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Abstract

A fractal mobile/immobile model for solute transport assumes power-law waiting times in
the immobile zone, leading to a fractional time derivative in the model equations. The equations
are equivalent to previous models of mobile/immobile transport with power-law memory
functions and are the limiting equations that govern continuous time random walks with heavy
tailed random waiting times. The solution is gained by performing an integral transform on the
solution of any boundary value problem for transport in the absence of an immobile phase. In
this regard, the output from a multidimensional numerical model can be transformed to include
the effect of a fractal immobile phase. The solutions capture the anomalous behavior of tracer
plumes in heterogeneous aquifers, including power-law breakthrough curves at late time, and
power-law decline in the measured mobile mass. The MADE site mobile tritium mass decline is

consistent with a fractional time derivative of order Y= 0.33, while Haggerty et al.’s [2002]

stream tracer test is well modeled by a fractional time derivative of order y=0.3.



1. Introduction

As they move through an aquifer or stream, dissolved solutes may sorb to solids or diffuse
into regions where the advective flux is negligible. To sufficiently describe the mobile solute
concentrations and masses, some functional relationship between the concentrations in the
relatively mobile and immobile regions (phases) must be formulated. Typically, this is done
with equilibrium (time-independent) or kinetic relationships in a continuum setting. The earliest
efforts along these lines gave the linear retardation factor for instantaneous, equilibrium sorption
[Bear, 1972; Reynolds et al., 1982] and first-order kinetic mass transfer, commonly called the
mobile/immobile (MIM) model [Coats and Smith, 1964; van Genuchten and Wierenga, 1976].
Both have been successfully applied to a large number of tracer tests. The former predicts rapid
decline of the late portion of a breakthrough curve (BTC), while the latter predicts exponential
decline. However, several recent field tests that have resolved very low concentrations show
breakthrough curves with heavier, power-law, tails (e.g., Becker and Shapiro [2000], Haggerty et
al., [2000, 2001, 2002]). In this paper, we develop a parsimonious MIM model with fractal
retention times to describe this behavior.

Haggerty and Gorelick [1995] adopted a model that combines a number of kinetic rates,
reasoning that diffusion into, and out of, different sized domains will take place at different
effective rates. The model is nonlocal in time, reflecting the fact that the immobile phase acts as
a filter on the “signal” in the mobile phase. Especially interesting is Haggerty et al’s [2000]
fractal, or power-law, distribution of rates. If a classical, single rate model is adopted to describe
these tests, it takes on the same sort of scaling property in time that has long been noticed in

space: as the timescale of a test grows, the coefticients on the time operators must be adjusted to



match the test. Just as an “effective” dispersivity coefficient on a second-order dispersion term is
thought to grow with a plume’s length scale [e.g., Neuman, 1995], an “effective” rate coefficient
must shrink with the time scale of the test [Haggerty et al., 2000]. On the other hand, a model
with a fractional dispersion derivative possesses scale invariance [Benson et al., 2000a] and a
model with a constant dispersion coefficient may be able to describe the data from all spatial
scales. In the present study we consider a fractal (power law) distribution of rate coefficients
that is scale invariant in time and leads to a fractional time derivative in the transport equation.
Haggerty et al. [2000, 2001, 2002] truncated the fractal distribution of rates to preserve the
existence of moments; however, the introduction of the cutoffs is not clearly necessary or
implied.

In a different (Lagrangian) setting, an extension of the classical random walk model allows
a particle to stop for random amounts of time along its trajectory. This general process is called
a continuous time random walk (CTRW). A CTRW may or may not converge to a Brownian
motion. Schumer [2002] and Dentz and Berkowitz [2003] take different approaches to show that
the Lagrangian random walk model is equivalent to the continuum mobile/immobile equation in
the same way that Brownian motion is equivalent to the diffusion equation. The importance of
the equivalence of the CTRW to the MIM is that a great deal is known about the limit processes
of the CTRW. The CTRW converges toward a limit that corresponds to a MIM continuum
model. The convergence is a property that is useful when making long-term predictions.

