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Abstract. Determining an optimal phylogenetic tree using maximum parsimony, also referred
to as the Steiner tree problem in phylogenetics, is NP hard. Here we provide a new formulation
for this problem which leads to an analytical and linear time solution when the dimensionality
(sequence length, or number of characters) is at most two. This new formulation of the problem
provides a direct link between the maximum parsimony problem and the maximum compatibility
problem via the intersection graph. The solution for the “two character case” has numerous
practical applications in phylogenetics, some of which are discussed.
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1. Introduction

Given a connected graph G = (V, E), an edge weight w(e) ∈ Z
+
0 for each e ∈ E and

a set of vertices S ⊆ V , the Steiner tree problem is to find a subtree T = (V ′, E ′) of
G such that S ⊆ V ′ and the sum of all the edge weights is minimized ([8]). It is well
known to be NP complete ([7]). A more restricted version of the general problem
can be obtained by insisting the edge weights conform to some metric. For instance,
consider a fixed alphabet A and the complete graph G on AN (N is referred to here
as the dimension) with edge weights defined as the Hamming distance d on AN , i.e.,
d((a1, . . . , an), (a′1, . . . , a′n)) is equal to the number of indices i such that ai $= a′i. Then
the phylogenetic Steiner tree problem (or maximum parsimony problem) is to find a
Steiner tree for G whose vertex set includes S ⊆ AN . This problem is also known to be
NP complete ([6]).

For the most part, statistical methods for inferring phylogenies ([4, 11]) have sup-
planted maximum parsimony approaches in the construction of phylogenetic trees from
conventional sequence data. Nevertheless, maximum parsimony is still widely used to
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infer evolutionary trees based on morphological characters, to build supertrees, and to
perform fast heuristic tree searches.

In this note we make two principal contributions:

i) an alternate formulation of the maximum parsimony problem in terms of subdivi-
sion; and

ii) detailed analysis of the two dimensional case (i.e., N = 2) showing that the problem
can be solved not only in polynomial time, but actually in linear time.

The latter result is proved in two different ways and upper bounds on the maximum
parsimony score for two characters are derived. The two characters results permit an
efficient approach to detect genetic recombination ([12]), although there are potentially
other applications such as improved lower bounds for parsimony (e.g., [3,5]). The result
on two characters permits the efficient computation of the refined incompatibility score
([13, 15]) for two characters.

2. Notation and Definitions

Further details concerning mathematical phylogenetics and origin of the notation can
be found elsewhere ([16]). Let X be a set of n species and χ be a function (called a
character) from X to a finite set of states C. The number of states of χ

(

cardinality
of the image of χ

)

is denoted by |χ|. Let π(χ) denote the partition of X induced by
{

χ−1(α) : α ∈C
}

. Each equivalence class of π(χ) is referred to as a block of χ, with
the number of blocks equal to |χ|. A character χ′ refines χ if every block of χ′ is a subset
of some block of χ, which holds if and only if χ′(u) = χ′(v) implies χ(u) = χ(v) for all
u, v ∈ X . Note that the character with only one block is refined by all other characters,
while the character with one block for each element in X refines all other characters. A
subdivision of a character χ is the replacement of one block of the character with two
disjoint and non-empty blocks.

An X-tree is an ordered pair T = (T, φ) consisting of a tree T and a function φ : X →
V (T ) with the property that every vertex of T of degree 1 or 2 is labeled by φ. A
phylogenetic X-tree is an X-tree with the property that φ induces a bijection between X
and the leaves of T . An extension of χ to an X-tree T = (T, φ), is a function χ̄ from
V (T ) to C such that the vertices of T are labeled in accordance with χ, i.e., χ̄◦φ = χ.

