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Background

In the last two decades, Arctic amplification associated with global warming has created a
regime shift in the ice-covered Arctic ocean, with an accentuation of extreme atmospheric
conditions and ocean wave power. Momentum exchanges between ocean waves and sea
ice are increasingly contributing to the destruction of the homogeneous ice layer. A mixed
region of open water and broken ice floes, referred to as the marginal ice zone (MIZ), now
typically extends over tens of kilometres on the outskirts of the Arctic ice cover during the
summer melt season. This enhances additional ice seasonal melt and exposes the interior
ice pack to rougher seas and therefore more breaking, creating yet another Arctic sea ice
positive feedback mechanism.

The ocean wave spectrum is the dominant factor controlling the floe size distribution (FSD)
in the MIZ. Several in-situ measurements have shown that (i) the wave power spectrum
attenuates exponentially and (ii) the wave directional spectrum becomes isotropic with
distance from the ice edge, suggesting conservative multiple scattering processes govern
the evolution of the wave spectral properties in the MIZ.

Current Arctic ice/ocean models do not account for ocean wave interactions with sea ice.
Efforts are under way to integrate estimates of wave attenuation and directional spreading at
model grid level, using look-up tables generated by deterministic wave scattering models.

Goals

Create a 3D model of ocean wave scattering by a random finite FSD, extending recent 2D
approaches.
Devise an efficient deterministic solution method for problems involving O(1000) floes.
Test the sensitivity of the model to MIZ extent, wave period and ice concentration.
Seek validation from experimental data in terms of wave attenuation and broadening of the
directional wave spectrum with distance from the ice edge.

Wave/Ice Model

We construct a MIZ by subdividing the ocean surface into N adjacent infinite strips of finite
arbitrary width defined by xi < x < xi+1 (i = 0, . . . ,N − 1). Each strip contains a finite
random array of circular ice floes with position, radius and thickness uniformly distributed
about the regular array arrangement (see Fig. 1).

Figure 1 : Random distribution of 1250 circular ice floes grouped into strips.

We input a single frequency directional wave spectrum evolving in the positive x-direction,
with standard cosine-square angular spreading function S(χ) = (2/π) cos2(χ), |χ| ≤ π/2.
Linear water wave theory in finite constant depth is used to describe the fluid motion and the
ice floes are modelled as thin-elastic plates with constant thicknesses.

Parameters

constants: water depth h = 200 m, water density ρ = 1025 kg m−3, ice density
ρi = 922.5 kg m−3, ice Young’s modulus E = 6 GPa, ice Poisson’s ratio ν = 0.3.
variables: wave period T and FSD (position, radius and thickness).

Solution for a Single Strip

Reflection and transmission spectra
We describe the wave field by a harmonic potential complex function φ(x , y , z), where (x , y)
are the horizontal coordinates and z is the vertical coordinate. The incident wave field is
expressed as a continuous superposition of plane waves travelling at different angles χ in
(−π/2, π/2), that is

φIn(x , y , z) =
cosh k(z + h)

cosh kh

∫ π/2

−π/2
AIn−(χ) e ik(x cosχ+y sinχ) dχ,

with k the free-surface wavenumber and AIn−(χ) =
√

S(χ). Now consider the single strip i in
isolation. The scattered field is decomposed into reflected and transmitted components,
defined as

φR(x , y , z) =
cosh k(z + h)

cosh kh

∫ π/2

−π/2
AR(χ) e ik(−(x−xi−1) cosχ+y sinχ) dχ (x ≤ xi−1), (1)

φT(x , y , z) =
cosh k(z + h)

cosh kh

∫ π/2

−π/2
AT(χ) e ik((x−xi) cosχ+y sinχ) dχ (x ≥ xi), (2)

where AR(χ) and AT(χ) are the reflection and transmission spectra, respectively, and
unknowns of the problem.

Multiple scattering algorithm for a strip
1 Express the scattered wave solution due to each floe in terms of the cylindrical harmonics

Hn(kr ) e inθ (n integer), where Hn is the Hankel function of order n and (r , θ) the polar
coordinates in the local system associated with the floe.