A key to the comparison of the Lagrangian and Eulerian methods is that governing
equations can be generated for the evolution of the concentration profile in both the mobile and
immobile phases (and, therefore, the total resident concentration). This allows us to distinguish

between the very different breakthrough curves for total versus mobile concentration. Most



research on CTRW does not make this distinction since it is thought that the particle can be
“observed” whether it is mobile or not. However, in a hydrologic setting, we may only be able
to measure the solute when it is in a mobile phase, since samples are typically drawn
preferentially from mobile water (e.g., groundwater wells, grab samples from a stream). The
distinction between mobile and total concentration (or the probabilistic location of a particle in
either phase) also allows an analysis of the changes in total mobile mass, which depends on the
initial condition in both phases. The single-rate MIM equation predicts an exponential approach
to an asymptotic state where the mobile mass remains a constant positive fraction of the injected
mass [Goltz and Roberts, 1987; Harvey and Gorelick, 2000]. Tracer tests at the
MacroDispersion Experiment (MADE) site show a continual decrease in mass recovery [Adams
and Gelhar, 1992; Boggs and Adams, 1992; Harvey and Gorelick, 2000]. The decrease follows
a power-law, which points to a fractal distribution of rate coefficients.

In this study, we generalize classical MIM transport theory and determine the conditions
under which the MIM transport equations conserve mass, i.e., describe total (mobile + immobile)
solute transport. We also examine the mobile transport equation and determine when mass
recovery is incomplete. When the memory function of the mobile/immobile equations follows a

power-law, a fractional time derivative of order 0 < ¥ <1 appears in the governing transport

equation. These transport equations govern the long time limits of continuous time random walk
(CTRW) models, implying a probabilistic interpretation of the MIM advection-dispersion
equations (ADEs). We find that the solutions to the mobile/immobile fractional-in-time
transport equations are integral transforms of the “conservative” solution to an integer order (in
time) counterpart in which no immobile phase is present. This “conservative” solution may

come from any sort of time-homogeneous boundary value problem including one from a



multidimensional, numerical solver. Finally, we discuss key features of tracer tests that the

fractional-in-time mobile solute transport model can predict.

2.1 Generalization of Classical Mobile/Immobile Transport Theory

Mobile/immobile phase equations equate the divergence of advective and dispersive flux of

a mobile phase to the change in concentration in both the mobile and immobile zones (C, (x,?)

and C, (x,t), respectively), due to some partitioning between the phases [Coats and Smith,

1964]:
oC oC,
m i — I(x)C,, 1
o +p 5 (x)C, (1)
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where, for example, in the classical 1-D case L(x) = —vai+ .?Da—z, v is average linear velocity,
X X

and P is a dispersion coefficient. We will not model chemical sorption in this study, so the

mobile/immobile capacity coefficient can be defined by S = %, where 6 and 6, are porosity

in the mobile and immobile zones [Coats and Smith, 1964]. Haggerty and Gorelick [1995] point
out that fis more accurately defined as the ratio of mass in the immobile and mobile phases at
equilibrium. This distinction becomes more important when we describe a process that does not

reach equilibrium. The relationship between C, and C,, is typically given by one or more

coupled mass transfer equations [van Genuchten and Wierenga, 1976, Haggerty and Gorelick,
1995]. Haggerty and Gorelick [1995] demonstrate that many of the mobile/immobile and multi-
rate mass transfer equations are related to the linear nonequilibrium mass transfer equation:

aCim
ot

=w(C,-C,), (2)



where @ is a first-order rate coefficient. The solution to (2) is

C, =we”*C +C, (x,0)e”, 3)

t
where * denotes convolution: C, (x,t)*we " = _[Cm (x,t—=7T)we " dt. In this context, it is
0

apparent that the immobile zone is acting as a filter [Debnath, 1995]. It takes an input function
C,,and spreads it according to a convolution with an exponential filter function f(z) =we ™ .

Equation (3) also models the decay (release) of an initial immobile phase according to the same
exponential form.

