (4.17) we introduce

Kn()f = (A, Su(t)Py — A25(0)) f (5.5)
and deduce from (4.18) with ug = 0 that
1K () £l < Ceh3P) £l (5.6)
Then we have

up1(t) —ui(t) = Fp(t) Xo + /0 Ky (t — s)dW (s).

By It6’s isometry (2.4),

t
Juns () = w1 za(0.0 < IE(O Kol o + | [ Fnte = s)aw(o)
0 LQ(Q,U)

! 1/2)2 1/2
= 10Xl + | 1Eu(6)Q 2 s as)

=I+1I
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From (4.18) it follows that
I = E(|[Fu(t)Xo|?) < Ceh 3 B(|[1Xo]|[3)-

Recalling the definition of the Hilbert-Schmidt norm from Section 2, using an or-
thonormal basis {ex}3°, in U = HY, we obtain

<t
12 =3 [ IKuQ el as.
k=170
Finally, by setting f = Q'/%e;, in (5.6), we conclude that

I < Chd? S[1QV2ell5, = CihdP|IAG-D2Q 2|2
k=1

which completes the proof of (5.3). O

Remark 5.2. Consider the one dimensional case with space-time white noise; that
is,d=1and Q = I. Then § < 1/2 (see Remark 3.2) and the convergence rate in (5.3)
is O(h®), a < 1/3. This is in agreement with [14], while O(h'/?) was shown for the
leap-frog scheme in [20]. The reason why a higher rate of convergence is obtained in
[20] is that the Green’s functions of the continuous and the discrete equations coincide
at the mesh points. Another example of a numerical scheme where this happens is
Galerkin’s method for the periodic problem in Remark 4.3 with

Vi = span{e”™ : |n| < 1/h},
see [15, Remark 2]. Then instead of (4.18) we would have
1Fw () Xoll < CRZ|||Xollls, t=0, Be0,2],
and, under the assumptions of (5.3),

un,1(t) — ur(t)|| 0,07 < CRP {1 X0l 1y (0, 10y + [IAPD/2QY2 s}

This yields the order O(h%), o < 1/2, for Q = 1.

The error estimates in Theorem 4.1, and therefore in Corollary 4.2 and Theorem
5.1, can be extended to higher order finite element methods. The reason is that
the error estimates for the elliptic and the orthogonal projections in (4.2) and (4.3),
respectively, as well as the stability inequality (4.8) hold for higher order finite element
spaces V}, consisting of continuous piecewise polynomials of order at most k£ > 1.
This means that in case of highly correlated noise, one might expect higher order of
strong convergence when using a higher order finite element method. In this case the
counterpart of Theorem 5.1 reads as follows.

THEOREM 5.3. Let Xo = [ug,vo]T and let X = [uy,u2]t and X, = [up1,un2]”
be given by (3.4) and (5.2), respectively, where the finite element spaces Vi, consist
of continuous piecewise polynomials of order at most k > 1. Then, the following
estimates hold for t > 0, where C; is an increasing function of t.

If up,0 = Pruo, vno = Prvo, and B € [0,k + 2|, then

kb1 1g_
[un1(t) = ur ()]l 1.0y < Crh 20 {[| XollLy(,me) + A2 P~DQY?|lus}.
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If up o = Rnuo, vho = Prvo, and B € [1,k + 2], then
[un,1(t) = wr ()l 1, 0,m) < Cthkiﬂ(g_l){”XOHLQ(Q,HI’) + HA%(’B*DQIﬂHHS}
If upo = Rpuo, vno = Prvo, and B € [1,k + 3], then

kt+log 13
||’U,h72(t) — u2(t)”L2(Q,H0) S Cthk+2(5 1){||XOHL2(Q,H/’) =+ HA%(»B 1)Q1/2”HS}~

6. Numerical experiments. In this section we demonstrate the order of strong
convergence of the finite element method for the linear stochastic wave equation LSWE
(1.1) by numerical examples. To this end, the backward Euler method is used for time
stepping and some computational analysis on the approximation of the stochastic
convolution is reviewed, see [22].

