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Abstract8

Sonic crystals are scatterers arranged periodically in a homogeneous fluid medium, for

which sound does not transmit through the crystal in certain frequency bands known

as stop bands. Acoustic wave transmission through a two-dimensional sonic crystal

composed of a finite array of scatterers is investigated. Two types of scatterers are con-

sidered: sound-hard cylinders and C-shaped locally resonant scatterers. An analytical

method is devised to solve the corresponding multiple scattering problems. The method

combines an integral equation technique for the single scatterer with an enhanced mul-

tipole method using domain decomposition into slabs. A numerical approach using

commercial software is also considered for validation and is based on the finite element

method. Simulations of sound transmission through an array of 5 by 51 scatterers

show remarkably good agreement with the corresponding infinite system. For an array

comprising locally resonant scatterers, an approximate band gap around the resonator

natural frequency is observed in addition to the band gap due to the overall periodicity

of the sonic crystal array.
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1. Introduction11

Sonic crystals are periodic arrangements of acoustic scatterers embedded in a fluid12

medium [1]. An interesting property of infinite crystals is the occurrence of ranges13

of frequencies in which propagation of sound is prohibited, as a result of destructive14

interferences. Such frequency ranges are referred to as Bragg band gaps and are a15

function of the spacing between adjacent scatterers only. Periodic arrays of scatterers16

have been studied for a range of applications, e.g. as sonic crystal barriers to reduce17

traffic noise pollution [2–4], as floating ice floes to observe wave attenuation in the18

marginal ice zone [5–7], as bubble phononic crystals for acoustic tiling [8, 9], and as19

photonic crystals [10].20

A plethora of work related to periodic arrays of scatterers can be found in literature.21

As such the following review is by no means exhaustive. Linton and Thompson [11]22

investigated the effect of frequency, incident angle and array spacing on scattering of23

plane acoustic waves by an infinite periodic array of circles. Bennetts [6] proposed24

a method to analytically predict wave scattering by a multiple-row array of periodic25

scatterers in which the rows were permitted to have different periodicities.26

Well-known prediction models for wave interactions with sonic crystals include mul-27

tiple scattering theory (MST) [12–15], plane wave expansion (PWE) [16] and the finite28

difference time domain method (FDTD) [17]. An early review on sonic crystals was29

presented by Miyashita [17]. More recently, Gupta [18] reviewed applications of sonic30

crystals and numerical methods to study their acoustic performance. Gupta et al. [19]31

designed a radial sonic crystal based on the Webster horn equation, which consists of32
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periodic structures in polar coordinates.33

The concept of a sonic crystal barrier, first introduced by Martinez-Sala et al. [2], has34

received much interest, for example, see [3, 12, 13, 15, 20–24]. The performance of a two-35

dimensional arrangement of rigid hollow cylinders in air was investigated by Sanchez-36

Perez et al. [3]. Vasseur et al. [21] theoretically and experimentally examined sound37

attenuation by a square array of parallel copper cylinders. Their results revealed that38

rigid hollow and solid cylinders produce similar sound transmission. Jean and Defrance39

[20] used a 2D boundary integral formulation to examine the acoustic performance of40

a sonic crystal noise barrier comprising rows of cylinders of infinite extent. Romero-41

Garćıa et al. [24] studied the effect of the interaction between a sonic crystal barrier42

and the ground on the barrier acoustic performance. Full-space and half-space sonic43

crystal barrier problems comprising arrays of rigid and porous cylinders were recently44

studied using the FDTD approach coupled with the immersed boundary method [25].45

Since the seminal paper by Liu et al. [26], the acoustic performance of a sonic crystal46

comprised of locally resonant scatterers has also attracted recent significant attention47

[4, 15, 20, 26–33]. Koussa et al. [4] combined a sonic crystal aligned parallel to the48

ground with a rigid straight noise barrier. To further extend the barrier insertion loss,49

the scatterers were modelled as either rigid cylinders or resonant cavities, where the50

cavities were either reactive or lined with an absorbent material. Chalmers et al. [30]51

showed that the use of locally resonant C-shaped scatterers in a periodic arrangement52

results in the generation of locally resonant band gaps around the Helmholtz resonator53

frequency in addition to the Bragg band gap due to the periodicity of the sonic crystal54

array. However, the sub-Bragg band gap generated by the locally resonant scatterers55

is generally very narrow in bandwidth [31]. Elford et al. [32] showed that by designing56
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the locally resonant scatterers in a Russian doll or Matryoshka configuration, a broader57

band gap can be achieved.58

In this work, we investigate the acoustic performance of a finite sonic crystal in59

approximating the known band gap structure of the corresponding infinite array. We60