Consider an extension χ̄ of some character χ to an X-tree T with underlying tree
T . Then define Ch(χ̄, T ) :=

{

e = {u, v} ∈ E(T ) : χ̄(u) $= χ̄(v)
}

and ch(χ̄, T ) :=
|Ch(χ̄, T )|. The parsimony score of χ on T , lT (χ), is defined as the minimum of
ch(χ̄, T ) over all extensions of χ to T . A character χ is convex on an X-tree T if and
only if lT (χ) = |χ|−1. For a sequence of k characters C = (χ1, . . . , χk) and an X-tree
T , the parsimony score of C on T , lT (C ) is equal to the sum of lT (χi) for 1 ≤ i ≤ k.
An X-tree T that minimizes lT (C ) is said to be a maximum parsimony tree, and the
minimum value of lT (C ), written as l (C ), is said to be the maximum parsimony score.
A sequence of characters C is said to be compatible if and only if there is some X-tree
T on which every character is convex.

The parsimony score of two characters can be used to calculate i(χ1, χ2), the refined
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incompatibility score ([12]), defined as

i(χ1, χ2) = l (χ1, χ2)− |χ1|− |χ2|+ 2.

3. Subdivision Formulation of Parsimony

In this section we reformulate the maximum parsimony criterion in terms of minimal
convex refinements, or minimal subdivisions.

Lemma 3.1. Let χ : X →C be a multi-state character and T a phylogenetic tree. Then
there exists a refinement χ′ of χ such that |χ′| = lT (χ)+ 1 and χ′ is convex on T .

Proof. Let χ̄ be a minimal extension of χ to T . Removing the lT (χ) edges in Ch(χ̄, T )
gives lT (χ)+ 1 connected components of T on which χ̄ is constant. As χ̄ is minimal,
each component must contain at least one leaf. Define a new character χ′ such that
the blocks of χ′ are in correspondence with the subsets of taxa that label the leaves
of each connected component. Then χ′ has lT (χ) + 1 blocks, is convex on T and if
χ′(x) = χ′(y) then χ(x) = χ(y), so χ′ refines χ.

Lemma 3.2. Let χ be a multi-state character on X and T a phylogenetic tree. Let χ′

be any character that is convex on T and refines χ. Then lT (χ) ≤ |χ′|−1.

Proof. Let χ̄′ be a minimal extension of χ′ to T . Since χ′ is convex, removing the
edges of Ch

(

χ̄′, T
)

gives |χ′| connected components that each contains at least one
leaf. Define an extension χ̄ of χ to T by χ̄(v) = χ(l) where v is any vertex and l is any
leaf in the component that contains v. This extension is well-defined since χ̄′ and hence
χ is constant on the leaves of each component. Since χ̄ is constant on every component
we have that ch(χ̄, T ) ≤ |χ′|−1 and so lT (χ) ≤ |χ′|−1.

Theorem 3.3. Let C = (χ1, . . . , χk) be a sequence of k characters on X and let l(C )
denote the maximum parsimony score. Let B denote the minimum of ∑k

i=1 |χ′
i| over all

characters χ′
1, . . . , χ′

k that refine χ1, . . . , χk respectively and are convex over some tree
T . Then l(C ) = B− k.

Proof. Let T be a maximum parsimony phylogenetic X-tree for C (note that we may
assume T be a phylogenetic X-tree since such tree can be readily obtained from a non-
phylogenetic X-tree). Then by Lemma 3.1 there exist refinements χ′

1 · · ·χ′
k of χ1 · · ·χk

that are convex on T such that |χ′
i| = lT (χ′

i)+ 1. So

B ≤ l(C )+ k.

On the other hand, let χ′
1 · · ·χ′

k be any characters that refine χ1 · · ·χk, which are
convex on some phylogenetic X-tree T and satisfy B = ∑k

i=1 |χ′
i|. Then by Lemma 3.2

lT (χi) ≤ |χ′
i|−1,

l(C ) ≤
k

∑
i=1

lT (χi) ≤ B− k.

Theorem 3.3 can be reformulated in terms of character subdivisions, noting that
each subdivision increases the number of blocks by one and that if χ′ refines χ then χ′

can be obtained from χ through a series of subdivisions. Hence we have
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Corollary 3.4. Let C = (χ1, . . . , χk) be a sequence of k characters on X. Then the
parsimony score is equal to ∑i (|χi|−1) plus the number of subdivisions required to
transform C into a sequence of compatible characters.

In other words, the parsimony score for a sequence of characters equals the mini-
mum number of subdivision required for those characters to have a perfect phylogeny,
in the technical sense (e.g., [2]).