6.1. Computational analysis. First recall the matrix form of (5.1),
[duhyl(t)} _ [ 0 I} {uhﬁl(t)] gt + [ 0 ]
duna(t)] — [=An 0] [una(t) P dW (t)]

Let 0 =ty < t; < --- < tn, = Tn, be a uniform partition of the time interval [0, Tn]

with time step & = 1/N; and time subintervals I, = (t,—1,¢,),n = 1,2, -+, Ny.
Then the backward Euler method is formulated as, for n =1, 2, -+, Ny,
ur urtl T o kI [UP 0
[U;} - {U;—l R R 7 R N T (6.1)
Here U € V4, is an approximation of u;(+,t,), ¢ = 1, 2. We multiply (6.1) by
Ap O
0 I

to take advantage of the resulting skew-symmetric structure and rearrange, to obtain,
form=1,2,---, Ny,

Ay —kAR] [UP]  [An O] [Up? 0
[kAh I ] [U; R s R N (62)
For some other ways of approximating the noise and the stochastic integrals we refer

to, for example, [2] and [6].
Recalling the Fourier expansion (2.2) of W, we have, for all x € V},

(Ph AW”aX Z’yj/zAﬁn e]a Z l/zAﬁn ej? )a (63)

=1

where we truncated the sum to J terms. Recall that {ﬁj(t)}le are mutually in-
dependent standard real-valued Brownian motions, and that the increments in (6.3)
are

Aﬁ]n = Bj(tn) - ﬁj(tnfl) ~ \/EN(O’ 1)>

that is, real-valued Gaussian random variables with 0 mean and variance k. We also
note that v; = 1 for white noise.
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Recalling the semidiscrete solution uy, from (5.2), we denote by u; the semidiscrete
solution obtained by using the truncated noise; that is,

J t
al(t) = Bu(H) Xop + 3712 /O En(t — $)BPre; dB;(s). (6.4)
j=1
The following lemma shows, that under some assumptions on the triangulation and
the covariance operator @, it is enough to take J > Nj, with N}, = dim(V}) in order
to preserve the order of the finite element method.

LEMMA 6.1. Let uj and uy, be defined by (6.4) and (5.2), respectively. Assume
that A and Q have a common orthonormal basis of eigenfunctions {e;}32, and that
Vi, with dimension Ny, is defined on a family of quasi-uniform triangulations {7} of
D. Then for J > Ny the following estimates hold, where Cy is an increasing function.

If |AB=D/2Q1/2||gg < 0o for some B € [0, 3], then,

s (8) = un 1 (D)l 1, 0,0y < CehFPAPTD2Q12 s,
If |AP=D/2Q1/2||us < oo for some (€ [1,3], then,
il 1 (8) = un 1 ()] 0,10y < Ceh 2PV AP2QH2] g
If |AB=D/2Q1/2||yg < 0o for some B € [1,4], then,
Huiz(t) - Uh,2(t)||L2(Q,H0) < Cth%(ﬂ_l)HA(ﬁ_l)lemHHS-

Proof. We prove the second estimate; the others are proved similarly. From (5.2)
and (6.4) it follows that

oo t
o) = una(0) = 3 ) [ 8280 9)Pac; sy (o)
j=J+1 0

By Itd’s isometry (2.4), the independence of (;’s, and recalling the error operator
from (5.5), we have

) t
—1/2
il 1 (8) = un 1 (D17, 0 11) = > %‘/0 1A, 2 Sk (s)Pre; |3 ds
j=J+1

o) t 00 t
<2 % 4 / IAT2S(s)es [2ds +2 3 / | Kn(s)ey |2 ds = 1+ I1.
j=J+1 70 j=J+1 70

Let A; denote the eigenvalues of A corresponding to e;. Then

1A= 2 sin(sAY2)e; |2 = sin?(sA}/).

Thus,
oo t
I=2 %" yj/ [A=Y/2 sin(sAY?)e; |2 ds
j=J+1 7O
[e’e) t [e’e) [e’e)
=2 Z 'yj/ sin2(s)\;/2)ds§2t Z v =2t Z )\;(571)()\?71'7]-)
j=J+1 0 j=J+1 j=J+1
o0

—(B—-1 — —(B-1 _
<207V N ATy <o TV A D22 2
J=J+1
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For II, by (4.19) with uy = 0, vo = e;, we have

oo t
e 3 oy [ el ds
j=J+1 70
=GP N lleslRoy < CRPTHIAPTI2Q12 .
j=J+1

Hence the proof is completed by the fact that, for a quasi-uniform family of triangu-
lations, we have Nj, ~ h~% and therefore, since Aj R RS

AL <cri<on P < on?