seek to reproduce both Bragg and sub-Bragg band gaps by considering both sound-hard61

and C-shaped locally resonant scatterers. An efficient analytical technique is proposed62

to calculate the transmitted field by the finite array. An integral equation/Galerkin63

method is used to describe the scattering by an individual scatterer, while we apply the64

domain decomposition technique of Montiel at al. [34] to resolve multiple scattering65

in the array. The results are compared with predictions made using the commercial66

finite element package COMSOL Multiphysics (v5.1). The quantity of interest is the67

transmission loss, which is defined as the reduction of sound pressure level behind the68

array due to the presence of the array. We examine how the transmission loss is affected69

by the properties of the C-shaped resonator.70

2. Preliminaries71

Consider the scattering of sound waves in two dimensions by a sonic crystal array72

that consists of a finite number of scatterers arranged in a square lattice with regular73

spacing d in both horizontal dimensions. The array is composed of S rows, each con-74

taining Jc scatterers. We use the Cartesian coordinates (x, y) to locate points in the75

infinite plane. The x and y axes are oriented in the direction of the lattice vectors, as76

shown in Figure 1a.77

The host medium is air and is assumed to be homogeneous. We further consider78

the air medium to be lossless, so wave energy is redistributed spatially as a result of79
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Figure 1: (a) A finite sonic crystal array composed of S rows of C-shaped scatterers with lattice
constant d in both horizontal directions. (b) A single C-shaped scatterer (resonator) with radius a and
opening angle 2α.

scattering but is preserved.80

All the scatterers are identical C-shaped cylindrical resonators with radius a and81

opening angle 2α (see Figure 1b). The origin of the Cartesian coordinate system82

coincides with the centre of the middle scatterer in the first row, assuming an odd83

number Jc scatterer in each row. In row s, the centre of scatterer j has coordinates84

(xs, yj) = ((s − 1)d, (j − 1 − (Jc − 1)/2)d). The resonator shell is assumed to be rigid85

and to have a small thickness compared to the acoustic wavelength. Under this condi-86

tion, the thickness of the shell can be neglected (this assumption was further validated87

numerically using the method described in §4).88

Assuming time-harmonic conditions with radian frequency ω, the acoustic pressure89

is given by Re{p(x, y) exp(− iωt)}. The (reduced) complex pressure p satisfies the90
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Helmholtz equation [35]91

∇2p+ k2p = 0 (1)

where we have introduced the acoustic wavenumber k = ω/c, everywhere in the host92

medium.93

For each C-shaped scatterer j in a given row, we introduce the local polar coordinates94

(rj, θj) with origin at the centre of cylinder j. Considering sound-hard boundaries, the95

pressure satisfies96

∂p

∂rj
= 0, rj = a, θj ∈ Γc, (2)

for each cylinder j = 1, . . . , Jc. We have introduced Γc = {θj,−π + α < θj < π − α}.97

Note that this condition applies for both the interior (rj < a) and exterior (rj > a)98

fields to the scatterer.99

An ambient plane wave field with unit amplitude and normally incident on the100

array (i.e. travelling along the direction of the positive x-axis) is prescribed to force a101

non-trivial solution. The corresponding pressure field is then given by102

pam(x, y) = ei kx. (3)

We seek to describe the scattered field p− pam arising from multiple scattering by the103

array. Two methods are discussed in what follows to solve this boundary value problem.104

3. Analytical method105

The first solution method follows closely the domain decomposition technique pro-106

posed by Montiel et al. [34] for an arbitrary finite array of sound-hard scatterers. We107
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first cluster the array into S slabs defined by (s−3/2)d < x < (s−1/2)d for s = 1, . . . , S.108

Therefore, each slab s contains the Jc scatterers in the sth row of the sonic crystal.109

We seek the far-field transmitted acoustic pressure by the array as a superposition110

of plane waves with amplitude continuously depending on the travelling angle χ with111

respect to the x axis, that is,112

p = pT(x, y) ≈
∫ π/2

−π/2
AT(χ)ei k(x cosχ+y sinχ) dχ, x� Sd, (4)

where AT(χ) is the unknown amplitude of the transmitted field. Note that an analogous113

expression exists for the reflected field, but in §5, we will only discuss the properties of114

the transmitted field, so we omit the description of the reflected field in the solution115

method.116

3.1. Scattering by a single scatterer117

We first describe the scattering by a single C-shaped scatterer j in a row of the ar-118

ray. An integral equation/Galerkin method is devised to find a relationship between an119

arbitrary incoming wave field and the corresponding outgoing wave field. The method120

resembles that proposed by [36] for elastic Helmholtz resonators. This method is known121

to exhibit superior convergence properties compared to a standard eigenfunction match-122

ing technique [37].123

We decompose the pressure field into an interior field pjint for rj < a and an exterior124

field pjext for rj > a, which is further decomposed into incoming and outgoing waves.125
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The partial multipole expansions of the exterior and interior pressure fields are126

pjext(rj, θj) = pjin + pjsc ≈
N∑

n=−N

(
ajnJn(krj) + cjnHn(krj)

