On the Inversion of the Convolution and Laplace Transform

by Boris Baumer

Abstract

We present a new inversion formula for the classical, finite, and asymptotic Laplace transform f
of continuous or generalized functions f. The inversion is given as a limit of a sequence of finite
linear combinations of exponential functions whose construction requires only the values of f
evaluated on a Miintz set of real numbers. The inversion sequence converges in the strongest
possible sense. The limit is uniform if f is continuous, it is in L' if fe Ll, and converges in
an appropriate norm or Frechét topology for generalized functions f. As a corollary we obtain
a new constructive inversion procedure for the convolution transform IC : f — k% f; le., for

given g and k we construct a sequence of continuous functions f,, such that k x f, — g.
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Introduction.

C. Foiag [Fo] showed in 1961 that the image of the convolution transform

fl—)k*f::/ok(t—s)f(s)ds

is dense in L[0,T] for k,f € L'0,T] and 0 € supp(k). This result was later lifted
by K. Skérnik [Sk] to the continuous case. However, the proof is done by contradiction
and is not constructive. We will answer the following question: given k € L0, 7] with
0 € supp(k) and g € Co([0,T]; X) or g € L'([0,T]; X), where X is a Banach space, find
a sequence f, € C([0,T]; X) such that k x f,, — g uniformly, or in L'-norm respectively.
The sequence (f,) is the convolution inverse in the sense of the operational calculus of
J. Mikusinski (see [Mi] or [Ba]) and converges to a generalized function f in an appropriate
norm induced by the function k.

We solve this problem by introducing a new inversion formula which can be used for
the Laplace transform, the finite Laplace transform and the asymptotic Laplace transform.

It is noteworthy that the inversion formula does not involve infinite integrals, infinite sums,



derivatives of all orders or alike, but consists of the limit of (finite) linear combinations
of exponential functions Z;VZI ajeﬂft, where the coeflicients a; are determined by the
(classical, finite, or asymptotic) Laplace transform f of f, evaluated at Miintz points (Bn)-
This sequence of exponential functions converges uniformly if f is continuous, it converges
in L' if f € L', and it converges in an appropriate norm or Frechét topology for generalized
functions f.

We refer to the new inversion formula as the Phragmén-Mikusinski inversion since
it generalizes the classical Phragmén-Doetsch inversion of Laplace transform theory (see
[Do] or [B-N]) and since the proof was inspired by a proof of J. Mikusinski of Titchmarsh’s
theorem ([Mi], Chapter VII).

1. The Phragmén-Mikusinski Inversion.

The first theorem deals with the inversion of the finite Laplace transform. As a corollary we
obtain that the inversion formula is indiscriminate towards perturbations of exponential
decay which in turn allows the extension to the Laplace transform and to asymptotic
Laplace transforms.®)

We say that a sequence (3,) C IRT is a Miintz sequence,® if for all n € IN,

1
Prer =P 21, and Y - = oo,

n=1 ’Bn

In the following let X be an arbitrary complex Banach space.

o

Theorem 1 (Phragmén-Mikusinski inversion on a finite interval). Let f €
Co([0,T]; X) and q(X) := fOT e M f(t)dt. Let (Bn),cn be a Miintz sequence and let N, €
IN be such that SN, -1 > T. Define

Jj=1 ﬂnj
N.
. Nn 1 n .
an,i = /ane_ﬂnl Zj:l ﬁn] | | L.
i ﬁnj - ﬁnz
J=1
J#Fi

(1) It is important to realize that the inversion procedures of Laplace transforms are
invariant under certain perturbations. This defines co-classes of functions in the Laplace
domain, representing the same function in the time domain.