By taking the derivative of (3) with respect to time, we find the linear nonequilibrium mass
transfer equation (2) in an alternate form:

agtim =we ' * % +we ™ (Cm (x,00-C,,(x, 0))' )

While equations (2) and (4) are equivalent, the latter provides additional information about the

evolution of immobile concentration. First, we find that the initial conditions in each phase

affect ag—’m for all time. We also see that f(r) = we ™ is the “memory function” used by
t

Carrera et al. [1997] and Haggerty et al. [2000]. Both studies demonstrate that the memory

function f{?) can take many forms. In general,

oC. oC
o= (05 St £(0/(C, (5.0~ C,y (x.0)). ©)

Placing the general mass transfer equation (5) in the conservation of mass equation (1), we have

the mobile solute transport equation with general initial condition in both phases:



ﬁ ’”*f(t) L(x)C, = B(C,(x,00-C,,(x,0)) f (D). (6)

The mass in the mobile phase will increase, decrease, or remain constant, depending on the
difference in the initial conditions (i.e., the last term of (6)). If the initial concentration is higher
in the mobile phase, it will “leak” into the immobile phase and mobile solute mass will decrease.

In general, the initial condition in the immobile zone cannot be ignored.

In a typical tracer test, the solute is placed into the mobile zone, and the immobile zone is
initially clean. As a result, most analytical and numerical studies use the initial conditions

C,(x,0)=C,,(x)>0 and C,,(x,0)=0, as we will for the remainder of this study. With a clean

initial immobile phase, the mobile solute transport equation (6) becomes:

E)C

ﬁ ’”*f (0)=L(x)C, - BC,,(x) /(). (7

While mobile concentration is measured in groundwater or soil column effluent samples,
measurements of total (mobile+immobile) concentration C,,, are obtained from core samples or
other techniques that measure solute in all phases (e.g., time domain reflectometry). To

complete our development, we derive the equation for the evolution of immobile solute C, and

the evolution of C,,. Solving (5) for C, an the
immobile solute transport equation:
Lin +,3 Cun *f (6) = L(x)C,, +C,, ,(x).f (2). (®)

Although advection and dispersion do not occur in the immobile zone, immobile solute evolution

is affected by flux in the mobile zone, resulting in an immobile flux term. Note that we have



maintained the assumption of a clean initial condition in the immobile zone: a different equation
arises when the initial immobile zone concentration is non-zero.

To obtain the equation describing the transport of total solute C, ,, multiply the immobile

tot 2

transport equation (8) by £, add the resulting equation to the mobile transport equation (7), and

use
Ctm‘ = em Cm + eim Cim (9)
or QLCM =C,+BC,, [Juryetal., 1991, p. 230; Sardin et al., 1991], so that
%+ ﬂ% * f(t)=L(x)C,,, C,(x,00=6,C, (x). (10)

2.2 Rate of Mass Decline in the Mobile Phase

The total mobile mass with time, M, (), in any phase can be computed by integrating the
concentration over space to obtain the zeroth spatial moment: M, (7)= JQm C, (x,t)dx.

Multiplying through in the mobile solute transport equation (7) by €, and integrating over space

yields:

oM, oM, . .
o +p > fO)==BM, [ (). (11)

Using the Laplace transform f (s)= I: e f(t)dt to solve for the mobile mass M,, leads to:

"~ MmO
b7 ’ (12)

m S):m,

where M, , denotes the initial mobile mass. It is clear that the mobile transport equation does



not conserve mass unless, trivially, £ or f (s)=0. For example, Goltz and Roberts [1987] show

M
if f(t)=we ™ ,then M, (t)= 1 '”I[; (1 + Be PN ) Solute mass is transferred from the mobile
+

to immobile phase with time, and the amount of mass recovered from monitoring wells that
preferentially sample the mobile phase decreases.

Total solute mass with time is calculated by integrating (10) over space and noting that the

resulting equation 81\84’”’ +pB a]‘;’”’ *f()=0, M, (x,0)0=68, M, ,(x) has constant solution
t t '

M, ()=M,,. Total solute mass is constant with time and equal to the initial mass. Equation

(10), with any memory function, preserves the property of mass-conservative transport.