2 Compute the scattering map for each floe (using a mode matching method).
3 Combine all the scattering maps using interaction theory and Graf’s formula.

Circular wave to plane wave mapping
We then express the scattered field in the form of Eqs. (1) and (2) using the plane wave
representation of the cylindrical harmonics

Hn(kr ) e inθ ≈


in

π

∫ π/2

−π/2
e− inχ e ik(−x cosχ+y sinχ) dχ, (x ≤ xi−1),

(− i)n

π

∫ π/2

−π/2
e inχ e ik(x cosχ+y sinχ) dχ, (x ≥ xi).

(3)

The approximation is introduced by neglecting the exponentially decaying evanescent wave
components.

Scattering matrix
Combining the contributions from all floes and discretising the angular range yield a
scattering matrix solution for the reflected and transmitted spectra

AR = SRAIn− and AT = STAIn−

with AR, AT and AIn− discretised versions of AR(χ), AT(χ) and AIn−(χ), respectively. Similar
mappings can be obtained for an incident spectrum AIn+(χ), travelling in the negative
x-direction, so we can write the scattering matrix of the strip as(

AR

AT

)
= S

(
AIn−

AIn+

)
.

Note that the scattering matrix S depends on the strip properties only.

Multiple Strip Solution

A scattering matrix Si can be obtained for each strip i , generalising the procedure presented
above. We then use a recursive algorithm to solve the multiple strip problem.

The solution method provides discretised representations of the spectra A−i (χ), A+
i (χ) at

each boundary x = xi , characterising the wave field travelling in the positive and negative
x-direction, respectively. This allows us to track the evolution of the directional wave
spectrum with distance from the ice edge in a fully randomised MIZ.

Numerical Results

FSD
Consider a MIZ made of 50 strips of width 300 m, each composed of 51 floes (i.e. 2550
floes). In each strip, the FSD is obtained by random perturbation of the regular arrangement
with constant spacing (centre to centre) 300 m, which defines the mean characteristic of the
FSD. We randomly define thicknesses in the range 1–2 m, radii of 50–100 m and position in
100 m intervals around the mean centre location in both x and y directions. The mean ice
concentration is then 20%. All subsequent results are averaged over 30 simulations.

Angular Spreading
We define the wave energy angular spectra at x = xi as |A−i (χ)|

2 (left-travelling) and
|A+

i (χ)|
2 (right-travelling). Figure 2 shows the evolution of the energy spectra through the

MIZ for two wave periods, 6 and 10 s, corresponding to wavelengths 56 m and 156 m.

Figure 2 : Polar plot of wave energy at x = x0 (black), x10 (green), x30 (red) and x50 (blue), for wave periods (a)
T = 6 s and (b) T = 10 s.

For both periods, the wave energy decreases with distance from the left ice edge, although
the attenuation is more important for shorter waves, as expected. We also observe a
widening of the angular spread with distance from the ice edge. In particular, the
right-travelling component of the wave energy at T = 6 s becomes isotropic when it exits the
MIZ at x = x50, a phenomenon commonly observed for short waves in the real MIZ.

Wave Attenuation
We assume an exponential decay of the energy in the form E = E0 exp(−α(x − x0)). The
energy is calculated at each strip boundary as the sum over all angles of the energy
directional spectrum, relative to the incident spectrum. Figure 3(a) shows the natural
logarithm of the energy through the MIZ. We observe a linear portion for all periods, which
we use to obtain the attenuation coefficient α from standard least-square interpolation. The
attenuation coefficient decreases as the period increases, in agreement with past
experimental and theoretical studies.

Figure 3 : Natural logarithm of the wave energy through the MIZ for wave periods T = 5–12 s. The attenuation
coefficient α is then plotted against period in sub-plot (b).

Conclusions

New 3D wave/ice model for large scale MIZ including random FSD and realistic directional
wave spectra.
Efficient numerical method based on subdividing the MIZ into strips, allowing us to analyse
the evolution of the wave energy spectrum through the MIZ.
Preliminary results qualitatively consistent with past studies.
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