(2) The condition Bn+1 — Bn > 1 can be relaxed to B,4+1 — Bn > 6 > 0; however, then
there exists a subsequence that satisfies the condition.
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Then |O«’n,i| < /ane n
Ny,
F(t) = lm > o iq(Bug ),

n—00 4

where the limit is uniform on [0, S] for all0 < S < T

Nn > T. Such N,, exists since -— > 31—
ﬂn] ,BnJ+z

Proof.  Let N, be such that ¢, := 373" ﬁ -

implies that
-1 1
DI RS BRI SN E

1=1 J 1 1671_]-1-7/ '= ‘]:1

Thus, Y52 i1 ﬂ1] 0.
The proof of this theorem is built on the fact that the sequence of functions ¢,, : IR —

IR with
*,B(n.Nn)e_ﬂ("-Nn)(')(t +c¢,) fort>—c,

Be=Pn() x 5(71'2)6—[3(”.2)(-) *. ..
n(t) =

0 else
in the mean” to the d-function; i.e., the antiderivatives ®,, := 1 x ¢,, converge

converges “
towards the Heaviside function H : t == x(0,00)(t) (pointwise for all ¢ # 0 and uniformly

for [t| > e).
(A) We show that @,(t) = 1 — va"l C;T e Prit for t > —c,. Consider v, := 1 %
*BnNne_ﬂ"Nn('). Then

Bre Pr() x
o0
1
/ e_/\twn (t) dt == /671 . /BnNn
0 AN+ By A+ Ban,
B 1 n 1 n 1
_/YH,O)\ ’Y’n 1)\ + 16” . /Yn;Nn )\ + ,BnNn ’
where N
T /an
Tmi=— || 7=
"t H ﬂnj - /an'
=1
J#t
is e Prit we obtain that v, (t) = 1 +

Since the inverse Laplace transform of +[3

Zi " Vi€ Pt for t > 0. Therefore,
_ﬂnz (t+cn)

N,
O (t) = Pnlt+cn) =1+ e
=1



for all ¢ > —¢,,. Since

—Bri ZNn 7 ﬁ /an

Jj=1 6’",] _ =
i ﬁnj - /an'
J=1
JFi

R . ~ o= Bric
Q4 i— Brie _ﬁnz’yn,ze e

we obtain that @,,(t) =1 — ZZ N % e~Prit for all t > —c,,.

(B) We show that |a,, ;| < ,Bm-e“rrlt Bni . We have that

O{’I’L’L

"

—Bhi Z T + Zln rf j" G + Z In Tjﬁ ﬁj " =: 51+ 5+ Ss.

We first look at Sy. Since f,,; < B,; —n(i — j) for j < ¢, and since the function ¢

B ~—t

is increasing on (0, (3,,;), we know that ﬁjfjﬂn] gmﬂ’ibn?_(zn(‘f) 77 = ﬁ";(ln(;) 1) and thus

Sy B =i —5) K~ Boi =1
S <)y Nt =) I
JZ;: n(i— j) ; nj
The fact that the function ¢ — % is decreasing for ¢t > 0 yields

i—1 , pn(i=1)/ B
nt 4 n 1

SzS/ IHLZ ndt:—ﬁz/ 1n<——1>dt.
0 nt n Jo t

Now, In(1/t —1) > 0ift € (0,1/2) and In(1/t — 1) < 0, if t € (1/2,1). Thus

oL/ 1 /2 4 1u9
Sz<@/ 1n<——1>dt ﬂm/ gt — Priln2.
n Jo t n Jo 1-—t n

In a similar fashion we find an estimate for S; + S3. Since the function ¢ — —% +