)
einθj , rj > a (5)

and127

pjint(rj, θj) ≈
N∑

n=−N

djnJn(krj)e
inθj , rj < a, (6)

respectively. Here Jn and Hn are the Bessel and Hankel functions of the first kind of128

order n, respectively.129

The boundary condition given by Eq. (2) applies to both the interior and exterior130

fields131

∂pjext

∂rj
=
∂pjint

∂rj
= 0, rj = a, θj ∈ Γc. (7)

We further have continuity of pressure and normal velocity at the opening of the C-132

shaped scatterer, i.e.133

pjext(rj, θj) = pjint(rj, θj) and
∂pjint

∂rj
=
∂pjint

∂rj
, rj = a, θj ∈ Γg, (8)

where Γg = {θj,−α < θj − π < α}.134

We introduce an auxiliary function v(θj) in the opening of the scatterer which135

describes the boundary condition there for the interior and exterior fields. These are136

given by137

∂pjext

∂rj

∣∣∣∣∣
r=a

= v(θj), θj ∈ Γg. (9a)
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and138

∂pjint

∂rj

∣∣∣∣∣
r=a

= v(θj), θj ∈ Γg. (9b)

Projecting Eqs. (9a) and (9b) with respect to the Fourier basis function exp(− inθj)139

yields140

∫
Γg

v(θj)e
− inθj dθj =

∫ 2π

0

∂pext

∂rj

∣∣∣∣
r=a

e− inθj dθj = 2πk
(
J ′n(ka)ajn +H ′n(ka)cjn

)
(10)

and141 ∫
Γg

v(θj)e
− inθj dθj =

∫ 2π

0

∂pint

∂rj

∣∣∣∣
rj=a

e− inθj dθj = 2πkJ ′n(ka)djn, (11)

respectively, where we have used Eq.(7) to extend the integration domain of the interior142

and exterior normal derivatives and the orthogonality of the Fourier basis functions.143

We can then express the exterior and interior scattered wave coefficients in terms of the144

auxiliary function as145

cjn = Zna
j
n +

1

2πkH ′n(ka)

∫
Γg

v(θj)e
− inθj dθj, (12)

where Zn = −J ′n(ka)/H ′n(ka), and146

djn =
1

2πkJ ′n(ka)

∫
Γg

v(θj)e
− inθj dθj. (13)

Continuity of the pressure across the opening given by Eq. (8) yields147

N∑
n=−N

{
ajnJn(ka) + cjnHn(ka)

}
einθj =

N∑
n=−N

djnJn(ka)einθj . (14)
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Substituting cjn and djn in Eq. (14) using Eqs. (12) and (13), we obtain

N∑
n=−N

ajnJn(ka)einθj+
N∑

n=−N

(
Zna

j
n +

1

2πkH ′n(ka)

∫
τ∈Γg

v(τ)e− inτ dτ

)
Hn(ka)einθj

=
N∑

n=−N

(
1

2πkJ ′n(ka)

∫
τ∈Γg

v(τ)e− inτ dτ

)
Jn(ka)einθj (15)

valid for θj ∈ Γg. Rearranging Eq. (15), we obtain the following integral equation148

∫
Γg

K(θj : τ)v(τ) dτ = f (j)(θj) (16)

to be solved for the auxiliary function v(τ). The kernel K(θj : τ) and forcing term149

f(θj) are given by150

K(θj : τ) =
N∑

n=−N

Knein(θj−τ) and f (j)(θj) = 2πk
N∑

n=−N

ajnKnJ ′n(ka)einθj , (17)

respectively, where151

Kn =
Jn(ka)

J ′n(ka)
− Hn(ka)

H ′n(ka)
=

2 i

πkaJ ′n(ka)H ′n(ka)
.

A Wronskian identity was used to simplify Kn.152

The integral equation is solved numerically using the Galerkin technique. We expand153

the auxiliary function in its Fourier representation on the domain Γg, that is154

v(τ) ≈
M∑

m=−M

bme
iKmτ , τ ∈ Γg, (18)
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where Km = mπ/α. Substituting Eq. (18) in Eq. (16) and projecting on e− iKpθj for155

θj ∈ Γg, the following linear system for b = (b−M , . . . , bM)T is obtained156

Kb = 2πkF(j) (19)

where the matrix K and vector F(j) have dimension (2M + 1)× (2M + 1) and 2M + 1,157

respectively, and are given by158

K = AKA∗ and F(j) = AKDJa
j.