4. Two Characters-Intersection Graph Approach

We now turn our attention to the problem of computing parsimony scores for pairs
of characters. For this, we draw on connections between characters and intersection
graphs ([9]). The intersection graph for two characters χ1 and χ2 has one vertex for
every block of χ1 and χ2 and an edge between vertices corresponding to blocks that
have a non-empty intersection ([16]). We denote this graph by Γ(χ1, χ2). Clearly,
Γ(χ1, χ2) is bipartite. The theorem we need can be stated as (from [9]):

Theorem 4.1. ([9]) Two characters χ1 and χ2 on X are compatible if and only if
Γ(χ1, χ2) is acyclic.

Theorem 4.2 can be viewed as a generalisation of Theorem 4.1.

Theorem 4.2. Let χ1 and χ2 be two multi-state characters and Γ(χ1, χ2) = (V, E) the
intersection graph for the two characters. Then the maximum parsimony tree for χ1
and χ2 has score |E|+ K−2, where K is the number of components in Γ(χ1, χ2).

Proof. Let χ′
1 and χ′

2 be refinements of χ1 and χ2 respectively that are convex on some
tree and let Γ(χ′

1, χ′
2) = (V ′, E ′) be the corresponding intersection graph. Let K ′ be the

number of components of (V ′, E ′). Note that |V ′| ≥ |V |, |E ′| ≥ |E|, and K′ ≥ K since
refining a character cannot decrease any of these quantities. As (V ′, E ′) is acyclic we
have |V ′|= |E ′|+K′. Hence |V ′|≥ |E|+K and, by Theorems 3.3 and 4.1 the maximum
parsimony score is at least |E|+ K−2.

To show that this minimum can be achieved, it is sufficient to show that if |E|+K−
|V |> 0, then one of the two characters can be subdivided so that |V | increases by 1 with
K and |E| constant. Repeated subdivisions will then achieve the desired minimum.

If |E|+ K − |V | > 0, then (V, E) contains a cycle. Let {w, u} be any edge lying on
the cycle, where w corresponds to a block B1 of χ1 and u corresponds to a block B2 of
χ2. As w lies on a cycle of Γ(χ1, χ2) we have that B1 −B2 is non-empty. Subdivide B1
into two blocks B1 ∩B2 and B1 −B2. The effect on Γ(χ1, χ2) is to replace w by two
vertices w1 and w2 so that there is an edge {w1, u} and if {w, y} is any edge in the old
graph, where y $= u, then {w2, y} is an edge in the new graph. The number of edges
has not increased. Furthermore, there is a path from u to w2 along the other edges in
the cycle and hence a path from w1 to w2. This implies the number of components
has not increased either. Therefore we have found a subdivision that increases |V | by
1 but leaves the number of edges and the number of components constant. Repeating
this procedure gives a pair of characters χ′

1 and χ′
2 with Γ(χ′

1, χ′
2) = (V ′, E ′) and K′

components where |E ′|+ K′− |V ′| = 0 with Γ acyclic. By Theorems 3.3 and 4.1 the
parsimony score for the pair of characters is then |V ′|−2 or |E|+ K−2.
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Note that the linear time calculation for the parsimony score follows from the fact
that the intersection graph can be constructed in O(n) time and a depth first search to
count the number of components in the graph takes O(n) time, where n is the number
of taxa (i.e., |X | = n). Interestingly, up to this point, the determination of compatibility
of two multi-state characters has implicitly been described as a breadth first search for
a cycle within an intersection graph ([14]).

Note that using the framework of Theorem 4.2, the refined incompatibility score
for two characters is equal to |E|+ K − |V | since |χ1|+ |χ2| = |V |. Another result that
arises from Theorem 4.2 concerns the upper bound on the maximum parsimony score
for two characters.

Corollary 4.3. Let χ1 and χ2 be any two characters on X with |χ1| = r1 and |χ2| = r2.
Then the maximum parsimony score for χ1 and χ2 is bounded above by r1r2 −1.