In ﬁ is positive and decreasing on (8, 00), and since B,; + n(j — i) < fB,;, we obtain
that
Y B Bnj
Si4 85 ==3 "Z+Zl RS Y IR N T
j=1 ﬁn] j=i+1 ﬁnz j=i+1 /B’I’L] ﬁn] - ﬂnz
S (i)
2 TG0 T G-

ni . * ni ni ¢
_Z< —|—1n'81+,n‘7></ <_ Bri +1Dﬂz+n>dt
Brni +nj nj 0 Bni +nt nt

n Jo 14+t Tt n t
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,@ni(l-l-ln 2)

n

Hence, In | Og”| <
(C) We show that ®,,(t) — 1 for all ¢ > 0. Let ¢ > 0, and let n be such that 2 < £.
Then

oo 25
ﬂnit < E e nnz e_lgnzt
=1

Ny
=1 < YT e
i=1 nt
—nt/2

oo o
) —ni (&
S2 e re) et e T
j— e_
1=1 1=1

Thus, ®,,(t) — 1 as n — oo, uniformly for ¢ > € > 0.
It follows from the definition of ¢,, that ¢,,, as a convolution of positive functions, is

positive. Hence ®,, = 1 x ¢,, is positive and monotonically increasing. Therefore,

/ e td, (1) dt — 1.
0

(D) We show that [7°_e™*®,(t) dt — 1, which implies — again by the positivity and
monotonicity of ®,, — that ®,(t) — 0 for all t < 0©) and thus uniformly for all t < —e < 0.

Since
Pritl g o1 P
IBni 1- 1//8712 /Bni -1

we know that

Pri_ 1/pni _ P 1 /(i) -1
1< — i M ] — < ni) )
P +1° B2 —1 * (ni)2 —1 ¢

By the definition of ®,,,

/ et D, (1) dt :/ e td,(t)dt = eC"/ et P, (t —c,)dt
— 00 —Cn 0
N,
Nn 1/137” H /an' _ H ﬂnz el/ﬁm.
1+ /an' i=1 1+ /an
Thus,

N. o0
> — T /an 1 . N2 _
1< e"td, () dt = [ [ =20 el/Pni < T M/ ((mD*=1)
_/ (t) Z| [ 5 4 _¢|=|1

— o0
e}

=e i= 1(nz)2 1_)]_

3) Suppose there exists ¢ < 0 such that ®,,(¢) does not converge to 0. Since

ft e 5P, (s)ds > @, (t)(e"t — 1), it would follow that ffoo e '®,(s) ds does not converge
to 0 elther



(E) Finally, we have the tools necessary to show convergence of the Phragmén-

Mikusinski inversion. We know that

0 Zamrﬂm et = [1£(1) /Zameﬂm ~i2 f(s) ds|

— ) /qsns—t 5)ds].

(1)

Let € > 0. Choose ¢ > 0 such that ||f(t) — f(s)|| < € for |t — s| < 26, and choose ngy such

that ®,(—d) + 1 — ®,(0) < € for all n > ng. Then, for ¢t € [§,T — 4],

t—6

170 [ ats )51 s <

0

t+6 t+9
+1r) - - Pn(s — 1) f (1) ds| + . Puls = f(1) = Fs) ds
t—o T
Sl Pu(s —t)ds+[[f| [ dn(s —t)ds
0 t+0
t+0 t+0
+ A - Pn(s — 1) ds| +e Pn(s — 1) ds
t—o t—o

SNFINPA(=6) = Pu(=1)) + [ [(Pn(T — 1) — Pn(0))

HIAI = @n(8) + Pn(=0)| + €(Pn(t +0) = Pn(t = 8)) < B[] +1).

For t € [0, 6] we have the following estimate (using f(0) = 0).

10 /qsns—t £(s) ds]

t+9

<[lF@®I + ; ¢n(3_t)”f(s)”d3+/t+6¢n(3_t)”f(3)||ds
<€+ €(Pn(0) = (1)) + I I(Pn(T — 1) — D0 (9)) < (2 +]])

Thus ZZ L Qi (Bni)ePrit converges uniformly on [0, S] to f(%).

b5 — DI f(5)]] ds + /M bu(s — D)1/ (5)]] ds

¢

Changing only the final argument of the proof of the previous theorem we obtain con-

vergence in L'-norm if f € L'. In fact, as we will see in Section 2, if f is in a space

of generalized functions, then, modified slightly, the above sum of exponential functions

converges in a suitable norm (which is optimal).
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Corollary 2. Let (3,)neN, Qn i, and Ny, be as in Theorem 1, and let f € L*([0,T]; X).
Then

Ny
f=lim Y aniq(Bu)el ),
i=1
where the limit is in L*([0,T]; X)-norm.