We have introduced the matrix A of dimension (2M + 1)× (2N + 1) with entries159

Am,n =

∫
Γg

e− iKmθjeinθj dθj = 2α ei(nα−mπ) π
α sinc (nα/π −m)

where sincx = sinπx/πx, and the diagonal matrices K and DJ have dimension (2N +160

1)× (2N + 1) with entries Kn and J ′n(ka), respectively. The superscript ∗ was used to161

denote the conjugate transpose of a matrix.162

The accuracy of the solution method depends mainly on the accuracy of the kernel163

matrix K in the expression of K. To compute the latter matrix, we therefore increase164

the size of K to ∼ 1000 � 2N + 1 while expanding the auxiliary function into M =165

O(10) modes. The size of A in the expression for K is modified accordingly. For the166

computation of the forcing vector F(j), the matrix K remains of size 2N + 1, where167

N = O(1). This procedure allows us to obtain 5-digit accuracy for the unknown168

amplitudes cj = (cj−N , . . . , c
j
N)T and dj = (dj−N , . . . , d

j
N)T.169

The mappings between the amplitudes of the exterior and interior scattered fields170
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and those of the incident field are then given by Eqs. (12) and (13), where we substitute171

Eqs. (18) and (19) to eliminate the auxiliary function. We obtain172

cj =
(
Z + D−1

H A∗K−1AKDJ

)
aj = Daj (20)

for the exterior mapping, where Z and DH are the diagonal matrices of size 2N + 1173

with entries Zn and H ′n(ka), respectively, and174

dj =
(
D−1
J A∗K−1AKDJ

)
aj (21)

for the interior mapping. We see that the method only requires inversion of the matrix175

K which has size O(10), and is therefore significantly more efficient than the stan-176

dard mode matching technique, which typically requires inversion of matrices with size177

O(100) or higher for equal or inferior accuracy [37].178

In the special case of a sound-hard cylinder without an opening, i.e. α = 0, the179

interior field pjint is not coupled to the exterior field pjext. The mapping for the exterior180

fields given in Eq. (20) then becomes181

cj = Zaj. (22)

In Eq. (20), the matrix D = Z + D−1
H A∗K−1AKDJ describing the scattering properties182

of the resonator is the superposition of the closed cylinder mapping Z and a correction183

term due to the presence of the gap.184
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3.2. Scattering by a single row185

Wave interaction in a single row of scatterers is resolved using the standard multipole186

method described by Martin [13]. We only give a brief summary of the method here and187

the reader is referred to excellent aforementioned book or [34]. The total pressure in188

the vicinity of scatterer j, for j = 1, . . . , Jc, can be expressed as the sum of an incident189

field and a scattered field, that is pj = pjin + pjsc. We enforce coupling between all the190

scatterers by writing the incident field as the sum of the incident forcing field pinc and191

the scattered field due to all the other scatterers, i.e.192

pjin = pinc +
Jc∑

i=1,i 6=j

pisc. (23)

The incident and scattered fields around scatterer j, pjin and pjsc, respectively, are193

approximated using the truncated multipole expansions given in Eq. (5). We write194

a similar expansion for the incident forcing field pinc in the local polar coordinates of195

scatterer j196

pinc(rj, θj) ≈
N∑

n=−N

f jnJn(krj)e
inθj , (24)

Substituting Eqs. (5) and (24) in (23), applying Graf’s addition theorem [38] to express197

outgoing polar harmonics from scatterer i as regular polar harmonics into scatterer j,198

and projecting on the incident polar harmonics of order n, we obtain199

ajn = fn +
Jc∑

i=1,i 6=j

N∑
s=−N

Hs−n(kRij)e
i(s−n)θijcis, (25)

13



where (Rij, θij) = (|j − i|s, sgn(j − i)π/2) are the polar coordinates of the centre of the200

jth scatterer into the local system associated with the ith cylinder. Rewriting Eq. (25)201

in matrix form and using the scattering map for the single scatterer given in Eq. (20),202

we obtain203

cj −
Jc∑

i=1,i 6=j

N∑
s=−N

DTi,j
s ci = Df j, (26)

where f j = (f j−N , . . . , f
j
N)T, Ti,j

s = diag{Hs−n(kRij)e
i(s−n)θij , n = −N, . . . , N} and we204

have multiplied across by D.205

Equation (26) describes a system of equations that can be solved for cj, j = 1, . . . , Jc.206