3. A Power-law Memory Function f(z) and the Fractional-in-Time ADE

Power-law late-time breakthrough curves (BTCs) have been observed during tracer tests in
fractured granite and dolomite [Becker and Shapiro, 2000; Haggerty et al., 2001; McKenna et
al., 2001]; in saturated and unsaturated column experiments [Farrell and Reinhard, 1994; Werth
et al., 1997; Callahan et al., 2000]; and in surface water flows [Kirchner et al., 2000, 2001,
Haggerty et al., 2002]. The power-law tails are associated with power-law decline of mobile
solute mass [Farrell and Reinhard, 1994], and attributed to a power-law decay in the probability
density function describing random waiting times in the immobile zone or a power-law memory

function f(t) [Haggerty et al., 2000; Scher et al., 2002; Dentz and Berkowitz, 2003; Schumer,

-7

2002]. Ifwelet f(¢)= T (l; ), where T'(-) is the Gamma function, then by definition,
'
aC, (x,1) d’C, (x,t)
Im g () = —m 2 13
LBk f (1) =5 (13)
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Figure 1. Spatial snapshots, at ¢ = 20, of the solution to the unretarded (no
immobile phase) classical ADE, along with the total mass, immobile mass,
and mobile mass of the retarded (transformed) solutions. ADE parameters are
v =1and & = 0.1. The fractional time derivative is order ¥= 0.3 and 5= 0.1
in the retarded transport equations.
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Figure 2. Spatial snapshots, at ¢ = 20, of the unretarded (no immobile phase),
skewed, 1.5-stable solution to a spatially fractional ADE withv = 1 and & =
0.1, & = 1.5, along with the total mass, immobile mass, and mobile mass of
the retarded (transformed) solutions. In the retarded transport equations, the
capacity coefficient is # = 0.1 and the order of the fractional time derivative
is y=0.3.



Mobile Mass

1 1
a) b)
0.1
2
<
=
)
0.1 =
NS
=}
=
0.011
o l1:/131ss predicted o Mass predicted
y mobile transport b .
X y mobile transport
equation -
) equation
%VI ass predlcteq by — Mass predicted by
ate time equation 1 . .
ate time equation
0.01 , : 0.001 , ,
1 10 100 1 10 100

Time Time

Figure 3. The mobile solute fractional ADE predicts that mass decline
converges to M, (f) = *"1/(fT(p) with time: a) convergence for various y
when =1, and b) effect of varying fwhen y=0.3.
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Figure 4. Linear and log-log plots of the observed fraction of injected mass
from the MADE-1 bromide plume (circles) compared with a single-rate MIM
(dashed line) and the fractal MIM (solid line) models. The fractional time
derivative is order v = 0.33 and fractal capacity coefficient B = 0.08 7.
The initial mobile fraction, due primarily to sampling bias, is 5.0 and 4.7 for
the fractal and single rate (exponential) models [Harvey and Gorelick, 2000].
Also shown on the log-log plot is the late time approximation (dotted line)
given by equation (26).
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Figure 5. Log-log breakthrough curves, at x = 5, of the unretarded solution to
the ADE, and the solutions to the total, mobile, and immobile time-fractional
ADE:s. All parameters are the same as in Figure 1.
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Figure 6. Breakthrough (arrival) of fluorescent dye 306.4 meters downstream

of the injection point in a mountain stream.
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Figure 7. Log-log snapshot, corresponding to Figure 2, at ¢ = 20, for the
unretarded solution to the fractional-in-space ADE and transformed mobile,
immobile, and total solute solutions.



Mass in Mobile Phase

0.2

[ [ [
0.15 —
01— —
0.05 [~ —
0 ' - | | |
0 5 10 15 20 25 30 35 40

Distance from Source (x)

Figure 8. Increasing the capacity coefficient / decreases the mobile mass of
the plume and affects the skewness.
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Figure 9. MADE-1 bromide snapshot 3 (day 179) scaled in time by C, (x,?) =
7 iereC, (17%x,1) with y= 0.33 and o = 0.9 (lines) compared with test data in
the final four snapshots (filled circles).