Proof. By (1) we have to find an estimate for || f(-) fo Gn(s—-)f(s)ds||p1. Let e > 0.
Choose 6 > 0 such that f ||f +t) — f(s)||ds < € for |[t| < 0. Choose ng such that
D, (=9)+1—P,(6) < e for all n > ny. Extending f by zero we obtain

t46

1£0) /qsns— )dsnps/o WO = [ fuls — 1) ds) i

t—9

[ 010~ s asa

T t—0
s [ s nnseasars [ [ o nise)dsa
< Fllr (1 = B (0) + B //¢ JIF() = £(s+ )] dt ds
T—6
+ [ +5¢>n(s—t)||f ||dtds+// o5 = DI F(3)] de ds

T—96
<e(If] + 1) + / 17 ()| (B —8) — B(s — T)) ds + /6 1F () (@) — B(8)) ds
<cIf] + 1).
&

In order to extend the inversion formula to Laplace or asymptotic Laplace transforms of
functions defined on [0, 0c), we need the notion of exponential decay. We say a function is

of exponential decay T' > 0 if

hmsup)\ln” r(A)] < -T.

A— o0
This notion is important since, as we see next, the Phragmén-Mikusinski inversion does
not register perturbations of exponential decay T7 i.e., if for t € [0,T),

f(t) = lim Zan i0(Bpi)emt

n—00



for some function ¢, then

n—00 4

N,
Ft) = lm Y o iG(Bni)e™ !
=1
for all perturbed functions ¢ = ¢+, where r is some perturbation of exponential decay T'.

Corollary 3.  Let r : (w,00) — X be a function, and let (8,),cn € IRT be a Miintz

sequence. If r is of exponential decay T > 0, then
Ny
S o
1=

for all 0 < ¢t < T, where o, ; and N, are as in the previous theorem, and the limit is

uniform for all t € [0,S] and 0 < S < T.

Proof. Lett € [0,T). Then —T < —2Ltt. Thus, there exists ng such that ||r(8,)|| <

ﬁie_ﬁﬁ" for all n > ng and such that 2/ng < (T' — t)/3. By the previous theorem we

n

know that |au, ;| < ﬁme%ﬂm < ﬁnie%ﬂm‘. Thus

N, e’} [e%s}
) T2t 5 . _ 2T+t g | _ T—tp .
|| E anﬂ;eﬂnztr(ﬁni)” S E e 3 ﬂnle 3 Bri — E e 3 Bri
1=1 1=1 1=1
o0 T—
—I=tng ez "
< E e 3 =5 — 0
i=1 L—emms"

as n — oo, uniformly for all ¢ € [0,5] for all 0 < S < T. &

Asymptotic Laplace transforms appear as an extension of the usual Laplace transform to
map functions which are not exponentially bounded and were first introduced by J.C. Vi-
gnaux in 1939 (see [Vi] or [Lu-Ne]). The asymptotic Laplace transform of a function
f €L}, ([0,00); X) is defined to be an equivalence class of analytic functions defined in a

post sectorial region €2 of the complex plane with the following property:
T
La(f)={re A(Q,X):r~r A / e M f(s)ds for all T > 0}
0

where r ~p ¢ if r — ¢ is of exponential decay 1. This set is always nonempty and the
properties of the Laplace transform extend fully (see [Lu-Ne] or [Ba]). With the help of

Corollaries 2 and 3 we obtain the following result.