This completes the proof. O

Remark 6.2. In practice @ and A do not have a common orthonormal basis of
eigenfunctions and the eigenfunctions of ) are not known explicitly. In this case,
one has to solve the eigenvalue problem Qu = Au on S} in order to represent P, W.
Computationally this could be very expensive if ) is given by an integral operator.
However, if the kernel is smooth then this can be done more efficiently, see [17].
Furthermore, similarly to the parabolic case [11], it is enough to keep J < N}, terms,
for suitable J depending on the kernel, in the expansion of P, W.

6.2. Numerical example. For the numerical experiments, we consider the
LSWE in one spatial dimension,

du — Audt = dW, (z,t) € (0,1) x (0,1),
w(0,t) = u(1,t) = 0, te (0,1), (6.5)
u(z,0) = cos(m(x — 1/2)), ui(z,0) =0, z€(0,1).

Clearly, there is no exact solution available. Therefore we take the exact solution
to be a finite element approximation on a very fine mesh with mesh size hexact t0
approximate u = wu(z, 1), using the backward Euler method (6.2) for time stepping
with a small fixed time step k. We note that we choose the time step k£ according to
k < h?, since the rate of convergence of the fully discrete (6.2) for the deterministic
problem is O(k + h?).

Applying the time stepping (6.2) to (6.5) we obtain the discrete system

LX"=E2X" 40,

where b = [0,b2]T and by is computed using (6.3). We note that for the determin-
istic problem b = 0, the expected rate of convergence in the Lo-norm for both the
displacement u = u; and the velocity & = us is 2 by (4.11) and (4.10), respectively,
see Figure 6.1.

If {); }32, are the eigenvalues of A, and we set Q@ = A%, s € R, then

(o) o
[AC-D/2QU g = APV 2 g = 30N A 3 A0,
j=1

j=1

which is finite if and only if § < 1+ s— d/2 with d being the dimension of the domain
D. In our example (6.5), where d = 1, we consider two different choices for the noise.
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First, we consider space-time white noise corresponding to s = 0 and hence 8 < 1/2
and then a correlated noise corresponding s = 1 and hence 8 < 3/2. Thus, in the
case of space-time white noise, we do not expect convergence for the finite element
approximation of velocity uj 2 by (5.4), but we expect the rate of convergence to
be 1/3 for displacement uy 1 by (5.3). These are confirmed by Figure 6.2. In the
second case, the expected rate of strong convergence is 1 and 1/3 for displacement
and velocity by (5.3) and (5.4), respectively, as Figure 6.3 also confirms. We note that
we have used a uniform spatial mesh and therefore with @ = A~!, the assumptions
of Lemma 6.1 are fulfilled.

277, k=h?, Deterministic problem

5
L, -7r 5
=
°
8l 4
—9ol i
—10k 4
—11 bk i
_ 7 —@— slope =2
12} - — A—  velocity |
— -m— displacement
i i i i n T T n n
-55 -5 -45 -4 = -3 -25 -2 -1.5 -1 -0.5
log,(h)

FiG. 6.1. Deterministic problem: the order of strong convergence in the La-norm is 2 for both
the displacement u (dashed-square) and the velocity @ (dashed-triangle).

h =2'7, k=h2, 100 realizations, White noise
exact
T T T T T T
A - A — — — — o~ - — - — — A - - = — — A
oL 4
°r .,/—0//.’/*/4 i
2k S 4
= e ————— & 7
5 - - ——-—-—®-———~ %
5 -4f . B : i
]
=
o
6l 4
—8l 4
-10 — A —  velocity H
—@— slope =1/3
— @— displacement
—12 i i i i n n n n n
-5.5 -5 -4.5 -4 = -3 -2.5 -2 -1.5 -1 -0.5
log,,(h)

Fic. 6.2. LSWE with white noise: the order of strong convergence in the La-norm is 1/3 for
the displacement u (dashed-circle); but there is no convergence for the velocity @ (dashed-triangle).
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k=h*=, 100 realizations, Correlated noise (Q=/\'1)

B
L, -6 4
=
o
_8l 4
—10F —&— slope = 1/3 H
— -A—  velocity
—@— slope=1
— @— displacement
_12 i i i i n N n n n
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FIG. 6.3. LSWE with correlated noise Q = A~1: the order of strong convergence in the La-norm

s 1 for the displacement w (dashed-circle), and 1/3 for the velocity u (dashed-triangle).
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