The solution can be summarised in a single matrix equation207

c = Tf , (27)

where c and f are column vectors of length Jc(2N + 1) obtained by concatenating cj208

and fj for j = 1, . . . , Jc.209

3.3. Scattering by multiple rows210

We now consider the full problem described in §2 with S rows. The technique used211

to enforce row-row interactions is similar to the S-matrix method commonly used for212

solving wave propagation problems through photonic or phononic crystals, in which each213

row contains an infinite periodic array of scatterers [see, e.g. 39, 40]. The extension to214

finite arbitrary rows was proposed by [34], who also give an extensive literature review215

on the use of the S-matrix method in many areas concerned with wave scattering by216

infinite regular or partially regular arrays. We only give a summary of the method here217

and the reader is referred to [34] for additional details.218
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We define psinc as the incident forcing field on row s and express it as a superposition

of plane waves travelling leftward and rightward and with amplitudes that depend

continuously on the angle φ, with respect to the x-axis. This can be expressed as

follows

psinc(x, y) =

∫
Λ

(
A+
s (φ) ei k((x−ξs−1) cosφ+y sinφ)

+A−s (φ) ei k(−(x−ξs) cosφ+y sinφ)
)
dφ, (28)

where ξs = xs+1 − d/2, for s = 0, . . . , S. The functions A+
s (φ) and A−s (φ) describe219

the amplitude of the plane wave components travelling at angle φ with respect to the220

x-axis in the positive and negative x direction, respectively. The range of angular221

components is a contour Λ that extends in the complex plane. It is composed of the222

closed real interval Λr = [−π/2, π/2] connecting the two complex semi-infinite branches223

Λ−i = −π/2 + i(0,∞) and Λ+
i = π/2 − i(0,∞), so that Λ = Λ−i ∪ Λr ∪ Λ+

i . A value of224

φ ∈ Λr corresponds to a travelling plane wave component at angle φ with respect to225

the x-axis, while φ ∈ Λ±i corresponds to an evanescent wave decaying exponentially226

with x. These evanescent wave components arise from wave sources in the adjacent227

rows, which will be discussed later, and must therefore be considered if the rows are228

not widely spaced [see 34].229

We seek to characterise the outgoing wave field from row s in the form230

ps− =

∫
Λ

B−s (χ) ei k(−(x−ξs−1) cosφ+y sinφ) dφ, x ≤ ξs−1 (29)
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for the leftward components and231

ps+ =

∫
Λ

B+
s (χ) ei k((x−ξs) cosφ+y sinφ) dφ, x ≥ ξs (30)

for the rightward components, where the amplitude functions B±s (χ) are the unknowns232

to be determined.233

The multipole expansion Eq. (24) for the incident field psinc is obtained from the234

Jacobi expansion [13, Eq. (2.17)]. The coefficients f jn in expansion (24) are then given235

by236

f jn =

∫
Λ

(
in e− inφA+

s (φ) + (− i)n einφA−s (φ)
)
ei k((d/2) cosφ+yj sinφ) dφ. (31)

237

In response to the incident wave forcing psinc, a scattered field is produced by the

array of scatterers in row s. It is given by

psscat(x, y)≈
Jc∑
j=1

N∑
n=−N

cjnHn(krj)e
inθj

=
Jc∑
j=1

N∑
n=−N

cjn
(∓ i)

π

∫
Λ

e± inχei k(±(x−xs) cosχ+(y−yj) sinχ) dχ, ±(x− xs) ≥ 0.

(32)

In the last step, we used a plane wave expansion of the outgoing polar harmonics derived238

in [34]. This expansion justifies the range integration Λ used in Eq. (28).239

Combining Eqs. (31), (27) and (32), we obtain after some algebra the following240

integral mappings relating the amplitude functions of the outgoing wave fields to those241
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of the incoming wave fields242

B−s (χ) =

∫
Λ

(
R−(χ : φ)A+

s (φ) + T −(χ : φ)A−s (φ)
)
dφ (33)

B+
s (χ) =

∫
Λ

(
T +(χ : φ)A+

s (φ) +R+(χ : φ)A−s (φ)
)
dφ (34)

where R±(χ : φ) and T ±(χ : φ) are the reflection and transmission kernels. Semi-243

analytical expressions for these kernels can be obtained and the reader is referred to244