8



Corollary 4. Let f € Cy([0,00); X) or f € L ([0, oo)-X) and f(A) € La(f). Let

(Bn)nen be a Miintz sequence. Let N,, be such that SN — 00, as n — oo, and let

i1 7
oy i be as in Theorem 1. Then, for all t > 0,

Ny,
f = Jim 3 an i f(Bu)e O,
1=1

where the limit is uniform on compact sets or taken in L} . respectively.

loc?

Proof. Let 0< S <T,q(A) =[] e f(t)dt, and r()) := f(A) — g(A). Then f =g+
and

Zaknetﬂknf Bren) Zak e g(Bn) + Zakne Pt (Bn)-
n=1

n=1 n=1

By Theorem 1, for f € Cy(]0,00); X), the first term converges uniformly on [0, S] to f(¢).

By Corollary 2, the first term converges in L! for f € L} ([0,00); X). By Corollary 3, the

loc

second term converges uniformly to 0 on [0, S]. &
An immediate consequence is the inversion formula for the Laplace transform.

Corollary 5. Let f € Cy([0,00); X) or f € L}, .([0,00); X) be a Laplace transformable
function and f(\ = [y" e M f(t) dt for sufficiently large Re(X). Let (83,),cn be a Miintz
sequence. Let N,, be such that Y 1"
Then, for all t > 0,

e 1[3 — 00, asn — oo, and let oy, ; be as in Theorem 1.

Nn
f=lim Y anif (Bu)el 0,
=1

where the limit is uniform on compact sets or taken in L], ., respectively. &

Another consequence is the following statement characterizing the maximal interval [0, 7]
on which a function can vanish in terms of the growth of its asymptotic Laplace transform
evaluated at Mintz points. It will furthermore allow us to avoid singularities that might

appear in the Laplace transform of generalized functions (see below).

9



Theorem 6. Let 0 < T and let f € L} ([0,00); X) with f € L4(f). Then the following

loc
are equivalent.(¥)
(i) Every Miintz sequence (83,), o satisfies

. 1 2
lim sup == In || f(6n)] = =T

T —>00 n

(ii) For every Miintz sequence (0,), o there exists a Miintz subsequence (Bp, )y Satis-

fying

hm

—00 ﬂnk

(iii) There exists a Miintz sequence (), c Satisfying

I | f (B | = ~T.

) 1 -
limsup — In || f(B,) ]| = ~T.

n—00 n

(iv) f(t) = 0 almost everywhere on [0,T] and T' € supp(f).

(v) limsup,y_, o %111”]?()\)” =-T

Proof. We show first that (i) => (i) => (ii%) => (iv) => (i) and then (iv) <=> (v).

Suppose (i) holds, and let (3,), . be a Miintz sequence. Let (G;,) be the subsequence

nelN

that is obtained by dropping the elements of (3,,) for which ||r(8,)|| < e(=T=9)8»_ The

nelN

dropped subsequence (v5,) satisfies

1 R
limsup — In || f(75)]| < ~T — .

n— 00 n

Since (i) is assumed to hold, the dropped sequence (7f,) can not satisfy the Miintz condition.
Thus Y L ¢ < 00, and hence (85 )nen is still a Miintz sequence. Now we use a diagonal
argument. Let j = 1 and take the first k; elements of (ﬁ,ll)ne such that ZZ 1 ﬁll >
1. Continue with elements of the sequence (@11/ 2) picking consecutive elements until
ZJ 1 ;31 -+ ZJ b 5 /2 > 2. Continuing this process we end up with a subsequence having

the properties stated in (7).

(1) G. Doetsch ([Do], Satz 14.3.1) proved that limsup,_, . 5 In 17 (N)|| < =T is equivalent
to the statement (iv)": f = 0 on [0,T] a.e. In fact, it follows from the proof below that

statement (iv)’ is equivalent to the statements (i) — (4i7) if lim sup,,_, ., ﬁ In || f(Bn)] = —

is replaced by limsup,,_, . ﬁn In ||f(:8n)|| <-T.
10



Clearly (ii) implies (7i7). Suppose (ii7) holds. In the case that 7' > 0, we combine
Corollary 3 with Corollary 2 and obtain that fg f(s)ds = 0 for all t € [0,T). Now let
T > 0 and suppose that f = 0 almost everywhere on [0,7 + ¢]. However, by the definition
of asymptotic Laplace transforms, there exists a remainder function r ~p;. 0 such that

T+e

FO) = [y Te M f(t) dt + r(X) = r(N), contradicting (ii6). Thus (iv) holds.