Proof. By Theorem 4.2 the maximum parsimony score is equal to |E|+ K − 2 where
|E| denotes the number of edges and K denotes the number of components in Γ(χ1, χ2).
If K = 1 it is easily seen that r1r2 − 1 is an upper bound since Γ(χ1, χ2) is a bipartite
graph with r1 and r2 vertices in each part. Note that adding an edge between any two
components cannot decrease the parsimony score. Hence, it is sufficient to consider the
case of one component since any upper bound for the many component case is less than
or equal to the upper bound for the one component case.

The upper bound in Corollary 4.3 is tight. Set

X = {xi j : 1 ≤ i ≤ r1, 1 ≤ j ≤ r2},

and let χ1 be the character taking xi j to i, χ2 be the character taking xi j to j, for all i, j.
Then Γ(χ1, χ2) has one component and r1r2 edges, so that the pair of characters has
parsimony score r1r2 −1.

5. Two Characters-Spanning Tree Approach

We now explore the relationship between parsimony trees for two characters and min-
imum spanning trees, similar to ideas presented in Proposition 5.4.1 of a recent book
[16]. A crucial distinction is that Proposition 5.4.1 is stated for a general metric space
setting of parsimony (see [16] for details). The following lemma and theorem implicitly
assume the discrete metric space setting for parsimony.

Lemma 5.1. Let T = (T, φ) be a maximum parsimony X-tree for two characters χ1 and
χ2. Then T can be transformed by a series of edge contractions and rearrangements
into a new maximum parsimony X-tree T ′ = (T ′, φ′) such that for every v ∈ V (T ′),
∃x ∈ X where φ′(x) = v.

Proof. Let χ̄1 and χ̄2 be two minimal extensions of χ1 and χ2 to T , respectively. First
create a new underlying tree T0 by contracting every edge in E(T )− (Ch(χ̄1, T )∪
Ch(χ̄2, T )). Let T0 = (T0, φ0) be the corresponding X-tree formed by T0 and φ. Note
that lT0(χ1, χ2) = lT (χ1, χ2) and that the minimal extensions for T can be mapped into
minimal extensions for T0 as well.
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Next, let v ∈ V (T0) be any vertex such that φ0(x) $= v, ∀x ∈ X . Partition the set of
adjacent vertices of v, Nv into three sets: N1 = {u : χ̄1(u) = χ̄1(v)}, N2 = {u : χ̄2(u) =
χ̄2(v)}, and N3 = Nv − (N1 ∪N2). Note that N1 and N2 are disjoint. Remove v and its
|N1|+ |N2|+ |N3| incident edges. Connect the vertices within each set N1, N2, N3 to
give three chains. Finally, let a1 ∈ N1, a2 ∈ N2, and a3 ∈ N3. Create two new edges
(a1, a2) and (a1, a3) thereby creating a new underlying tree T ′ and corresponding X-
tree T ′. Note that ch(χ̄1, T ′)≤ ch(χ̄1, T0) = ch(χ̄1, T ) and ch(χ̄2, T ′)≤ ch(χ̄2, T0) =
ch(χ̄2, T ). Repeating this procedure for any such v completes the proof.

Note that the series of rearrangements and contractions described in the previous
lemma are not unique.

Theorem 5.2. Let χ1 and χ2 be two characters defined on X. Let G be the complete
graph on X with edges weights w(x1, x2) defined as the Hamming distance between
(χ1(x1), χ2(x1)) and (χ1(x2), χ2(x2)). Then any minimum weight spanning tree of G
corresponds to a maximum parsimony X-tree for χ1 and χ2.

Proof. Let T ∗ be the induced X-tree corresponding to a minimum weight spanning tree
of G. Clearly lT (χ1, χ2) ≤ lT ∗(χ1, χ2), where T is a maximum parsimony X-tree of χ1
and χ2. By applying the previous lemma, it is easy to see that T can be transformed
into a tree that corresponds to a spanning tree of G showing that lT ∗(χ1, χ2)≤ lT (χ1, χ2)
thereby completing the proof.

6. Author’s Note

Subsequent to the submission of the present article a different algorithm for the two
character case (similar to the spanning tree approach) was published independently by
Althaus and Naujoks ([1]).
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