[34] for the full derivation.245

For numerical purposes, Eqs. (33) and (34) are discretised by (i) truncating the246

complex branches Λ±i to ±π/2∓ 2 i (a value shown to generate errors close to machine247

precision by Montiel et al. [41]), (ii) sampling the angular parameters φ and χ over the248

truncated version of Γ and (iii) using a numerical quadrature (e.g. the trapezoidal rule)249

for the integration. This yields the matrix mapping250

 B−s

B+
s

 =

 R− T−

T+ R+


 A+

s

A−s

 = S

 A+
s

A−s

 , (35)

where A±s and B±s are column vectors containing the sampled values of the correspond-251

ing amplitude functions. Similarly the matrices R± and T± contain the sampled values252

of the reflection and transmission kernels and also incorporate the quadrature weights.253

Wave interaction between rows is enforced by writing B−s = A−s−1 and B+
s = A+

s+1,254

so that outgoing waves from row s are incident wave forcings on the adjacent rows s−1255

and s + 1. Therefore, the only amplitude vectors to consider are A±s for s = 0, . . . , S,256

with A+
0 and A−S prescribed and the other vectors unknown of the problem. The257
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ambient pressure field given in Eq. (3) is used to set A+
0 , while A−S is assumed to be258

zero (there are no waves incident from the right). A version of the so-called S-matrix259

method is used to solve for the unknown amplitude vectors iteratively [see 34].260

The transmitted pressure field through the array is obtained directly from Eq. (28)

pT(x, y)=

∫
Λ

A+
S (χ) ei k((x−ξS) cosχ+y sinχ) dχ

≈
∫

Λr

A+
S (χ) e− i kξs cosχ ei k(x cosχ+y sinχ) dχ. (36)

This latter approximation is valid in the far field, that is x � ξs where the complex261

branches do not contribute. In addition, it is identical to the expression of the pressure262

field given in Eq. (4) with transmitted amplitude263

AT(χ) = A+
S (χ) e− i kξs cosχ. (37)

To compute the transmitted pressure at any point (x, y), we integrate Eq. (36) numer-264

ically.265

4. Numerical method266

A 2D finite element model of a 5× 51 square lattice sonic crystal comprising sound-

hard cylinders or C-shaped resonators was developed using the commercial software

COMSOL Multiphysics (v5.1). In the finite element method a weak formulation of

the Helmholtz equation is solved. By introducing the weak formulation with weighting
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function Ψ(x), the Helmholtz equation is transformed as follows [35]

∫
Ω

∇Ψ(x) · ∇p(x)− k2Ψ(x)p(x) dΩ(x)− iρfcf

∫
Γ

Ψ(x)Y (x)p(x) dΓ(x) =

iρfcf

∫
Γ

Ψ(x)vs(x)p(x) dΓ(x) (38)

267

where ρf is the fluid density, cf is the speed of sound in the fluid medium and Γ is268

the boundary surface of the body. Ω represents the acoustic domain. vs is the particle269

velocity of the structure and Y (x) is the boundary admittance. The acoustic pressure270

on each element can be discretised as follows271

p(y) =
M∑
i=1

Φi(x)pi (39)

where Φi(y) are interpolation functions, M is the number of nodal points in each272

element and pi represents the acoustic pressure at nodal points. Substituting equation273

(39) into equation (38) yields274

[K]− k2[M] {p} = {f} (40)

where K and M are the stiffness and mass matrices of the acoustic domain, respectively.275

The excitation vector f represents the source and the pressure vector p represents the276

sound pressure values at the nodal locations in the acoustic domain. The entries of the277
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stiffness and mass matrices are given by278

mij =

∫
Ω

Φi(x)Φj(x) dΩ(x) (41)

kij =

∫
Ω

∇Φi(x) · ∇Φj(x) dΩ(x) (42)

The acoustic domain in the finite element model was discretised using triangular279

elements. A perfectly matched layer was applied on the boundary of the acoustic domain280

to allow the outgoing sound waves to leave the domain with minimal reflections. A fine281

mesh was used for all the numerical models to ensure accurate numerical predictions.282

The largest element size was less than 1/6 the wavelength at the highest frequency283

considered in this work. Figure 2 shows a truncated domain in the y-direction of 5 rows284

of solid circular scatterers in a square lattice arrangement under incident plane wave285

excitation. The boundary conditions and the shadow zone of the array are also shown.286

5. Results and discussion287

For all the results in this section, we consider a sonic crystal composed S = 5 rows,288

each containing Jc = 51 scatterers (justified later). We fix the radius of the scatterers to289

a=0.2 m and the spacing between adjacent scatterers to d=0.6 m. The air background290

medium is assumed to have density ρf ≈ 1.21 kg/m3 and speed of sound cf ≈ 343 m/s.291

Sound attenuation by the sonic crystal array is quantified using the sound transmis-292

sion loss, which is expressed in decibels as the ratio of the acoustic energy in the shadow293

zone of the array to the acoustic energy incident on the array, that is, 10log10(p2
T/p

2
inc).294
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Figure 2: 2D domain used in the finite element model of a 5× 51 sonic crystal lattice using cylindrical
scatterers under incident plane wave excitation.