Suppose (7v) holds. Then limsup,_, ., §ln||f()\)|| < —T'. Suppose

i sup = | F(8,)[| < ~T = e
Then Corollary 2 and Corollary 3 imply that fgf(s) ds =0 for t € [0,T +¢), contradicting
T € supp(f). Thus (i) holds. Furthermore, suppose limsupy_,, 5 In |If(A)|| < =T. This
would contradict (i) and therefore (v) has to hold.

Suppose (v) holds. Thus f vanishes on [0, T]. Suppose f vanishes on [0, + ¢]. Then
limsupy_, o 3 In |/ (V)| < =T — ¢, contradicting (v). Thus (iv) holds. &

As a Corollary we obtain a short and elegant proof of Titchmarsh’s theorem, following an

idea of J. Mikusinski for the scalar valued case [Mi].

Corollary 7 (E. C. Titchmarsh’s Theorem). Let 0 < T, and let k € L} [0, 0)

loc

and f € L} ([0,00); X). Then kx f =0 on [0,T] implies that there exist x1,x9 > 0 with

loc

1 +x3 > T s.t. k=0 a.e. on[0,z1] and f =0 a.e. on [0, z2].

Proof. Let k € La(k) and f € L4(f). Let 2 := limsupk_)ooiln|l;:()\)| and xo :=
lim sup,_, o %1n||f()\)|| By Theorem 5, k and f are 0 a.e. on [0,z1] and on [0, zg]
respectively. Furthermore, by taking subsequences, there exists a Muntz sequence (ﬁn)nE]N

such that z1 = — limy,e0 3= I k()] and 25 = —limy, 0o 3= In || f(,)]]. Since
lim — In [|b(8,)f — lim — Ik lim — In | f =
A n [k (B ) f(Bn)l = o n| (ﬁn)|+ngr;oﬂ—n n[[f(B)ll = =21 — 22

we obtain that ©1 + x9 > T. &

11



2. The Inversion of the Convolution Transform

J. Mikusinski introduced generalized functions as elements in the quotient field of contin-
uous functions with convolution as multiplication. Into this purely algebraic approach he
inserted a topology. A sequence of generalized functions g—z is said to converge to 5 if
there exists a k € C[0,00) such that k x g—z € C[0,00) for all n and k g—z — kx 5. See
[Mi] for details.

We use this topology to introduce Banach spaces (Frechét spaces, Fréchet lattices, etc.)
of generalized functions. We define generalized functions g : [0,00) — X as elements of
the completion C¥1([0, 00); X) of the vector space C([0,00); X) equipped with seminorms

t

[ flln ==k x flln = sup ||| k(t—s)f(s)ds],
tefo,n] Jo

where k € Lj, [0, 00] with 0 € supp(k) (See [Ba] or [B-L-N]). Similarly, we define the spaces
LYE([0, 00); X) as completions, measuring a function by the L'-norm of its convolution

image. Hereby, the following theorem is crucial (see also [Fo], [Ti], or [B-L-NJ).

Theorem 8 (Titchmarsh-Foias). Let k € L'[0,7T] and consider the convolution
K : f— kxf as an operator from C([0,T]; X) into Cy([0,T]; X) or as an element of
L(LY([0,T]; X)). Then the following are equivalent.

(i) 0 € supp(k)

(ii) K is injective.
(iii) The range of K is dense.
Moreover, in that case, K extends to an isometric isomorphism between C*1([0, T]; X) and

Co([0,T); X) as well as between L>*1([0,T]; X) and L*([0,T]; X).

Notice that in Corollary 7 we proved the equivalence of (i) and (i). In Theorem 9 we will
not only prove the equivalence of (i) and (iii), but give an approximating sequence and
thus provide an inversion for the convolution transform.

With the above definition, a generalized function g can be regarded as an equivalence
class [g,]r of continuous (or L!) functions g, such that kxg, — f =: k*g. The union

of these spaces will, for the scalar valued case and up to translation, give us back the

12



convolution field. In the vector valued case we obtain a vector space over the convolution
field. (See [Ba] for details). Since the (asymptotic) Laplace transform maps convolution
into multiplication, the (asymptotic) Laplace transform of such a generalized function is
a quotient of the (asymptotic) Laplace transform of a function f and the (asymptotic)
Laplace transform of the kernel £; thus they are meromorphic functions in some sectorial
region in the right halfplane (See [Ba] or [L-NJ).

In the following theorem, for given k£ and f, we provide a sequence of continuous
functions g,, such that k x g,, — f. This is done by using the inversion formula on g = %,
yielding the sequence of exponential functions g,. This sequence converges in the || - ||x-
norm to the generalized function g. Hence the inversion formula of Corollary 4 not only
converges uniformly for continuous functions f or in L!-norm for Bochner integrable f, but,
in a slightly extended version, it also converges in C¥l-norm or L%¥l-norm for generalized
functions g € C*1(]0, 00); X) or g € LYFI([0, 00); X).

Theorem 9 (Inversion of the convolution transform). Let k € Lj [0,00) with

0 € supp(k) and k € La(k). Let f € Co([0,00); X) or f € LL ([0,00); X) and f €

loc

L(f). Let B, be a Miintz sequence® such that lim,,_, ﬂinlnHlAc(,Bn)H — 0. Let ¢, =

max{ 2=, 52 In || %=L |} and

FBri) i)
k(i) ’

where oy, ; and N,, are defined as in Corollary 4. Then
kxgn— [,
where the limit is uniform on compact intervals or taken in L} ., respectively.

Proof. Let 0 < S < T. Let rr be the remainder function such that

) 4+ rr(2) = /OTe—Mk(s) ds

(5) By Theorem 6 such a sequence can always be constructed.

13



for all A > 0. Then, for 0 <t < S,

N ~

_ - f(ﬂnz) ! Bri(t—en—s)

(kx0a)(0) =m0 X8 ds

N ~

N~ TBni) g b gis
;an’liﬂ(ﬂni)e /06 k()d
N A

_ - f(ﬁm) ﬂm(t—en)k
Zzzl Qn.j ]%(/an) e (Bni)

2 T
+ ozn’if('@m)eﬁ"i(t_e") (TT(,BM) —/ e_ﬂ"isk(s) ds) .
, ; t

By the Phragmén-Mikusinski inversion, the first term converges uniformly — or in L%,
respectively — to f.

We conclude the proof by showing that the second term converges to zero. By the
definition of €, we know that |lAc(,8m)| > Bpie Prien/2. Thus, there exists a constant C

such that, for n — oo,

f ﬂni(t €n) ) ’ _/Bnisk d
||Zan,;; (mm [ ek as) |

=1

S E /Bnie2ﬂni/nﬁeﬁni(t_en)e_ﬂnit — C eﬁni(z/n—en/Q) 0-
- nz'e_ ni€n : :
=1

¢

Remark 10. We only considered scalar valued kernels £ in this article. If the kernel
is a strongly continuous or strongly locally integrable operator family (K)o, the same
theorems hold, provided that for Kecl A(K), there exists a Miintz sequence (ﬂn)nelN such

that for all ¢ > 0 there exists a constant N, with

1K (Ba) | ]| < e K (B,)]

for all n > N, and all x € X. See [Ba] for details.
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