The incident plane wave is always normal to the barrier. The point receiver location295

is at the centre of the array in the y-direction and 3 m from the centre of the last row296

of cylinders in the shadow zone. The transmitted pressure at this point is computed297

using both Eqs. (36) and (39) corresponding to the analytical solution described in §3298

and the numerical solution described in §4, respectively.299

Figure 3 presents the transmission loss as a function of frequency for a sonic crystal of300

sound-hard scatterers. As a benchmark, the transmission loss obtained numerically for301

5 infinite rows of scatterers using periodic boundary conditions in the y-direction is also302

shown. At frequencies around peak transmission loss, the scattered sound waves within303

the sonic crystal array destructively interfere, resulting in a maximum of around 40 dB304

attenuation for 5 rows of scatterers. This feature is associated with an approximation of305

the first Bragg band gap of the corresponding doubly infinite array, as the highest sound306

transmission loss for an infinite number of scatterers in the y-direction occurs around307
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270 Hz which approximately corresponds to the centre frequency predicted by Bragg’s308

law, which is given by fB = cf/2d [4]. The effect of having a finite number of scatterers309

in the y-direction is observed to only affect the maximum transmission loss occurring310

within the Bragg band gap. For frequencies outside of the stop band gap, the sound311

waves are mostly unaffected and pass freely through the sonic crystal array. Very good312

agreement in the results from the analytical and numerical models can be observed,313

with small variations only occurring at frequencies around maximum transmission loss.314

A convergence analysis (not shown here) showed that by fixing Jc = 51, the optimal315

number of rows for approximating the Bragg band gap is S = 5. This provides a316

justification for the size of the sonic crystal considered here.317

Figure 4 shows the transmission loss as a function of frequency for a sonic crystal of318

C-shaped resonators. For comparison, the transmission loss obtained numerically for 5319

infinite rows of C-shaped and sound-hard scatterers is also indicated. We observe an320

extra peak in transmission loss at low frequencies for the array of resonators, in addition321

to the Bragg band gap. The peak frequency of this sub-Bragg band gap is related to322

the resonant frequency of the Helmholtz resonator, which is given as follows [42]323

fHR =
cf
2π

√
e

leqπR2
(43)

where e is the opening length of the resonator, R is the inner radius of the shell,324

leq = t + 0.85e is the equivalent length and t is the shell thickness. For small shell325

thickness, e = 2Rsinα. A shell thickness of 0.01 m was used in the FEM model.326

Although not shown here, increasing or reducing the shell thickness from the chosen327

value was not found to affect the numerical results.328
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For an infinite array of C-shaped cylindrical shell scatterers, a very significant peak329

in transmission loss occurs at the Helmholtz resonator frequency. The peak is reduced330

for a finite number of scatterers attributed to the interference of circular waves in the331

shadow zone generated by the scatterers near the edges of the array. Using the C-shaped332

scatterers, the lower frequency of the band gap due to Bragg scattering is shifted to a333

higher frequency compared with the band gap obtained using solid cylinder scatterers.334

Furthermore, the overall transmission loss associated with Bragg scattering using the335

C-shaped scatterers is reduced.336

Figures 5–8 present contour fields obtained numerically of the sound pressure level337

at discrete frequencies for the cylindrical and C-shaped scatterers. The incident plane338

wave is clearly observed in all figures. Figure 5 shows that for a finite array of cylinders339

at 270 Hz, the greatest reduction in the sound pressure level occurs in a region around340

the receiver location in the barrier shadow zone. In contrast, at 400 Hz in Figure 6,341

with the exception of diffraction around the edges of the finite array, the sound waves342

are mostly unaffected by the periodic arrangement of cylinders and pass freely through343

the sonic crystal. Figures 7 and 8 present contour fields of the sound pressure level for344

the C-shaped scatterers at the local resonant frequency of the scatterers correspond-345

ing to 135 Hz (Figure 7) as well as at a frequency of 285 Hz corresponding to peak346

transmission loss due to the periodicity of the scatterer array (Figure 8). Figure 7347

shows that the reduction in pressure in the barrier shadow zone is clearly attributed348

to sound absorption by the scatterers acting as Helmholtz resonators. Figure 8 shows349

that the mechanism for sound reduction in the barrier shadow zone is attributed to the350

destructive interference of sound waves within the crystal structure due to the periodic351

arrangement of the scatterers.352
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Figure 9 compares the analytical and numerical results for different opening angles.353

A similar trend in the results obtained analytically and numerically can be observed.354

Figure 10 presents the effect of increasing the size of the opening angle of the C-shaped355

cylindrical shell scatterers on the transmission loss obtained analytically. With an356

increase in the size of the opening angle, there is a shift in the location of peak trans-357

mission loss associated with the Helmholtz resonator frequency to a higher frequency, as358

confirmed by Eq. (43). The lower frequency of the Bragg band gap is also significantly359

affected by the size of the opening of the C-shaped cylindrical shells.360

Figure 11 presents the analytical and numerical results for different location of361

opening around the circumference of the C-shaped cylindrical shells with respect to the362

incident plane wave. The opening angle of the scatterers is constant at 30◦. To compare363

the effect of rotating the location of the opening, the analytical results are presented364

in Figure 12. A rotation of 0◦ corresponds to the opening of the C-shaped scatterers365

directly facing towards the incident plane wave as shown in Figure 1. A rotation of 180◦366

corresponds to the opening of the C-shaped scatterers facing towards the shadow zone of367

the array. Grazing incidence occurs for a rotation of 90◦. An increase in the bandwidth368

due to Bragg scattering occurs for grazing incidence. Good agreement between the369

analytical and numerical results for all orientation angles can be observed.370

6. Summary371

Analytical and numerical models of a finite sonic crystal array using sound-hard372

cylinders and C-shaped resonators have been presented. For a sonic crystal array com-373

prising sound-hard cylinders, a broad band gap was generated due to the phenomenon374

of Bragg resonance destructively interfering waves travelling through a periodic array.375
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With the use of the resonators, a narrow band gap in transmission loss in addition to376

the stop band gap due to Bragg scattering, was shown to occur at low frequencies and377

is related to the frequency of a Helmholtz resonator. Our study suggests that relatively378

small finite arrays can reproduce accurately the theoretical band structure of infinite379

crystals, which is important for practical applications.380
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Figure 3: Transmission loss for a finite array of 5× 51 cylinders cylinders obtained analytically (black
line) and numerically (blue line). Also shown is the transmission loss obtained numerically for 5 rows
of cylinders in an infinite array.
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Figure 4: Transmission loss for a finite array of 5×51 C-shaped scatterers obtained analytically (black
line) and numerically (blue line). Also shown is the transmission loss obtained numerically for 5 rows
of cylinders in an infinite array as well as for 5 rows of C-shaped scatterers in an infinite array. The
opening of the C-shaped scatterers is 30◦.
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Figure 5: Sound pressure level (dB) obtained numerically for a finite array of 5× 51 cylinders at 270
Hz.
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Figure 6: Sound pressure level (dB) obtained numerically for a finite array of 5× 51 cylinders at 400
Hz.
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Figure 7: Sound pressure level (dB) obtained numerically for a finite array of 5×51 C-shaped scatterers
at 135 Hz.

35



Figure 8: Sound pressure level (dB) obtained numerically for a finite array of 5×51 C-shaped scatterers
at 285 Hz.

36



50 100 150 200 250 300 350 400 450

0

10

20

30

40

50

Frequency (Hz)

Tr
an

sm
is

si
on

 lo
ss

 (d
B

)

 

 

Analytical
Numerical

(a)

50 100 150 200 250 300 350 400 450

0

10

20

30

40

50

Frequency (Hz)

Tr
an

sm
is

si
on

 lo
ss

 (d
B

)

 

 

Analytical
Numerical

(b)

37



50 100 150 200 250 300 350 400 450

0

10

20

30

40

50

Frequency (Hz)

Tr
an

sm
is

si
on

 lo
ss

 (d
B

)

 

 

Analytical
Numerical

(c)

50 100 150 200 250 300 350 400 450

0

10

20

30

40

50

Frequency (Hz)

Tr
an

sm
is

si
on

 lo
ss

 (d
B

)

 

 

Analytical
Numerical

(d)

Figure 9: Transmission loss for a finite array of C-shaped scatterers obtained analytically and numer-
ically for opening angles (a) 10◦, (b) 20◦, (c) 30◦ and (d) 45◦
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Figure 10: Transmission loss for a finite array of C-shaped scatterers obtained analytically for different
opening angles.
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Figure 11: Transmission loss for a finite array of C-shaped scatterers obtained analytically and nu-
merically for rotation angles (a) 0◦, (b) 45◦, (c) 90◦ and (d) 180◦, showing the effect of rotating the
location of the opening. The opening of the C-shaped scatterers is 30◦.
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Figure 12: Transmission loss for a finite array of C-shaped scatterers obtained analytically for different
rotation angles. The opening of the C-shaped scatterers is 30◦.
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